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Abstract. Formulae are given (11: (ii, d*I’,#, and AI’,@ for P, the heat semigroup acting on 
a q-form 4. The formulae are Brownian motion expectations of 4 composed with 
random translations determined by Weitzenbiick curvature terms. Derivatives of the 
curvature are not involved. 0 AcadCmie des Sciences/Elsevier, Paris 

Formules de Bismut pour les formes diff&entielles 

R&urn& Nous donnons des expression pour clP, (b, (1’ P, 4 et AP, 4, oLi I’, dPsigne le semi-groupe 
de la chaleur u&want sur les formes d@rentielles d’ordre q. Elles s’&crivent comme 
I’espe’rance de la ,fonctionnrlle q!~ cwnpose’e avec les transports purallt?les alhatoires 
associe’s al4.r courbures de Weitzenhiick. Les de’rive’es de la courbure n ‘interviennent 
pas dans ces Jwmules. 0 AcadCmie des Sciences/Elsevier, Paris 

Version frangaise abrhge’e 

1. Soient M une variCtC riemanienne compacte, a le laplacien avec la convention de signe 
A = -(&!I + dS) et 7-Z : A*TM + //*TM est la courbure de WeitzenbBck. On a la formule de 
Weitzenbiick : 

(1) 

On note R’, etc. les restrictions des opirateurs sur les formes diffkrentielles d’ordre 4 et sur les 
rl-vecteurs. Rappelons que R’ = Ricl, le tenseur de Ricci. 

On dCsigne par {Pt : t 2 0) le semi-groupe eitA agissant sur les formes diffkrentielles de L’. I1 
agit done sur les formes continues par la formule de Feyman-Kac d’Airault Ptq5 = Eq5 (I.$), oh Vt esl 
la solution de 1’Cquation covariante le long des trajectoires browniennes (:I:~ : t > 0) : 

Note prkentke par Jean-Michel BISMUT. 
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On definit W, : r\*TM + ALTAR par V, = Wt(r/;,). Soit {ii, : t > 0} l’anti-developpement 
stochastique du mouvement brownien {zt : t > O}, et /lt le transport parallele de la connexion de 
Levi-Civita le long des trajectoires. 

La formule de Bismut est, pour les fonctions born&es mesurables f : kl -+ R : 

dP+S (vo) = f W(G) /-//.a> WY). 
0 

(3) 

On a done la formule pour le gradient du noyau de la chaleur pl(z, y) sur les fonctions (voir [ 11) : 
t 

v, logp, (zo,?J) = lE 
U 

i w: (//d&s)l~t = Y . 
> 

(4) 
0 

Nous generalisons ces formules aux cas des q-formes, 1 < 4 < n. 

TH~OR~ME 1. - Soit 4 une forme diff&rentielle, born&e mesuruble sur la varie’te’ M. 

d(Pt4)(Vo) = +$ w: 
‘(J 

()/ wPr1~,,3,&JY~+1 %I) ( )> Vi, E /\*T,,M, (5) 

oic L,~~~B, dksigne le produit inte’rieur (l’ope’rateur d’annihilation) : 
Y+l 

l~,,s~,&?~l A . . ’ A II ‘+l = ~(-l)~+l(//sd~,,v~)~~’ A.. . A;. . . v~+l. 

Nous avons un corollaire analogue a (4) : 

COROLLAIRE 2. - Pour le noyau de la chaleur p; (x0? TJ) dtf’ni sur les q-formes : 

d,p; (xo,P/) (Vo) = f~: (~03~) Iv;+' (I/o)Js* = y/o . (6) 

Nous remarquons que ces formules ne font pas intervenir les derivees du tenseur de courbure. 
Dans [IO], Norris donne une expression des d&i&es covariantes de tel semi-groupes de la chaleur. 
Toutefois, ses formules font intervenir les derivees du tenseur de courbure. 

La formule (5) provient d’une formule non-intrinseque de Li [9] : 

~1 (&“4> = + E ~‘(//&s~ Vs (-)) A 4 (ATt (-)): (7) 

voir aussi Elworthy-Li [7], en utilisant les techniques de Elworthy-Yor [5], comme dans Elworthy-Li 
[8]. Pour les details voir la version anglaise. 

On peut deduire le theoreme 1 d’une formule d’integration par partie plus g&r&ale sur les espaces de 
chemins pour les q-formes (voir [6]). Quand on remplace le mouvement brownien par le mouvement 
brownien avec derive, la m&me demonstration fournit des formules avec des changements Cvidents 

.6+/L 
(voir [7], [S]). De m&me pour le changement de Thalmaier, ou + s,’ est remplace par k -1, , 
0 < 6 < 6 + h < t (voir [7]). 

2. Lesformulespour d*P,#. - Nous donnons un autre corollaire, suite a une conversation avec Bruce 
Driver. Driver [3] a demontre le cas particulier de q = 1 par une methode differente. 11 a Cgalement 
prouve une formule intrigante faisant intervenir une integrale stochastique retrograde (voir [2]). 

COROLLAIRE 3. - Soit ~,4 une forme di$&-entielle d’ordre q de L2. On a : 

d*P,$ = -; IE~ 
t 

W-jT1(//sd& A V:‘-’ (-)) (8) 

Voir la version anglaise pour une preuve. 
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3. Les formules pour AP&. - La mtthode utilisee dans [7] pour obtenir les derivees d’ordre superieur 
du semi-groupe de la chaleur agissant sur les fonctions peut &tre utilisee ici pour obtenir des resultats 
plus Clegants : 

COROLLAIRE 4 

Oh (WJ1(//r& A Wr (V)) 

Nous pouvons iterer cette methode afin d’obtenir les formules pour (A)rPt4, T = 1,2; . . . Elles 
permettent d’btablir les for-mules pour d,pF (., y), d:pF (., v), (A,)‘pz (., y). En particulier, on deduit 
que d,pT (., y), d:pz (., y), (A,)‘pz (., y) et dP,+, d*Pt& (A)‘P&, ‘r = 1,2,. . ., sont uniformement 
born& par une constante dependant uniquement de t, des courbures de Weitzenbock Rq, Rq*l et 
du maximum de 141. 

1. Let M be a compact Riemannian manifold with Hodge-de Rham Laplacian A given the sign 
convention A = -(dS + dS). There is then the Weitzenbijck formula: 

A$ = trace 02d - 4 o ‘R, (1) 

where R : r\*TM -+ r\*TM is the Weitzenbiick curvature term. Let Rq, etc. denote the restriction 
to q-forms and q-vectors. Recall R1 = Ric”, the Ricci tensor. 

Let { Pt : t > 0} be the semigroup e+ta acting on L2-forms (by the essentially self-adjointness 
of A) and on bounded measurable forms via Airault’s version of the Feyman-Kac formula: 

Pt$ (vo) = w (&I, (2) 

where Vt satisfies the covariant equation along Brownian paths {zt : t 2 0} : 

Dv, 
-%I;,), dt= 2 

V, E n*T,,M. (3) 

We will write Vt = Wt(Vo) to give Wt : r\*TA4 --+ A*TM. Let {& : t > 0} be the stochastic 
anti-development of {zt : t 2 0}, a Br ownian motion on T,,M, and denote by /lt the parallel 
translation for the Levi-Civita connection along our paths. 

Bismut’s formula is for bounded measurable function f : M -+ IF!. It is 

dPt.f (,uo) = ; Ef (xt) /+(/i,dR,: Ws) (4) 
0 

which leads to his gradient formula for the heat kernel pt(z, y) on functions (see [ 11): 
t 

vz log Pt (20, Y) = E {I 5 W,* (//sd&)lxt = Y 
0 > 

Here we extend these formulae to the case of q-forms, 1 5 q < n, to show: 

(5) 
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THEOREM 1 .I. - For C$ a bounded measurable y-form on M and V, E A*T,,M 

(6) 

where I,,,. dg q s denotes the interior product (annihilation operator) given by: 

J=l 

As for (5) there is the corollary: 

COROLLARY 1.2. - For the heat kernel p: (~0, y) on q-forms: 

d.cp: (50, Y/) (VI) = + P: (:co, Y) 
(1 I 

E w: t (wy-’ . (7) 
* 0 

L,,,&p:+l (V,)IG = Yo 

Note these formulae do not involve derivatives of the curvature tensor. Expressions for covariant 
derivatives of such heat semigroups have been obtained by Norris [lo], however these do involve 
such derivatives. 

Formula (6) is derived from a non-intrinsic formula in Li [9]: 

(8) 

see also Elworthy-Li [7], by techniques of Elworthy-Yor [5], as used in Elworthy-Li [8]. The 
details follow: 

Proof of Theorem 1.1. - Taken an isometric embedding o: : M + R”, some ‘rn, using Nash’s 
Theorem. Let X (:x) : Wm + T,.N be the orthogonal projection, identifying T,M with its image in 
R’” under da. Let {Bt : t > 0) be a Brownian motion on R’“. The gradient Brownian system 

d:ct = X (zt) o dB, (9) 

has a solution flow {St (z) : t > 0, :I: E M} consisting of random diffeomorphisms tt : M + M 
with derivatives denoted by T,“& : T,, M + T,,,M for :I’t = Et (~0). Each solution (:Q : t > 0) 
is a Brownian motion on M. 

Define Jt : A”+~TM + nqTM by: 

Jt (V) = ‘(T<t-, ,,7.d&.) A (AqT& (-)), t > 0. (10) 

We see that formula (8) can be written as: 

d (Pt$) (V) = f E, (Jt (V)). t > 0, 

and Jt satisfies 

D Jt = l,s (.r+) cast A y+l T<t + d A’ (VX (-) d&) - ; Rq (&) dt, 

where the term involving RY comes from the Stratonovich correction. (See Elworthy-Yor [I?].) Next set 

Ilf, = E {.7,/-F;“}, 
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where F,zo is the filtration generated by {z.} and the conditional expectation is understood to 
be //,E {//t’JtIFpo}. Using the decomposition of Bt into relevant and “redundant” noise as in 
Elworthy-Yor [5], we have: 

d ~~ VX (-) dB, = d A4 VX (-)/j,d& 

where //+, t > 0, consists of random isometries of R”’ and {a, : t > 0) is a Brownian motion on 
Ker X (5”) independent of I=:“. From this 7, satisfies 

- q+l 
DJt = L--i (~1) <lBt w, - ; Rq (&) dt. 

For a general discussion, see Elworthy-Le Jan-Li [4]. Solve the equation (11) to get: 

(11) 

The required result follows. 0 
Theorem 1.1 can also be deduced from a more general integration by parts formula for q-forms 

on path space (see [6]). The obvious variation when the Brownian motion is replaced by one with a 
drift Z also holds with the same proof: here {W.} is replaced by { W,z} as in [7], [S]. So also does 
Thalmaier’s variant when 5 & is replaced by i Ji+’ for 0 < S < 6 + h 5 t in (17). (15), and (16). 

2. Formulae for d*P,+. - We give the next corollary following conversations with Bruce Driver. 
Driver [3] proved it in the special case q = I, by a different method. Also in [2], he gave an intriguing 
different formula in that case involving a backward stochastic integral. 

COROLLARY 2.1. - Let Q be a La q-form. Then: 

d*P,$ = -; IE4 (Wj-‘(//,ydij, A IV:-’ (-)) (12) 

Proof - We can assume that 4 is smooth. Also by going to the double cover if necessary 
we can assume that A4 is oriented with volume element dvol considered as a n-form. The 
Hodge star construction then gives * : r\T*M 4 AT*M and * : ATIt! -+ ATM such that 
rr A *@ = (a, 0) dvol and lil A *PIN = 
V E A~TJM, 

** = (-1) ( _ ) Id and d(;.l~iz;(il)n. Then *Q(V) = (-l)q(“-q)$(*V), for 
P ‘1 rl * 7) (~l)+l * d * 4. 

Furthermore, *Pt = P**, *W, = Wt*, and */,,,I’ = (-l)q-lu A (*V) any ?L E T,M. Thus 
d*p,ti(-) = (-l)+-l)+l * d * (P&) (-) = (-l)*d * (P,$) (*-) = (-l)“ti(P+ * cq!~)(*-). 
Consequently, 

t (W,j-1 [(-l)‘“-“X (2,) dB.3 A W;J-l (* * -)] 

t (14(y)-’ (X (ccs)dB, A Wj-’ (-)) (9 

0 
giving (12). 
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3. Formulae for AP&. - The method used in [7] to obtain higher order derivatives fo heat 
semigroups on functions can be applied to the present situation, with neater results. First, note that 
for a (y + l)-form rj equation (6) at time t/2 is equivalent to 

where [f’” and W,“/” , t/2 < s < co, refer to the respective flows starting at time t/2 and evaluated 
at time s. Since d*dP,$ (V) = dPtT2 (dP,,a) C#J (V) equations (13), (8), the Markov property, and the 
semigroup property of stochastic flows and the development map yield 

d*dPd(V) = -; I%$,, 

Adding on the corresponding formula for d*dPtd (V) we obtain: 

COROLLARY 3.1. - We have Apt+(V) = $ E$ (Wt j;‘,, (WS))‘dJ,Y8 (V)), where 
t/2 

dhfx (V) = ~//~~g, I/t’, (WJ1(//7.& A Wr (V)) 

This can be iterated to give formulas for (A)‘P+$, 1’ = 1,2: . . . . These together with the previous 
ones lead to formulae for the corresponding operators acting on the heat kernels; as for (7), and 
show that d,pF (., y), d:pF (.,g), (A,,)r~F (.JJ) and dPt& d*P,$, (A)“Pt$, r = 1,2,. . ., all have 
uniform bounds for fixed positive t, depending only on t and bounds for the Weitzenbock curvatures 
Rq, Rq*’ (and the uniform bound of (b). 

(*) Research supported by EC programme Science plan ERB 4002PL910459. 
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