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Abstract

In this paper we study a model on the orthonormal frame bundle of a complete con-
nected Riemannian manifold and investigate the effect of random perturbations. Al-
though effective diffusions have been studied since the 60’s, little is know or asked
about the effective behaviour of the derivative flow which relates to the stability of the
averaging procedure with respect to the initial data and numerical computations. We
obtain an effective dynamic of both the original equation and its linearization.
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1 Introduction

If a family of conserved quantities Fy, F5, ..., Fy for a Hamiltonian system is regular
and defines an invariant manifold consider a perturbation transversal to the invariant
manifold, of size e. As e tends to zero, the solution to the perturbed system con-
verges to that of the original system. If seen on a large time scale, say on [0, %], the
e-size perturbation are visible and the dynamics converges to an effective dynamics.
In more complex system we would rely on the techniques from the theory of homo-
geneization. There is a vast literature on this and related topics and we refer to the
following books and references therein: Arnold [1], Bensoussan-Lions-Papanicolau
[2], Freidlin-Wentzell [13], and Stuart-Paviliotis [21]. The principal idea is to deduce
long term trends of a complex system from that of a relatively simple one for which
some observables are known.

Let £y and £; be second order differential operators with non-negative definite
symbols and vanishing zero order terms. Consider the operator L = %Eo + L as per-
turbation of L. First we represent Ly in Hérmander form: Ly = % Zznzl Lx,Lx, +
Lx,, where X, are vector fields and Lx, denotes Lie differentiation in the direction of
X;. Together with a Hormander form representation of £, = % Z:’;l Ly, Ly, + Ly,
we have a stochastic flow ¢5(x), solution to the stochastic differential equations (SDE)
driven by the vector fields X;, X, /€Y;, €Yy, @ = 1,...,m, with initial point z and
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generator L£€. Suppose that there is an effective dynamic for each starting point x. De-
note by u§ : the probability distribution of (be which converges as € — 0 to a limit law

", Let us represent ¢e (z) and a random Varlable ¢¢(x) with probability distribution

i17 on the same probablhty space with the property ¢S (z) — ¢;(z) almost surely and

we could compute the rate of convergence that depeilds on x. To consider uniform
convergence in x we return to the original probability space and let T, ¢5(v) be the
solution to the corresponding linearised SDE with initial value v, otherwise known as
the derivative flow. Then

sup [|¢% () — ¢L ()| < Sup ]ESUP||Tz¢ B
z,y€ K1 € zeK

where K is a compact set containing the set K. The dependence of the convergence
on z is seen to be controlled by sup, E sup, ., ||T-¢% ||. We could not expect uniform

control of the moments of the derivative flow over all e. However it is reasonable to
expect such control on the slow part of the motion. In this case we may estudy the
convergence of the derivative flow and obtain effective derivative flow.

The question we study is related to the uniform convergence problem for solutions
of SDEs, given by the Hormander form representation of £¢, with respect to the initial
point as € — 0. In terms of numerical computations, we ask the sensitivity of the
limiting procedure with respect to the perturbation of the initial position. See R. Sowers
[22] for the study of such a stability problem associated to an SDE on the cylinder, with
fast drift. See also Sowers [23] and Kifer [15].

The state space of the proposed SDE:s is the orthonormal frame bundle (OM) of a
complete Riemannian manifold. The SDE we consider has both horizontal and vertical
components. Horizontal SDEs on the orthonormal frame bundles haven been stud-
ied extensively and are originated from the study of the intrinsic geometry of elliptic
stochastic differential equations and Malliavin Calculus. Since an elliptic SDEs on a
manifold M relates naturally to the orthonormal frame bundle of M whose fibres at
are the space of isomorphisms from R with the Euclidean metric to 7}, M with the Rie-
mannian metric induced from the elliptic SDE, canonical geometric Brownian motions
or other elliptic diffusions on a Riemannian manifold can be constructed as projection
of the horizontal diffusion on the Orthonormal frame bundle. This also leads to con-
struction of the development map, a fundamental tool in Malliavin calculus on path
space. On the other hand the solution flow of a vertical diffusion can be considered as
a random evolution of a linear frame. Orthonormal frames are used to define positive
isotropic curvature in Brendle-Schoen [7] where they studied whether this condition is
preserved by R. Hamilton’s ODE.

The structure of the papers is as following. In section 2 we present the models,
examples and the main theorem for model (2.1). In section 3.2-3.3 we present the
background and geometric results needed for the study of the derivative processes. In
section 3.4 we study model (3.1) and its special case (3.2), which concerns perturbation
of vertical SDEs by horizontal vector fields. For the latter we investigate the conserved
quantities of the slow variables, separating the slow and the fast variables and show
that the family of slow variables, rescaled in time, converges to the stochastic Jacobi
equation.
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2 The Basic Perturbed System

Consider the space of isometries from R" to T, M, otherwise known as orthonormal
frames. The orthonormal frame bundle 7 : OM — M is a principal bundle with group
action O(n) and the fibre at v : R™ — T )M consisting of isometric linear maps
from R"™ to T,y M. The right action is denoted by I2,. We are mainly interested in the
component SO(n) of O(n) that contains the identity matrix. Some of the often used
orthonormal frame bundles are those for R™, S™ and the hyperbolic space H™ which
are respectively R x SO(n), SO(n + 1) and the Lorentz group SO(1,n).

Letting TOM be the tangent space of OM, denote by V'T,,OM the naturally de-
fined vertical tangent spaces which are the kernels of the linear map 7,7, the differen-
tial of . We study the model £y + €£; where Ly is a vertical operator, elliptic on each
fibre. To define a vertical operator intrinsically we use symbol o%° : T*OM — TOM
and the operator §“° associated to £o. The symbol of an operator is standard and
the operator §°¢ is defined to be the unique operator from 1-forms to functions such
that §%°(df) = Lof and §°°(f¢) = dfo“o(¢p) + f6~°(¢) for all smooth functions
f and differential form ¢ on OM, see page 4 of [11]. We say that £ is vertical if
§%0¢ = 0 for all C'* differential 1-form ¢ such that ¢ vanishes on the vertical bundle.
By Proposition 1.4.7 in [11] L is vertical if Lo(f o ) = 0 for all real valued C?
function on M and it is vertical if and only if there are vertical vector fields A; such
that £y = %Zz LAiLAi + LA0~

Model 1. Let Aj,j =0,1,...m, be afamily of vector fields on OM with values in
the vertical bundle VTOM and w; = (w}, ..., w™) an R™-valued Brownian motion.
Let X;,1 = 0,1,2,...,p, be a family of vector fields on OM and B; = (B}, ..., BY)
an RP-valued Brownian motion. Here p, m € N. Let L€ be the infinitesimal generator
of the perturbed SDE

{ du§ = /€Y1 Xy(uf) o dBf + eXo(u§)dt + Y| Aj(ug) o W} + Ag(ug)dt,
ug = Ug.

~ 2.1
Then L€ = E() + Eﬁl for ,C() = %ELA].LA]. + ‘C’Ao and El = %ZLXZLXL +
Lx,. Consider the diffusion u$ whose generator is £ = %Eo + L. Let {4;;}
be an orthonormal basis of 5o(n)5, whose elements are skew symmetric matrices whose
entries equal zero except at the (¢, j)-th and (7, ¢)-th position and those non-zero entries,
at (¢, 7) and (j, 7) positions, are respectively % and — \% We may however relabel the
basis as {Ay}. Then A; = 3", o ; A} for some function oy, ; on OM, where Aj, is
the vertical fundamental vector field associated to Ay,

d
Aj(u) = 7 lt=ou exp(tAp).

At this point we would like to point out that although the Brownian motions (5;)
and (W;) are independent there is nontrivial interaction between the perturbation and
the unperturbed vector fields due to the fact that if H(e) is a fundamental horizontal
vector field then [H (e), A*] is a horizontal vector field and the vertical part of [H;, H;]
is given by the curvature —2€)(H;, H;). These interactions become more apparent
when the derivative processes are considered.
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Let us first clarify the notion of vector fields or more intrinsically operators that are
transversal to the vertical distribution VI'OM. A linear connection V on M corre-
sponds to a right invariant smooth distribution on OM, denoted by { HT'OM } and the
tangent bundle TOM can be written as a direct sum 17,,OM = HT,OM & VT ,OM.
The latter is also called an Ehresmann connection on OM viewed as a fibre bundle. By
a transversal operator we mean one along the horizontal distribution of a connection.

There are two notable classes of transversal operators, in the first we assume that
X are right invariant and in the second X are canonical horizontal vector fields.

Example 2.1 (The Right Invariant Case) Let .4 be any diffusion operator with the
Hormander form A = % > Lx,Lx, + Lx, where X; are vector fields on M. Let
by : TryM — T,,OM be the horizontal lifting map determined by the connection V
on T'M which is an isomorphism onto its image and is right invariant, (R,).h,(v) =
hua(v). Define X;(u) = by (Xi(m(u))) and £y = 1 Lx, Lx, + Lx,. Consider

p m
duf = e X(u) o dB} + eXo(ug)dt + »  Aj(u§) o AW + Ag(us)dt.
=1 j=1

Let u§ be an Ly + e£; diffusion and let 2§ = 7(ug). Then the law of x§ is given by the
SDE dzx§ = /ey |, Xi(x5) o dB! + eXo(x§)dt. For all €, 2§ is an A-diffusion. The
horizontal lift Z: of x« is an £1-diffusion. ’

A diffusion operator £1 on OM is equi-variant if (L1 f)(R,u) = L1(f o R,)(u) for
any smooth function f on OM. In this case it defines an operator .4 on M such that
L1(f o) = (Af) o 7 for all real valued smooth functions f on M. If A is cohesive,
i.e. o has constant rank and A is along the image of ¢, then £, = LY + A" where
LY is vertical and A is the horizontal lift of A using the connection generated by £;
[11]. In this case

1 1
E£O+£1:g£0+£§}+AH

where A would have a Hérmander decomposition by right invariant horizontal vector
fields. For simplicity we assume that £§ = 0, i.e. £; has no vertical part, so that
we recover the model. To summarise if £ is equi-variant we may seek a family of
supplementary vector fields X, 11, ..., X,, so that {T7(X,),...,Tn(X,,)} are elliptic
in M and we may choose the connection to be that generated by 77 (X;), by the above
discussion we are back to Example 2.1.

The second example is in terms of the fundamental horizontal vector fields. For
each wu, there is an isomorphism H, : R® — HTOM such that Tw(H,(e)) = u(e).
The vector field { H(e)} are the fundamental horizontal vector fields:

H,(e) = hu(ule)).

Example 2.2 (The Rotational Invariant Case) Let {e;} be an o.n.b. of R and con-
sider X(u) : L(R™; T;,,O M) which is smooth in u and satisfies that X(ug)(e) = T R,X,(ge)
for any g € O(n) and T'wX(u)(e) = u(e). Define

H,TOM = span{X(u)(e1), . . ., X(u)(e,)}.
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Then HTOM = U,H,TOM is right invariant and has dimension n. It defines a
connection V on M and a lifting map b,. The vector fields X(u)(e) = bh,lu(e)] =
H, (e) are the fundamental horizontal vector fields associated to V. Denote H;(u) :=
H(u)(ep). Let Hy(u) = H(u)(eg) for some ey € R”. Consider

duf = /€y Hy(uf) o db} + eHo(u§)dt + »  Aj(uf) o dW + Ag(uf)dt,

=1 j=1

where (b;) = (b,}, ..., b}) is an R™-valued Brownian motion. Then the horizontal lift
Zy of zf = m(ug) satisfies

di§ = /eH(Z5)(gs o dby) + eH(T5)(gseo)dt, (2.2)

where g; is defined by u; = Zi{g; and recall that H(u)(e;) = H;(u). The SDE
follows from computing odZ{ = od(u$(gf)~!) and from the observation that odZ¢
equals the horizontal part of the right hand side, so dzj = /€T Rye)-1 Hj(ug) o db!, +
€T'Rge)—1 Ho(ug)dt.

If furthermore A;(u:) = Aj(uy), some A; € so(n), we have

duf = ﬁz;;l Hi(u$) o dbé + eHo(ug)dt + ZT:l A;‘(ug) o thj + Af(up)dt

and gf is independent of €. The equation for g; follows from that the vertical part of
od(Zzg;) is (g9; Lo dg)*(@). Apply the connection 1-form to the latter, taking into
account of the adjoint invariance of w, and compare the resulting quantity with the
vertical part of the SDE for uy.

In this case z§ is a Markov process on OM, observing that g; is independent of
{b:}. In the case of ey = 0 the law of Z5, and hence that of x5, is independent of ¢.
Furthermore z; would be a Horizontal Brownian motion with psrojection x; a Markov
process and a Brownian motion on M. This is the Eells-Elworthy construction of
Brownian motions [9]. The invariance is no longer true for eg # 0.

More generally if {®;(u)} is a family of stochastic process on OM with the prop-

erty that ®;(ug) haw Dy (u)ipi(g) for some YP(g) € SO(n) and o{m(P.(w)|r < s} =

o{®,.(u) : r < s}, then m(P;(u)) is a Markov process. Denote by Q(ug, du) the law
of ®;(ug) and let f : M — R be a Borel measurable function, z; = 7(P+(ug)),

E{f@0)|o{zrr < s}} = / (f 0 MW Q1_ o (Fs, du).

By the rotational invariance, f(fo?f)(u)Qt_s(a?s, du) = f(fow)(uws(g))Qt_s(isg, du) =
f(f o m)(u)Q¢—s(Zsg, du), and so depends only on 7(Z,). In case of ey = 0, the flow

of (2.2) satisfies the rotational invariance condition and the horizontal lift of x; is a
function of the path (z,.,r < t).

Example 2.3 Let o : M x R®” — R” be a smooth map so that a(x) € L(R";R™).
Let{e;}! , be an o.n.b. of R™, ¢y € R™, and X;(u) = hy[a(m(w))e;]. Consider

duf = e hula(r(u))eodBj+eb,[a(m(u)eol(u)dt+» | Aj(us)od W} +Ag(us)dt.

=1 j=1



THE BASIC PERTURBED SYSTEM 6

The projection xy = m(ug) satisfies:
dz; = \@Zuioz(z:)(el)odBé+eu§a(z§)(60)dt = VeuSa(z§)od By+eus ol )(eg)dt.
1=1

Let 2 be the horizontal lifting map of xy and g; be an element of SO(n) determined
by u§ = zfgf. Then dz§ = /eH(Z5)gia(xs) o dBy + eH(E)gsa(xs)(eg)dt. When
a(z) is not trivial letting f : M — R be a smooth function, then the bounded variation
term for f(x;) will involve >, Vdf (ufou(z§)e;, uga(x§)e;) which is no longer a trace.
It will also involve the derivative of X; and a computation for the laws are no longer
possible. We will have to consider the system as the perturbation of the vertical SDE
about which we know a lot more.

Example 2.4 (The Zero Curvature Case: Perturbation to the Horizontal Flow) Consider
du§ = H(u§) o dby + Zo(uf)dt + /e Aj(uf) o thk + €Z1(uz)dt 2.3)

where Z; is a horizontal vector field and Z; a vertical vector field. The Lie bracket of
two horizontal vector fields is given by the curvature operator of the induced connection
on M. The horizontal tangent bundle is Frobenius integrable if and only if the curvature
vanishes. This is the case if M is a Lie group equipped with the Left or right invariant
connection. How does the motion behave under a transversal force?

Let w : T,OM — so(n) be the connection 1-form, corresponding to the given
Riemannian connenction V, which is determined by adjoint invariance and its values
on fundamental vertical vector fields: (Rg)*w = ad(g~ Y and w(A*) = A. Let V be
the direct sum connection, V,U = @~ d(w(U))(v) 4+ 0~ 1d((U))(v), for any vector
v € T,OM and any vector field U on OM. Here 6 is the connection 1-form. The
connection V is the metric connection associated to the SDEs below [10]:

n(n—1)/2

duy = \/EZ Hy(ug) o dbl + Z Afi(uy) o dWY.
=1 k=1

In the theorem below the assumption on the injectivity radius can be removed in
the case of the projection a Brownian motion with bounded drift.

Theorem 2.5 Let M be a complete Riemannian manifold with positive injectivity ra-
dius endowed with a connection V. Consider model (2.1). Let V be a Riemannian
connection on OM. Let u§ be a solution to (2.1), xi = w(u;) and Z§ the horizontal lift
of zf. Assume that {ww,[A;(w)]}]L, spans so(n). Assume that X; and |V, X;| have
linear growth and that m(u;) does not explode. Define

b = 5300 [som (VaXuug), Hu(ug)) diu(9) + [so, owg)di(g)
ai (W) = %[00 2ory (TR 'Xi(ug), Hi(w) (T Ry Xy(ug), H;(w)) dpu(g)-
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where |1, is the invariant measure of the following SDE on SO(n):
dge = Y  TRy,wlA;(ugy)] o dW] + TRy, @[ Ao(ugy)]dt.

j=1

Then T4 converges in law to that associated to the generator L,

p p
LF@) =Y bpwdF (Hp(w) + Y a; j()VdF(H(u), H;(u)).

k=1 ij=1

Proof Since z{ and u§ belong to the same fibre we may define g; € SO(n) by u§ =
T5g5. Use the relations (R,).A* = [ad(g~)A]* and

d d *
T lsmruexp(sA) = ——|r_ouexp(rA) exp(tA) = T Rexpuny A (w)
to obtain that

dui = T Rgedy + (T'Ligs)-1 dgp) " (Z7).

Comparing this with the original SDE for du; we obtain

dg = Z T Lyew[A;j(u)] o dw] + TLgew[Ag(uf)]dt. (2.4)

j=1

On the other hand dz§ = /e Y7, Tn(X;(uf)) 0 dB! + eT'm(Xo(u$))dt so

p
dE = bz, (odxf) = Ve Y bz [Ta(X(u§)] 0 dBf + ez [T (Xo(uf))ldt.
=1

In terms of the group action,
P
Aty = ey b [Tacgs m(Xu(@g5)] 0 dB} + elyze [ Tr e m (Ko (5 g1
1=1

Let ;1€ be the laws of the . We first show that {u°} is tight. By Prohorov’s theorem
a family of probability measures is tight if it is relatively compact. Since Zf = wuy it
suffices to estimate the modulus of continuity and show that for all positive numbers
a,n, there exists § > 0 such that for all € reasonably small, see Billingsley [6] Ethier-
Kurtz[12],
Pw: sup d(Z;,z5) >a) <n.
|s—t|<d

Here d denotes a distance function on OM. The Riemannian distance function is not
smooth on the cut locus. The cut locus of OM is in general not predictable by that
of M. To avoid any assumption on the cut locus of OM we construct a new distance
function that preserves the topology of OM.

Let x € M and 2a the minimum of 1 and the injectivity radius of M. Let ¢ :
R4+ — R, be a smooth concave function such that ¢(r) = r whenr < a and ¢(r) = 1



THE BASIC PERTURBED SYSTEM 8

when r > 2a, e.g. ¢ is the convolution of min(1, r) with a standard mollifier supported
in the set {r : |r — 32| < a/2}. Let p and j be respectively the Riemannian distance
on M and OM. Then ¢ o p and d := ¢ o p are distance functions.

For u € 7~ (),

o puF) = (dopu,if) + / d( o ) (f > b [T (X (u ))]odB)

=1

t
4 / € d( o ) e [Tr(Xo(uS))] ds
0
t p
= (o p)u, i) + / d(¢ o p) (ﬁZ[Tﬂxl(u;»]dBi)
0 =1
P t
+ey / Vd(¢ o p) (Tr(X;(us)), Tr(Xy(us))) ds
=170

t 1 P
+e / d(¢ 0 p) (2 S Vimpe) (T 0 Xp)(us) + TW(XO(UZ))> ds.
0 1=1

Since ¢ o p has compact support and the vector fields concerned have linear growth,
|T7(Xi ()| < CA+ pué,w) < [C+Cps, as)]+ Cp(u, ) some u € OM. The
quantity C'+ Cp(z¢, @5) is bounded from the compactness of SO(n) and it follows that
E[¢ o p(u, i;)]2) < C(¢ o p)*(u, Z)et for some constant C. By the Markov property
and the estimates below the required tightness follows,

El¢ o p(a%, E5)]2) < CiE(¢o ﬁ)2(i% o)t —5) < Chft — 5.

In the case of z§ being a Brownian motion with a bounded drift we do not need to
assume hypothesis on the injectivity radius for the tightness. See e.g. the estimates in
[17]. Note that by the right invariance of the horizontal lift,

Bac [Toc g m(Xi(@599] = T Rgey-2 Xy (uy).

Let F : OM — R be a smooth function. For @, the canonical direct sum connection
on OM associated to V,

p t
F@p = F(uo)+ﬁz / dF (TRgey1 X(us)) dB}
0
+= ez VdF (TRge)-1 X (uS), TRge)-1 X (uf)) ds
+2e;/0 dF (Vxle(ug) +X0(u;)) ds.

By tightness %" converges in law to a probability measure 1 for a sequence €,,. Let
X. be the coordinate process on the path space and G; = 0{X, : 0 < s < t}. Observe
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that
/S o TRy i), B0} (T Ry Ki(00), Hy00) (0

has at most quadratic growth since SO(n) is compact and by the same argument
S S0m) S VX(X))(ug)pu(dg) has linear growth. To identify the limiting process
it suffices to show that for all real valued smooth function ' on OM with compact

support, [ (F(Xt) - F(X,) — f: EF(X,«)dr) g duc converges to zero where g is any
real-valued bounded G,-measurable function on the Wiener space.
Let z]* be a sequence of random variables whose law agrees with that of ¢ for

some sequence €, and z* converges almost surely. Let g be a {27,s < t}-adaipted
bounded function. For ¢ > s,

t t
Eg (F(z') — F(z) — / LF(zMdr) =E [g/ (A" F — LF)(zM)dr| — 0,

where A" F' is given by the bounded variation part in the formula for F(Z§). The
convergence holds since SO(n) is compact and also the invariant measure fgo(n) for
the elliptic left invariant SDE is ergodic. The proof is standard and follows from the
Lemma below. See e.g. Hasminskii [14], Papanicolaou-Stroock-Varadhan [23]. O

Lemma 2.6 Let f be a bounded function with bounded derivative then
t t
[ acs@ir= [ L@+ Rires0

where (IE supg<; | R(f, €, s,t)|ﬁ)% < C(t)es forany 8 > 1.

The proof is completely analogous to that of Lemma 3.2 in [18]. In sub-intervals whose
length is very small compared to 1/¢ we consider Z¢€ as constants, and apply the ergodic
theorem on each interval. With the size of the sub-intervals chosen correctly, the sum
over all sub-intervals of the limits forms a Riemann sum. The proof follows from the
Cocycle property of the flows, estimates for the rate of convergence in the ergodic
theorem and the regularity of the function A€ f.

3 Effective Diffusion for the Linearised SDE

We first explain our problem and terminology in terms of an SDE on R? with smooth
coefficients: dz; = Y. j oj(xy) o dB{ + oo(x¢)dt. Suppose that there is a global
smooth solution to the SDE. For almost surely all w, for each initial value z € R¢
the solution ¢:(z,w) exists for all time and the derivative (D¢;).(v) of the function
x — ¢y(x,w) exists almost surely for all v € R<. It is a solution to the linearised SDE:
dvy = 3 j(DUj)@(x)(vt) 0 dB] + (Do) e, ) (ve)dt. More generally independent of
the existence of a global smooth solution we call the solution to the linearised SDE the
derivative flow of the original SDE. On a manifold M we must choose a connection
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to differentiate the vector fields o;. The solution with starting point v € T, M will be
denoted by T'¢:(v).

We wish to answer the following question: Given a perturbed SDE, what informa-
tion could we deduce from solution of the un-perturbed linearised SDE? In this section
we study the model presented in Example 2.2. We first explain the significance of the
derivative flow for ODE’s on OM and introduce the notation.

3.1 The Model

For computational simplification we assume the following model. Let {e;} be an or-
thonormal basis of R™. Consider the fundamental horizontal vector fields H; = H(e;).
Forey € R"let Hy = H(eg)and L1 = % Z?zl L, L, +Lp,. The operator Lo+€Lq
corresponds to the following stochastic differential equation,

duf = V/eH (uf) o db; + eH(uf)(eo)dt + Y Ap(uf) o dWf + Ag(ug)dt  (3.1)

where b; = (b}, ..., b}) is an R"-valued Brownian motion and {W}} are independent
1-dimensional Brownian motions, independent of b;. Denote by ¢{(u) the solution
with initial point v and let u§ = ¢ (ug). We will see later that we should take Ay to be
of the form Zj oy j A} where oy, ; are constants in which case Ax(u) = Q- ok kA
is a fundamental vertical vector field and we are led to consider

duf = \eH(u$) o dby + eH(u)(eo)dt + Y, Af(us) o dWF + Af(uf)dt
uy = Up-
(3.2)
for Ay, elements of so(n).

3.2 Some Notation

Let V be a metric connection with torsion 7 and parallel transport denoted by //..

Denote by V. the covariant derivative of a vector field V along a path o, % =

SV L)) (0). Let DV, be the stochastic covariant differential: DV; = //,(o)d//; (o).

To linearise the SDE on the orthonormal frame bundle we must choose a linear con-
nection on OM. As it turns out there is a good choice of such connection which is the
trivial connection V induced by the global parallelism induced by the canonical 1-form
0 and the connection 1-form w, viewing OM as a Riemannian manifold. Denote by
//t, D and 7 the corresponding parallel transport, the stochastic covariant differential
and the torsion tensor. The connection V has, in general, a non-vanishing torsion T.

Let us first consider a vertical fundamental vector field A* where A € so(n). The
solution to u; = A*(uy) is uy = ugexp(tA) which stays in the same fibre as ug. The
derivative flow of m(u;) is constant in ¢. The horizontal flow is more interesting. For
e € R" consider the horizontal vector field V' (u) = H(u)(e). Let ¢¢(u) be its integral
curve with initial value u. Then vy = m(¢$(u)) is a V-geodesic, starting from ()
and with initial speed u~1(e). Let V € T,,OM and define

d
Toi(V) = | _ df),

where r € I — u, € OM is a smooth curve with ug = u and $|T:0ur = V. Here
I is a valid interval of R containing 0. Then T'¢¢(V) is the derivative of ¢f in the
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direction of V. Its projection is the Jacobi field J£(V), for the variation of geodesics
~%%r with J§(V) =V and %h:OJf(V) =w(w(V)e) + T (ule), Tm(V)).

3.3 Derivation of the Equations

For the derivation it is simpler to consider the stochastic differential equation
du; = Z oy(ug) o dBé + oo(ug)dt

on OM where o; are arbitrary smooth vector fields on OM and B! independent Brow-
nian motions. The SDE has pathwise uniqueness and let ®,(u) be the solution with
initial value u and write u,, = ®,.(ug). Let T®,(V') be its derivative flow with initial
value V' and write V; = T'®,(Vp) for Vy € T,,,OM. Since the canonical forms § and
w give an absolute parallelism, it is desirable to obtain equations for n; := 6(V;) and
St == w(Vy).

Lemma 3.1 Let n, = 0(T'®(Vp)) and S; := w(T®+(Vy)) be the horizontal and ver-
tical components of the derivative process. They satisfy the following equations with
initial value ng = 0(Vy), So = w(Vy),

dnt B 9%9—17”_,_@7—15750'1 OdBi +9@9_1m+w_15t00dt
+07 (o1(wy) o dBj + oo(uy)dt, 01y, + w=1S,)
ds; = WV -1y, 415,01 OdB,lf +wv0*1m+w*15t00dt

+wT (Ul(ut) o dBi + oo(u,)dt, 0ty + w‘lSt)

Proof Let K be the integral curve of the vector field o; and TK! its derivative so

d D . y
L= oK), ZTK = VoK) + T(o(K,), TKY).

Recall that n; = 0(T'®4(V})) and we write V; = T'®,(Vp). It follows that

td
B(V;) = 6(Vi) + / 2
0 5

t
e(Tkg(w))odBH/ a4
=0 o d

s= S

0 (TK(V,)) dr.

5=0
Since

dOV)() =0 (071 dOV)(O) + @ d@V)() — @ Hd@V)() = 6V.V,
we have

6KV, = 0 ( D

I TKi(vo) =40 (%(Ki(m) + T(%Ki(u», TKi(W))) :

Consequently 4 Lfoa (TKLV,)) =0 (%l(w) + T(oi(uy), w)). It follows that

dge = Vo (T®(V)) o dBL + OV oo(TD,(V)) o dt + 0T (oy(uy) o dBL + oo(u,)dt, T®(V))
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Observe that T®,(V) = 0~ 'n, + w19, to obtain the required formula for n; and the
required formula for Sy can be deduced in a similar way. (]

Denote by © : A2TOM — R"™ and Q : A2TOM — so(n) the torsion form and
the curvature form.

Proposition 3.2 The torsion of the canonical direct sum connection T is given by, for
v1,v2 € T,,OM, hvy, hvs their horizontal components,

T(1,v9) = 2Q(hvy, hvo)* + 2H(w)O(hvy, hva) — [w(v1), w(v2)]*
—H(uww(v1)0(ve) + H(u)w(v2)0(vy).
Proof Denote by d exterior differentiation and we use the following convention:
d(v1,v2) = Ly, ((V2)) — Ly, (V1)) — ([V, Va])(w), where ) is a differential
one form, and Vi, V5 are vector fields with values vy, v2 at u. In Kobayashi-Nomizu
[16], dip(v1,v2) = 5 (Lu, ((Va)) = Lu, (1h(V1)) — ¢([V4, V2])) (u). Define the bun-
dle map X : P x R" x so(n) — TOM by X,(e, A) = 0, (e) + w, ' (A) and
Y.(v) = (0,(v),w,(v)). We consider the canqnical direct sum connection V on
OM as that induced by X in the sense of [10], V,U = X (ug)D(Y.(w)U(-))(v) for
w € T,,,OM. By formula (2.2.3) there, for v, ve € T,,,OM,
T(r,v2) = X(up)dY (vi,vs)
X (uo) (dw(vy, v2) + dO(v1,v2))
= (dw(v1,v2))" + H(ug) (df(v1, v2)).
The required identity follows from the structure equations: dw = —2w A w + 2(),
df = —2w N0+ 20. O
Let ¢5(-,w) be the flow of (3.1) and u; the solution with initial value ug. Let DV;

denote 7/t(uf)d7/t_1(u,5)Vf, the stochastic covariant derivative of a stochastic process
V¢ along the path uf. Then

DVF = Ve VH(VHodbi+ Y VAV o dWf + VAy(V)dt + T (odus, Vy)
i=1 k
= ) VAV 0 dWF + VAV)dt + T (odus, V)
k
is the linearised SDE to (3.1). Let T'¢;(V") denote the solution with initial speed V' &
VT, OM. Let 1f = 0(T$5(V)) and S = w(T'¢5(V). Then ()i = Tr(T¢i(V)
is the derivative flow of m(u§). Write Ax(u) =3 0, k(u)A;f(u) where A; € so(n).

Lemma 3.3 Consider the model (3.1). The triple (u§,n;, S5) is a Markov process on
OM x R" x so(n) satisfying:

duj = eH(us) o dby + eH(uf)(eo)dt + ok (uf) A% (u5) o AW + o0 (u§) Af(us)dt
dnf = Ve2O(H(u) o dbs, 07 nf) + /eSf o dby — At o dWE
+e20(H (uf)(eg), 0~ n)dt — Agnidt + eSseqdt
dSf = e2QH uS) o dby, 0 nf) — 0 k(WH[A;, S§1 0 dWF + 2Q(Ho(uf)(eo), 0 nf)dt

—0j0u)lA;, Sildt + Doj i, (H(ug)n; + (Sg)")A;j o AWk + Do o(H(ug)n; + (Sp)" A dt.
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Furthermore assume that o,|Doj | are bounded and the manifold is stochastically
complete, there is a global solution of the system of SDEs. If furthermore the torsion
T is bounded and skew symmetric, and |Q| and | YV y, QU H;, )| are bounded, then
E sup, <, (|nc|? + |SE|?) is finite for all t > 0 and the map from u — ¢§(u) is smooth.

Proof The equations follow from Lemma 3.1 and Proposition 3.2, taking into account
that VH; = 0 and VA}; = 0 and that

dnf = 0T (odul,0'nf +w 1S9,
dSf = wT(odul,0 ' nf + @ 1S9) + Do w(T¢5(V)Aj 0 dWF + Dojo(Te5(V)A;dt.

Let uf = Z{g; where Z{ is the horizontal lift of x; with initial value uo and g; € SO(n).
Then
dg; = ok A9 0 AW + 0j0(up)Ajgidt.

If 0 1.(u) are independent of u, gf is independent of €. In all cases there is a global
solution g5 as SO(n) is a compact manifold. If x§ exists for all time then so are uf =
Z5gs, n; and S§ as the equations for the latter two are linear and the coefficients are
smooth in u$. Since

dr{ = \eu§ odby + euleq dt
= VeZig odb, + €xigseo dt,
the geometric Brownian motion on M does not explode, and the drift term in the SDE
for z7 is bounded, xy does not explode by Girsanov transform, taking into account that

elo (eodbs)=3lealt g o martingale. Since 7 is skew symmetric, we have the following
equations:

dni|> = 2ve(S5er, n5)dbl + 2¢(Sseq, n5) dt + e(2QH (uf)er, 0 nf)er, nf) dt
+e(Sfer, 20(H (ue, 0~ 1nf)) dt + € |S¢|* dt
= 2V/e(Sfer,m5)db} + 2€(S5eo, nf)dt — e Ric(ugng, usng)dt
+e(usn;, T (uger, ug Sge))dt + € |S5|? dt
ISP = 2e(S5, 2Q(Ho(uf)(eo), 0~ D))t + 2Do; o(THE(V)) (S, A;)dt
+21/€( S, 2Q(H (u§) dby, 0~ 1) + €| R(ugey, usny)|*dt

+e(S,2 Z YVt QH (ug), 07 05)) dt + €S, (u) ™' R (uger, T (ufer, ugnf) + ufSie;) ) dt
=1
+2D0; 1 (To;(VNSE, Aj) AW + Y | Doy (T (V)| dt
k.j
—Doj o (HW))(Agng) + 04, 1[Ai, SF17) (S5, Aj)dt
+D(72‘7k (H(u,f)nf + (Stg)*) DO']"]C(A:) <S§7 Aj>dt.
The required moment estimates easily follow. Similar estimates can now be made for

the pth moment, p > 1, and the required continuity of ¢§ in the initial data follows
from Theorem 4.1 in [17]. O
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3.4 Effective Diffusions Associated to the Derivative Flow

Let us first analyse the unperturbed system which would be used as basis for analysis
of the perturbed system. Denote (A, B) by the inner product of two matrices in so(n),
considered as a subspace of R™. So (A, B) = tr B™ A where tr stands for the trace
of a matrix.The inner product is adjoint invariant and hence induce a bi-invariant Rie-
mannian metric on SO(n) with the corresponding normalised volume measure which
we denote by 1150n). Denote by Conj the group homomorphism given by conjugation
so Conj(O)M = OMO~" and denote ad(g)(O) = [g, O] for g € so(n).

Lemma 3.4 We consider the model (3.2) and recall that Ay, € so(n). Let K; be the
solution of dK; =), K, Adetk + K Agdt with K the unit matrix. The unperturbed
system,

duy = Y, Ap(ug) o AWE + Ab(uy)dt
Dy = = AgnodW} — Agnydt
DSt = - Z[Akv St] o dek - [1407 Svt]dt7

does not explode. The OM -valued process u, is elliptic on each fibre 7~ (m(ug)) and
uy = woKy. In the case of { Ay} forming an orthonormal basis of so(n) and Ay = 0,
K, is the left invariant Brownian motion on SO(n). The norm of the derivative flow
|To:(V)|? = |Se|> + |ni|? is a conserved quantity, and so are the eigenvalues of S.
The eigenvectors vy of Sy evolve according to the SDE on the complex space C™:

dvy = — Z Apvg o thk — Agudt. (3.3)
k

Furthermore S; = Conj(K; ")(So) and 1y = K; 1.

Proof Letting u; = uog: then uoge = (g; ' §)*(uoge) and @y, (uoge) = g; " gr.
From w(du;) = w(Aj(up)) o dWE +w(Af(uy))dt = Ay o dWE + Ag(uy)dt, it follows
that dg; = > gt Ay o thk + gt Apdt. The process g; is solution to an elliptic SDE, as
action by left multiplication is free, proving the first assertion. Note that

dtrace S = tracedS!" = ntrace(S ' o dS;)
= -n trace(Sffl[Ak, Si]) o thk =0,
and S, is isospectral. Let vy € C™ be an eigenvector of Sy and v; a solution to (3.3). A

vector vy in R™ is an eigenvector of Sy corresponding to A if and only if Syvg = Avg
and A\dv; = d(S;vs). On one hand we have:

d(St’Ut) —[Ak, St]’l}t o thk — [AO, St]Utdt — StAk’Ut 9] thk — StAQUtdt

= - Zk Akst'l)t ] thk - A()St’l)tdt.

On the other hand d(Av;) = — ), ArAv, odVVt’f — AAyvidt. Both Syvy and Avy satisfy
the same equation with the same initial value and hence are the same. Furthermore

d Conj(K; 1Sy Conj(K; Had(K; o dK;)(So)
— Conj(K; Mad (K; ), AcK; " o dWF + K AoK; H)dt) (So)

= =Y .[Ay, Conj(K; ")(So)] o AW} — [Ag, Conj(K,; ")(So)ldt.
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We used the elementary identity, [Conj(O)(M), Conj(O)(N)] = Conj(O)[M, N] for
O, M, N € SO(n). Hence S; = Conj(K; ')(Sp), similarly , = K; 'n. a

The conserved quantities we observed in the lemma, the eigenvalues of S;, the
norm of 7, and the projection of u;, are all of the conserved quantities of the system.
Note that if A; and A5 have the same spectrum they are related by A; = Conj(B)A,
for some B € O(n) and SO(n) has a maximal torus whose elements are of the form
50(2) piles on the diagonal and every element of SO(n) is conjugate to an element of
the torus.

Consider SO(n) as a Lie transformation group on the Lie group SO(n) on the right.
The action is conjugation

(9,0) € SO(n) x SO(n) — Conj, (g~ ") € SO(n).

Denote by X 4 the left invariant vector field induced by A € so(n) and X 4(0) =
—[A, O] and the SDE for S; can be considered as a left invariant SDE on SO(n).

The vector fields X 4, ; correspond to an orthonormal basis of s0(n) may vanish at
some point as the action is not free on so(n) and at different points A the dimension
of Span{ X4, ,} may vary. For any g € SO(n), the Lie-brackets of the vector fields
generated by A and B from so(n) are given by [ad(A), ad(B)](g) = ad([A4, B])(g) =
[[A, B], g]. Since [A; ;, Ay, is either O or of the form A,, ,, where m, n equal to one
of the four numbers: 1, j, k, [, the set of vector fields generated by A, ; is integrable and
generate a foliation which is of non-constant rank in general.

Let ¢§(u) be the solution flow of (3.2). Recall that for ug € OM and Vj € T,,, M
we let S§ = w(T 5 (Vo)) and 05 = 0(T'¢5(Vp)), the vertical and the horizontal part of
the derivative process 7 ¢§(Vp).

Theorem 3.5 Consider model (3.2). Assume the curvature R and the torsion T to-
gether with their first derivatives are bounded. Let K; be the solution of dK; =
Sop KiApdWE + Ky Aodt with Ko the unit matrix. Assume that x; = m(u$) does
not explode. Let Ty be the horizontal lift of x§ through uy.

The stochastic process (565 , Conj(K f)S ¢, (K 776)5) converges weakly to the law of
the solution of the SDEs: ‘

duy = H(ug) o dby,
dS; = (u) 'R(ugo di)n UM ) U,
dny = () T (ug o dby, ugny) + Sy o dby.

In particular the horizontal part of u; converges in law to the Horizontal Brownian
motion, and the modified derivative flow converges to the stochastic Jacobi equation.

Proof Define the so(n)-valued stochastic process: Sf = Conj(K;)S;, with 5'3 =5
and 7; = K;n;. By Lemma 3.3,

dS; = Conj(Ky) (ad(K; * o dK,)(Sf)) + Conj(Ky) (—[Ax, Sf1 0 AW} — [Ag, Sf1dt)
+ Conj(Ky) (v/€2Q(H (uf) o dby + H(u§)(eg)dt, 0~ 1))
= Ve Conj(K)2Q(H (ug) o db;, 0" 1j5) + € Conj(K)2(H (u5)eq, 0177
= V@) Rayg ([ K 0 dby, TS + €(T5) T Rag (T{ K o, T5775) Tt
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Since R(v1,vo)w = 2u[Qvi,v3)(u  w)] and T (v1,v2) = u(20(v},v})) where v}
are any vectors whose projections to T'M are v; € Tr,)M, so
diff = VeK20(H ) o dby, 07 nf) + /K, SE o db,
+e K 20(H (uf)(eg), 0 nd)dt + e K St eodt
= V@) T (F Ky o dby, B57ff) + VST Ky o dby
(@) T Toe (7 Ko, E575)dt + €S§ Kyeodt.
Since the SDE for K, !is driven by Wf, in the above equations K; o db; = o(K;db;).

~ t _ ~
Note that K;db; law db;. Let by = foz Kydbs, S; = S, yf = 25, 95 = &%, 75 = 7%
We see that ‘ ‘ ‘ ‘

dj; = H(y;)odb, + H(y;)(K ceq)dt
dS; = (@) Rys (G o dby, G55 + (5 Ry (G5 K ceo, G5 1) di
diif = (@) Ty (5 o dby, i) + S§ o dby

@ Ty G K o, i)t + SEK ceqdt,

The stochastic integral terms are invariant and we do not have to transform them into Itd
form. The conditions on the curvature and the torsion implies that the law of (, S¢, 77f)
is tight. Estimates on the modulus of continuity of y; is the same as that of y; whichis a
Brownian motion with a bounded drift for which there are nice estimates, see e.g. [17].
To see that the limiting law is as stated in the theorem, we note that the convergence of
y¢ is shown in Proposition 2.5 and the remaining two terms are flat space valued and
can be deduced from Lemma 2.6. The limiting equations are:

du; = H(uy)odb, + Z(up)dt,

dSi = (u)” ' Rlug o dbe, ugne)ug + M(ue, no)dt,

dne = (ue)” T (ug o dby, wgmy) + Sy o dby + Fug, 1y, Sp)dt.
where

Z(u) Jsom H@)(Keo) du(K),
M(ua 77) = f u_lR‘n'(u)(U/KeOa Un)u d/j/(K)7
Fu,n.8) = [somlu T @keo,un) + SKeo) dy(k).
Finally observe that the average of the vector Keg with respect to p(K) vanishes and
by linearity Z =0, M =0and F = 0. O
The stability of the limiting system is indeed well understood. In this case

dime> = 2(Seer, m)db, — Ric(uny, uend)dt + (uny, T (user, uySier))dt + Sy |* dt
dISe* = 2(Se, 20(H (ur) dbe, 07 1)) + | Rlurer, ugpe) | dt

+(St, 2V b,y QUH (ug), 07 0)) dt + (uy S, R(uger, T (uger, wgmy))) dt
+<UtSt, R(utel, utStel)> dt

In the case of V being the Levi-Civita connection of constant sectional curva-
ture K, (R(X,Y)Z, W) = K{(Z, YW X, W) — K(Z, X){Z,W) and Ric(X,Y) =
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(n — 1)K<U7 V> SO |R(Ut€l7ut77t)|2 = 2K Ric(ung, ugny), <utSt> R(utelyutstel» =
—2K|S;|? and

dl|Se” + ImelPl = 2(Seer, me)dbi + 2(Sy, 20(H (uy) dbe, 6~ ny))
+2K — D) Ric(ugn, ugny)dt + (1 — 2K)[S, | dt
= martingale + (2K — 1)(n — 1)K |n;|* dt + (1 — 2K)|S;|*dt.

We see that %log E|T®,(V)|?> > 0, in the case of K < 0. For more exploration of
moment stability see [19].

Letting ¢; = |S|? + |n¢|?, the Lyapunov exponent is defined by lim;_.o 1 log c;
if it exists. To estimate the Lyapunov exponent one may first obtain a formula for
log ¢ and then use the martingale convergence theorem. For this we observe that

2(Sy, 20(H (uy) dby, 6=n)) = AK (Syny, dby) and d(c?, 2), = —20=2K)Senl” gy g

follows that -(|S;|? + 2K |n|?) = 0. In the case of K is strictly positive the manifold
is compact, it was shown in Carverhill-Elworthy [8] that the Lyapunov spectrum is
well defined and the sum of the Lyapunov exponents is zero . The case of positive
but not strictly positive sectional curvature is treated in Liao [20]. See Baxendale [5]
for a case study of an SDE on the orthonormal frame bundle of negative curvature and
Carverhill-Elworthy [8] for a detailed analysis of surfaces of constant curvature. The
general case of non-vanishing torsion is yet to be treated.

3.5 Two Related Models

Below we point out two further cases of interest. However due to the similarity in the
methodology we omit the computational detail.

Case 1 (The righ invariance case of Example 2.1). Consider a family of right in-
variant vector fields {X;,1 = 0,1,...,m} such that {Xy,...,X,,} spans HTOM and
the SDE

duf = /eXy(uf) o dB! + eXo(ué)dt + Af(us) o dWFE + Af(us)dt

In this case define X : OM x R™ — HTOM by X(u)(f;) = X;(u) where {f;} is an
o.n.b. of R™, hence X(u)(e) := > Xj(u){e, f1). Let Y, (v) = (X*(u), 0) for X*(u) the
adjoint of X(u). Instead of the canonical direct sum connection on OM we employ the
connection induced by X and w, whose torsion is

T (W1, Va) = XdY (hVi, hVa) + (deo(VA, Vo))

Define X; = m,.(X;). Since the projection of X(dY) is the torsion 7 of V and ﬁXz =
0,l=1,...,m, we see that

dne = 0T (odul, Te5(Vy)) = 0 (XdY)(h o dus, 0 ')
= Veup) ' T(Xy(@}) o dBy, ugng) + e(ug) T (Tr(Xo)(ug), ugny) dt
dS, = wT(odus, Tos(Vo)) = dw(odus, T¢5 (Vo))

= —[Ag, SilodWF — [Ag, Sildt 4+ 2¢/€Q(X;(uf) o dbl + eXo(us)dt, 6~ 1nf).
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Note that the equation for 7; is autonomous given u;. Furthermore let x§ = m(ug) and
uy = Tyg; then
dg =Y Argi 0 AW} + Apgidt

Let 77 = (gf)~'f and Sf = Conj(g; ")S}, then

dis = e Z Xy(&5) 0 dB} + €T Rye Xo(&5)dt
dify = Ve@) ' T(Xy(xf) o dB}, Z57if) + e(F) T T(Tw(Xo)(F g5), 575 )dt
dS; = Ve(@;) ' R(Xi(x) o dBy, F7i0)a; + e(@) " R(TTXo(F5g5), &575) 5 dt.

Then (2%, 7%, Si ) converges in law to that of the following SDE:

du; = le(ut)odég+ / TRy Xo(us)dp(g) dt
SO(N)
dne = up "T(X(m(uy)) o dBL ugny) + / u; T (T (Xo)(urg)p(dg), wemy) dt
SO(n)
dS; = u 'R(X)(n(uy)) o dBL, uene)ug + / u; ' R(T7Xo(urg), wene)uedp(g) dt,
SO(n)

where Bé is a family of independent Brownian motions. For computation of the Lya-
punov exponent of the horizontal flow over Lie groups and symmetric spaces see [20].

Case 2 (Model in Example 2.4). When the curvature R = 0 we may consider
this model. The horizontal tangent bundle is integrable and there are sub-manifolds
{Ny,u € OM} of OM whose tangent spaces are exactly HTOM restricted to IV,,.
Let p,, be the volume measure on N, for the induced Riemannian metric. The move-
ment governed by du; = H (u) o dby + Zy(uy)dt has no vertical component and hence
the vertical part S; of its derivative process is a conserved quantity and its horizontal
part 1 is a martingale 1y + Sgby, in the case of 7 = 0 and Zy = 0. Consider

duf = H(u$) o dby, + Zo(ul)dt + eAL(us) o dWF + eZy(u)dt.  (3.4)

Denote by ¢ the solution flow and u; = ¢5(up). For some V € T,,,OM let nf =
0(T¢5(Vp)) and Sy = w(T'¢5(Vp)). Then

dSf = —\/elAg, SElodwl — e[w(Z))(u), SFldt
dnf = O(H) odb; + Zo(us)dt, 0~ ns) + SE o dby + SE(OZ,)(ul)dt
—VeARnS o dwk — e(wZy)(u)ntdt.
A stochastic averaging can also obtained for S;. If Zy = Z; = 7 = 0 then dS} =
—elAg, S{1AWE — Le[AZ, S§ldt, and dn = S§db, — /e Apnsdwy — 2e >, AZnsdt.
Alternatively for Ay, = " oy ; (u) A3 (u), consider

dul = Xy (uf) o dBL 4 Xo(u)dt + /e€Ar(ul) o dWF 4 e Ag(ud)dt.
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Let 2§ = m(u§) and u§ = Z5gf then di§ = > X(Z5) o dB} + T Ry Xo(&5)dt is elliptic
on the foliated manifold and the rotation and the vertical derivative flow over [0, é] can
be described by the average of the relevant vector fields over the its invariant measure
f4g> assuming the necessary technical conditions. Note that

dnf = 07 (oduf, Te5(Vp)) = 0XdY (h o dus, 60~ 'n)
= (u) M T(Xy(uf) 0 dB} + Tr(Xo)(u§)dt, uny),
dS; = wT(odu;, Té{(Vo)) = dw(oduf, Te5(Vo))

= —Veor [A;, Si1odW) — eog ;[ A;, S{ldt + Xo(u§)dt, 0~ n5).
Now 7y is a fast variable in general, while Sy is clearly a slow variable.
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