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Chapter 1

Introduction

1.1 Introduction

A stochastic process describes the evolution in time of a stochastic system. For discrete times
we tend to use the notation (x,) where n =0,1,2,.... The ‘randomness’ comes from the lack
of complete information about the system.

We will have:

e an underlying probability space: (2, F,P),
e a state space X,

e the Borel o-algebra B(X).

The state space, which we denote by X', will be assumed to be a separable complete metric
space. The Euclidean spaces R™ are separable complete metric spaces, so can be open sets of
R" be given a complete metric space which is separable.

A (discrete time) stochastic process (z,,) is a collection of random variable on some probability
space, where n is perceived as time. The ‘time’ in a continuous time process (x;) takes values
in an interval. We focus mainly on the case of discrete time processes and therefore give the
definition below.

A sample of a process is a function of time (a sequence), by the random nature, we cannot say
much about a sample, we can say something about any statistics of its observables, which can
be deduced with its probability distributions. To obtain informations on a stochastic process,
for example the averages of an observable of the process, e.g E[f(zy)], one assumes naturally
that the z,,’s are random variables.
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Definition 1.1.1 A stochastic process x with state space X is a collection {z,}72, of X-
valued random variables on some probability space (2, F,P). Given n, we refer to x,, as the
value of the process at time n. We will sometimes consider processes where the time X-valued
random variables can take negative values, i.e. {zy, }nez.

If the time index I is an interval, then a stochastic process (x:) where t € I is again a collection
of {x4,t € I}, on which we often make regularity assumptions in ¢.

Recall that a random variable X : 0 — X is simply a measurable map, its probability
distribution is the pushed forward measure X, (PP):

X: Q — X
P — X,P

An example of a sequence of random variables are independent random variables. In general,
the random variables are correlated, how are the random variables correlated? More importantly
how does one deduce information on a future time z; from its past up to time s where s < t7

A Markov process describes the time-evolution of random systems that do not have any
memory. Let us demonstrate what we mean by memoryless with the following example. Consider
a switch that has two states: on and off. At the beginning of the experiment, the switch is on.
Every minute after that, we throw a dice. If the dice shows 6, we flip the switch, otherwise
we leave it as it is. The state of the switch as a function of time is a Markov process. This
very simple example allows us to explain what we mean by “does not have any memory”. It is
clear that the state of the switch has some memory in the sense that if the switch is off after
10 minutes, then it is more likely to be also off after 11 minutes, whereas if it was on, it would
be more likely to be on. However, if we know the state of the switch at time n, we can predict
its evolution (in terms of random variables of course) for all future times, without requiring any
knowledge about the state of the switch at times less than n. In other words, the future of
the process, given the present, is independent of the past.

The following is an example of a process which is not a Markov process. Consider again a
switch that has two states and is on at the beginning of the experiment. We again throw a dice
every minute. However, this time we flip the switch only if the dice shows a 6 but didn’t show
a 6 the previous time.

Let us go back to our first example and write xgn) for the probability that the switch is on at
time n. Similarly, we write :zgn) for the probability of the switch being off at time n. One then

has the following recursion relation:

1 1 5
m§"+” = f56x§n) + gxgn) : xgnﬂ) = gxgn) + 6:{:&”) , (1.1)
with :Ugo) =1 and wéo) = 0. The first equality comes from the observation that the switch is on

at time n + 1 if either it was on at time n and we didn’t throw a 6 or it was off at time n and
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we did throw a 6. Equation (1.1]) can be written in matrix form as

2+ g L5 1)
6\1 5

We note that T' has the eigenvalue 1 with eigenvector (1,1) and the eigenvalue 2/3 with eigen-
vector (1,—1). Note also that xgn) + l‘gn) =1 for all values of n. Therefore we have

lim z3" —1 lim $(n) :1
nosoo L 27 nio 2 2"

We would of course have reached the same conclusion if we started with our switch being off at
time O.

1.1.1 Evolution of probability distributions

The transitions
o —> L1 —> T2 — ...

induce a family of probability measures on the state space. There are many interesting questions
on Markov processes. We are concerned with the following:

1.1.2 Questions

What is the probability that the Markov chain visit state j at time n given that x¢ = ¢?7 Does
the time n distribution of (x,) converge to some measure as n — oco? In what sense does it
converge? What distance does one put on the space of probability measures? At what speed
does the convergence happen?

Is there an initial probability distribution u, such that for each n, x,, is distributed as xq?

Definition 1.1.2 A measure 7 is called an invariant (probability) measure (invariant distribu-
tion ) for a Markov chain if £(X,,) = 7 for any n.

We have discussed whether p, = ()P — 7, does the distribution of the stochastic process on
X%+ converge to that of the chain with an invariant initial distribution 7? If exists, is such an
invariant distribution unique? Starting from different initial distributions, do the Markov chain
look alike after some time? If P’ and P’ denote the probability distributions of the chain at
time n with initial points z,y, does the two probability measures get close? In other words

|Py — P)| — 07

What are the techniques for studying these problems? If we denote by P, the probability of
the chain with initial 4, we ask P, — Pr?
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Ergodic theorems: does it hold?

n—1

1
oS fa) = [ ar?

k=0

Let 0(w)r = wi+1, this induces a shift on the sequences,

n—1

— F ) FdP?
n ;0 (xk>$k+la 7) Y7

If xp, &1, & are independent random variables on R with xg ~ N(0,a) and & ~ N(0,b) for
alli =1,2,.... Define for a positive number M > 0,

M(xn—i—l - mn) = —xn+ €n+1-

It is an easy exercise to find an invariant measure for this Markov chain. See [6.2.5]

Exercise 1.1.1 Find out whether there is an invariant measure for the switch Markov process.



Chapter 2

The Markov property

The Markov property states that given information on its present, any further information on
its history does not improve the estimates on the whereabout of the process at a future time.

A stochastic process describes the evolution of a random system. The ‘randomness’ describes
the lack of complete information about the system. We have the set=up:

e an underlying probability space: (2, F,P), e.g. ([0, 1], B([0,1]), dx).

e a state space X', a separable complete metric space.

e the Borel o-algebra B(X).

Definition 2.0.1 A stochastic process (z,) is simply a collections of random variables.

Discrete time stochastic process: the time I set is N, or N°, or Z. Continuous time Markov
process : I =R4,[0,1].

Given a stochastic process (), we study the evolution of L(z,), among other topics.
Each x,, is a measurable map,
Tz, :  — X
w— zp(w)

Its probability distribution, denoted by L(z,), is the measure obtained by pushing P forward

by z,, defined below:
(2n)+P(A) := P({w txp(w) € A})

How are {zo,x1,2,} correlated? They are independent if L((xo,...,2,)) = @ L(zy). In
general we do not expect them independent.

13
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2.1 Information and Filtration

Definition 2.1.1 The information on the stochastic process at time n is the o-algebra of all
possible events at this time:

o(Xn) =o({z,'(4): A€ B(X)}).

The set A runs through the Borel subsets of X and z,1(A) := {w : z,(w) € A}.

If P(z, = £1) = 3, the collection of sets

{XTL = 1}a {XTL = _1}’ ¢a Q
contain all the information we can possibly have on the random variable.

Definition 2.1.2 Let o(xq,...,x,) denote the o-algebra generated by the random variables
inside the bracket, it is generated by sets of the form:

{J;o € Ay,...xy € An},
where A; € B(X). This is the smallest o-algebra such that each of the random variables are
measurable.
The information on the process (z,) up to time n is the o algebra generated zg, ..., z,.

Definition 2.1.3 o A family of o-algebras {F,},>0, satisfying F,, C F,, whenever n < m
and F, C F, is a filtration (of o-algebras).

e A stochastic process x, is said to be adapted to a filtration F, if for every n, x, is
measurable with respect to F,.

o The filtration F} := o(xo, ..., xy) is the natural filtration for (z,).

The natural filtration is the smallest filtration to which the process is adapted.

2.2 The Markov Property

Definition 2.2.1 A stochastic process (x,) with state space X is said to have the Markov
property (with respect to its natural filtration) if for any Borel measurable set A of X, any
n >0,

P(xpi1 € A | zg,...xn) =P(xpt1 € A| ) a.s.



2.2. THE MARKOV PROPERTY 15

The distribution of the random variable zg is called the initial distribution. Discrete time Markov
processes are also called Markov chains.

Notation.

P(xpt1 € A |zg,...x0) :=P(xpy1 € A| o(zo,...2p)).

Intuitively, the best estimates based on information obtained from xg, 1, ..., x,, is the same as
the best estimates based on information obtained from x,, alone.

2.2.1 Conditional expectation

Definition 2.2.2 Let X be a real-valued random variable on some probability space (2, F,P)
such that E|X| < oo and let ' be a sub o-algebra of F. Then the conditional expectation
of X with respect to F’ is a F'-measurable random variable X’ such that

/ X (w) P(dw) = / X (w) P(dw) (2.1)
A A
for every A € F'. We denote this by X' = E(X | F').

Proposition 2.2.3 With the notations as above, the conditional expectation X' = E(X |F)
exists and is essentially unique (in the sense any two such variables are equal almost surely).

Proof. Denote by v the restriction of P to F’ and define the measure p on (Q, F') by p(A) =
J4 X (w) P(dw) for every A € F'. It is clear that y is absolutely continuous with respect to v. Its
density with respect to v given by the Radon-Nikodym theorem is then the required conditional
expectation. The uniqueness follows from the uniqueness statement in the Radon-Nikodym
theorem. O

Notation. If A € F we define:
P(A |F) :=E(14 |F).

Also if F/ = 0(Y), is the o-algebra generated by a random variable Y. Then we use the notation:
EX|Y) =E(X |o(Y)).

Exercise 2.2.1 Show that a stochastic process (z,) with state space X satisfies the simple
Markov property if and only if the following holds for any bounded measurable functions f :
X — R such that

E(f(2n1)|o(@0, - 2n)) = B(f(@ns1)ln). (2.2)
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Example 2.2.1 Let F' = {A, A% ¢,Q}. Recall: E(X|A) = EI(P’)&)A)'

E(X|4), ifweA
E(X|A%), ifw e A°.

E(X|F)(w) = {

If Y is a random variable on ), then E(X|Y) = ¢(Y) for some Borel measurable function
¢:Y — R. We write E(X|Y = y) for the function ¢(y).

Example 2.2.2 Suppose that Y takes values in a state state space in which case we identify it
with N.

EX[YV)w) = >  EXH{Y=i}hly_yw).

#P({Y=i})>0
ie. p(i) = E(X|{Y =i}). This justify the notation:

E(X|Y =) := E(X|[{Y = i}).

2.2.2 Markov property on discrete state space

If z, has only a finite number of a countable number of states, then we can define the Markov

property using elementary probabilities: P(A|B) := PEP}?;})B) when P(B) # 0.

If X is a discrete state space, a space with at most a countable number of elements, in which
case we may let X = N. Let (z,) be a stochastic process on a discrete state space X. The above
discussion allows us to reduce the Markov property

P(zp+1 € A | xo,...2n) =P(zpy1 € Al x,) a.s.

to a simpler expression. The Markov property is equivalent to the following: for any n = 1,2, ...

and for any si,...s,+1 € X such that P(zg = sg,...,z, = s,) > 0, we have
P(pt1 = Spt+1]To = S0y -+ -y Tn = Sp) = P(Zpt1 = Snri1|Tn = Sn)-
We may omit mentioning the condition P(xg = s, ..., T, = s,) > 0.
Notation:

{zy, =k} ={w: z,(w) = k}, {zo=50,...,2n = sn} = Nig{zi = s;}.
The event we are conditioning on is:

{w:zo(w) = s0,...,Tn(w) = sp}

If X is a general complete separable metric space with its Borel o-algebra, it is conceivable
that P(x,, = s) = 0 for any s € X, and so the elementary probability formulation may fail.
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2.2.3 A random dynamical system
We first give a proof for a discrete state space, in this case a more elementary proof is available
to us.

Example 2.2.3 Suppose that X is a discrete space and (), G) a measurable space. Let F' :
X x Y — X be a measurable map. Suppose that (§,) are independent random variables with
state space ), and is independent of zg, (In other words, zg, &1, &2, ... are all independent). Set

Tn+l = F(xna£n+1)> n > 0.

Then (z,) is a Markov chain.

Proof. Let X =N, x,, = F(xy—1,&,). Then,

P(xpt1 =7 | xo =0, -Tn =1in)
P(F(2n,&nt1) = J | zo =G0, .. Tn = in)
P(F(in,&nt1) = J | ®o = d0,...Tp = in)
IP)(F(vagn-i-l —J)'

In the final line we use the fact that &,4+1 is independent of {zg,z1,...,2z,}, and hence the
independence of &,41 from zg,...,z,. Similarly,

IP)(fEn-i—l =7 ’ Ty = in) = P(F(xna€n+1) =J ‘ Tn = Zn) = P(F(inv§n+l) =J |1:n = Zn)
=P(F(in,&n+1) = J)-

The Markov property holds. O

One can also compute, opening up the conditioning as below:

. . . P(x 1=i 1x0:i0...$:s
P(zn+1 = intilzo = do, ..., Tn = in) e P(xoni ;0 x7 —72' ; .
=1%0,---,Tn =1n
_ ]P(F(xnagn-&—l) = in+1,$o =100,...,Tp = Zn)
P(l’o:io,...,xn:in)

To give a proof for other state spaces, we recall the following

Exercise 2.2.2 Let X : Q - X and Y : Q — Y be random variables with X measurable with
respect to G C F and Y is independent of G. If p : X x ) — R is a measurable function such
that ¢(X,Y) is integrable, then

E(p(X,Y)|9)(w) = E(p(X(w),Y), a.s.



2.2. THE MARKOV PROPERTY 18

Example 2.2.4 Suppose that {£1, &2, ... } are independent with state space ) and independent
of xy on a state space X. Let F': X x ) — X be a measurable function and define x,, recursively
as follows:

T = F(l‘n—lvén)-

Then (z,) is a Markov process.

Proof. Let A be an arbitrary set from B(X'). We only need to show that P(an € Alxo,.. .mn),
is o(x;,) measurable in which case, since on any A € o(zy,) C o(xo,...,xy), its average and the
average of x,41 are the same, it satisfies the requirement for ]P’(an €A |xn) Then, by the
uniqueness of the conditional expectations, it is IP’(xn+1 cA \azn)

For any A € B(X), we set p(z,y) = L4(F(z,y)). Then,
P(znt+1 € A |zo, ... 2n) (W)
- E(lA(F(xn,gnH)) 20, - ..xn>(w) = E(L4(F(zn(w), €ns1)).
Set Y(w) = E(1a(F(zn(w),&41))- Let i1 denote the probability distribution of &,41, set
g9(x) = [y1a(F(z,y)) p(dy). Then,
V(@) = [ 1a(Flaal).) uldy) = gleen(w).
y

This concludes that E(]_A(F(l'n (W), &n+1) |xo, - - xn) is o(z,,) measurable, completing the proof.
[l

This proof covers of course the previous example.

2.2.4 Random walk on Z and and on 7,

Let S, = > | & where & are i.i.d.’s with
P& =1)=p Pl=-1)=1-p
Then Sp11 = S, + &,11. Note that Sy = 0. Then
P(Spi1 = k|S1 = i1, ..., S0 = in)
=P(&nt1 =k —in)

D, k= in + 17
= 1- D, k= in - ]-7
0, otherwise.

A similar computation shows that P(S,+1 = k|S,, = i,) gives the same value.

The following model is used in queuing theory.
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Exercise 2.2.3 Random walk on Z,. Let £, be i.i.d.’s with distribution p and state space R.
Set
Tn, = [Tn-1 + &nl+-

Compute the transition probabilities P(xy, 41 = jlx, = 7).

2.2.5 A non-Markov random walk

We have used in an essential way of the independence of &; for proving the Markov property of
the random walk. What happens if we remove the independence.

Let us take & and &; be independent with

Set for n > 2,

STEED S SR
"L {#1) with probability 1, if &, # 1.

This walk {S,,} is not a Markov process.

2.2.6 Examples

1. A Markov chain moves to the next step according to the probability distribution determined
by its current position. For example let us move a chess piece on an empty chessboard in
the following manner: it moves to one of its nearest neighbours in equal probability. This
is a Markov chain with state space X = {s1, s2, ... sS4}, each state is one of the 64 squares.

2. Similarly the solution of the ODE &; = f(z;) is a deterministic Markov process: given the
initial point at the initial time we know its future value z; = = + |, st f(zy)dr, we do not
need to know its value before the initial time s.

3. Any deterministic sequence x,, satisfies the simple Markov property. The information on
a deterministic random variable is trivial: {¢,Q2}. Note that

B .= {JIO S Ao, ey Tp—1 € An—l}

has probability 1 or 0. When B has non-zero probability, knowing it does not add any
information on x,, € A. Take for example, z,, = 1. We know its value, there is no need to
evaluate its past events. In fact, P(x,, € A|zo,...,2n—1) = 0y, (A) (I use y, for the value of
x, to make the distinction.) If the values of the deterministic process are all different, this
can be turned into a dynamical system 1 = f(x,) where f(x,) is defined to be x,11,
for all n > 0, and otherwise a value is arbitrarily assigned.
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Consider a sequence with the rule z,41 = f(z, + p—1). If we fix xg, 21 this produces a
deterministic sequence, which is a Markov chain as explained earlier. When we vary xg, x1,
there is no quarantee for the transition mechanisms bing the same. T

In fact there are different notions for a Markov chain. By a Markov chain we
often refers to a family of Markov processes with a family of initial conditions
xg. From any initial condition, its evolution is the same. We often use a subscript
to describe the initial condition, e.g. P,(x, € A) indicates we are discussing the process
with initial value x.

. Let xy 41 = sin(x,+x,—1). We can build a stochastic process, which is manifestly a Markov

process, of which z,, is a component. Setting vy, = (x5,—1,zy), then

ot = (1,97 = (@0, @g) = <y§?), sin(y{ + y,(f))).

So () is realised as a component of a Markov process.

We also present a number of continuous time Markov processes.

1. Brownian motions B;.

2. solutions of the one dimensional stochastic heat equation with white noise.

1 .
dut = iAUt + ft.

3. Solutions of SDEs:

dzxy = o(x)dBy + oo(x + t)dt.



Chapter 3

Markov Property

Throughout the chapter the state space for the Markov chain is a separable metric space.

3.1 The Markov Property

We will introduce a more general notion of Markov property for which we can just as well assume
the process taking value in an index set which is not necessarily discrete set.

Let I be a subset of R, this is usually an interval in R, or N or Z. A filtration is a a
family of of o-algebras (Fs,s € I) on 2 such that Fy C F; C F, where s < t. If (x,t € I) is a
process such that, for each ¢, x; is measurable with respect to J;, we say x; is adapted to F;.
For t € I, we denote by Fy = o{ws : 0 < s < t,s € I} the smallest o-algebra with respect to
which each x5, with s <t and s € I, is measurable. This is the natural filtration of (z;).

Definition 3.1.1 A stochastic process (z;) is said to have the Markov property (with respect
to a filtration F;) if x; is adapted to F; and if for any measurable subset A of X, any s,t € I,
t>s,

Pl € A| Fs) =Pz € A| zs) a.s. (3.1)

This is the same as the statement that for any C' € Fy,
E(lA(l't)lc) = E(]P’(mt cA ‘ xs)l(;). (3.2)

Proposition 3.1.2 Suppose that a w-system D generates B(X). If for any s,t >0, and A € D,
holds. Then is satisfied by all A € B(X). Similarly one can test with C from a
sub-collection of sets of Fs, which is a w-system generating Fs.

21
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Proof. We only prove the first statement. Let C' be fixed. Let

A={AeB(X): Asatisfies (3.2).}.
The set of A satisfying (3.2) contains D. It is sufficient to show that A is a A-system and hence
conclude by the 7 — A theorem that A = B(X). (1) X isin A. (2) If AC B, 1p\4 = 15 — 1a.

Using linearity on the sides of (3.2)) we see that B\ A € B(R). (3) If A,, is an increasing sequence
of sets in A increases to A, then by the monotone convergence theorem, A € A. O

Proposition 3.1.3 If x; is a Markov process with respect to any filtration Fy, it is a Markov
process w.r.t. its natural filtration.

Proof. Let F¥ := o(z,,0 < r < s). Since o(xzs) C F? C Fs, for any s < t, A a measurable set
in the state space, the following holds almost surely:
P(zsyt € A| FY) = E(P(zsre € A| Fi)| FY)
= E(P(zs € Al z5)| F7)
=P(xsi € A xy),

where we applied the tower property. This completes the proof. O

Theorem 3.1.4 If (z;) is a Markov process, with filtration (F;), then for any bounded Borel
measurable f : X — R,

E(f(z:) |Fs) = E(f(z¢) | x5) (3.3)

Proof. If f =14, where A is a measurable subset of X', then the required identity is exactly .
Let f = Y| aily,, an arbitrary simple function, then by the linearity of taking conditional
expectations, holds also. If f is non-negative and bounded, then there exists an increasing
sequence of non-negative simple functions f, with limit f. We apply the conditional monotone
convergence theorem,

E(f(z)|Fs) = nh_)rgoE(fn(:ct) |Fs) = nh_{roloE(fn(xt) | zs) = E(f(z)] @s) -

Finally let f = f* — f~, then |f| = fT + f~, and so both f* and f~ are non-negative bounded
functions, we now apply linearity to conclude. O

Before presenting a remark on the filtration to which the Markov property is tested, we recall
the following property of taking conditional expectations.

Exercise 3.1.1 Suppose that X,Y,S are random variables with S independent of X and Y.
Suppose that X is integrable, show that

E(X|Y,S) = E(X]Y), a.s.
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Remark 3.1.5 One might ask ‘given a stochastic process, why we bother to introduce another
filtrationother than its natural filtration?” One reason is the necessity /convenience to study
several stochastic processes on the same filtered probability space, so that F; contains informa-
tion on the related stochastic processes of interest simultaneously. The other reason is that we
often assume that F; is a o-algebra with other properties, e.g. it contains all null sets —this is
not often satisfied by the natural filtration. For continuous parameter filtrations, we also often
assume that F; is right continuous in time —which is gain not often satisfied by the natural
filtration.

We have seen, in Proposition[3.1.3] that if 2;; is a Markov process with respect to any filtration
Fi, it is a Markov process w.r.t. its natural filtration. By the above exercise we can enrich F;
with the o-algebra of an independent random variable without changing the Markov property,
while a Markov process with respect to its natural filtration may not have the Markov property
with respect to a large o-algebra.

3.1.1 Equivalent definitions for the Markov property

Let us now return to discrete time and X being a separable metric space. There are a number
of other equivalent conditions for the Markov property. We list the more frequently used ones
here.

The role played by the future can be exchanged, see the theorem below. Let B,(X) denotes
the set of functions f : X — R that is bounded and Borel measurable.

Theorem 3.1.6 Given a process {xn}neN, three indices £ < m < n, the following properties
are equivalent:

(i) For every f € Bb(X)7 E(f(xn) ‘ Qfg,m'm) - E(f(xn) ‘(Em)
(i) For every g € By(X), E(g(xe) [xm, 2n) = E(g(xe) | 2m).
(iii) For any f,g € By(X), one has

E(f(zn)g(xe) | 2m)) = E(f(zn) | 2m) E(g(xe) [ 2m) -
Proof. By symmetry, it is enough to prove that (i) is equivalent to (iii). We start by proving
that (i) implies (%)

tower

E(f(xn)g(xﬁ) |xm) = E(E(f(l‘n)g(xé) ‘ !vaxl) ’-Tm)
taking 0;1‘5 known E(g(l’g)E(f(:En) | ;Um,azl) |:Bm)
D E(gz)E(f(@n) | 2m) | 2m) = B(g(xe) | 20) B(f (20) | )

and so (#4) holds.
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To show the converse, we test with functions of the form g(x,,)h(x¢) where g, h € B,.

E(f(zn)g(xe)h(zm)) = E(h(zm) B(f(zn)g(2e) |2m))
m) ( (xm)E(f(xn)‘xm) (g(mg)]l‘m))
( (ze)h(z )E(f(wn)!wm))

Since the last identity implies that [, f 4 f(an)dP = J4E A E(f(zy) |2)dP for A = A; N Ay where
Ay € o(xp) and Ay € o(xy,), this proves (i). 0

Intuitively, property (iii) means that the future of the process is independent of its past,
provided that we know the present.

Remark 3.1.7 Every Markov process satisfies the properties of Theorem It was however
proven in [?] that the converse is not true, i.e. there exist processes that satisfy the three
(equivalent) properties above but fail to be Markov.

The Markov property states conditioning on the whole history up to present time n — 1 is
equivalent to conditioning on z,_1. Below we show that we may replace the whole history by
part of the history.

Lemma 3.1.8 Let x,, be a Markov process. Let 0 < t1 <ty < -+ < tp_1 <ty =n—1 where
n>1andt; € NU{0}. Let f,h: X — R be bounded Borel measurable functions. Then

E(f(@nt1)h(@n) [Ty, @ty Tno1) = E(f(a:n+1)h(xn)\xn_1>.

Proof. Let G = o(x4y,..., 2, _4,Tn—1), Since G C Fp—1 C Fp, we use the tower property to
insert a couple of extra conditional expectations:

E(f(xn-kl)h(xn) | g) = E(E(E(f(xn—i—l)h(xn) ’}_n) |Jrn—1)‘ g)
= E(E(h(zn)E(f(znt1) | 2n) |Fa1)|9).

We have used the Markov property. Since Y := E(f(zn41)h(zy) | Fp) is a function of z,, we
may apply again the Markov property this time conditioning Y on F,,_1 to obtain a function
of x,,_1 which is G-measurable. We may now collapsing the conditional expectation on G, using
the tower property again:

E(f(xn-l-l)h(xn) | g) =E(Y|zn-1).

Finally we collapse the conditioning on F;,,—1 in Y to conclude. O

Take h =1 and f an indicator function we obtain immediately the following:
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Corollary 3.1.9 Let (z,,) be a Markov process, let t1 < to < -+ < ty—1 < ty, = n — 1 where
n>1 andt; € N°. Let A be a Borel set, then

]P’(aan € Alxy,... ,aztm_l,xn_l) = P(mnH €Al $n—1)-

This means that the gap between the future variable and the past need not be 1. Also the same
method allow us to work with multi-time points in the future and multiple time points in the
past, none needs to consists of consecutive numbers. So by induction, we should see a more
general statement ( see the exercise below).

Exercise 3.1.2 Let x,, be a Markov process. Let s1 < s9 < -+ < 8§ < 11 < --- < t. Let
fi + X = R be bounded Borel measurable, then

E(Hglzlfl(xtz) | Lsyye-- axsm) = E(Hglzlfz(l'tl) | xsm) .

Finally,

Proposition 3.1.10 A stochastic process (xy,)32 is a Markov process with respect to its own
filtration with state space X if and only if one of the following conditions holds.

1. For any A; € B(X), i=0,...,n,

P(20 € Ao, .., 70 € An) :/ oy P € A ) P
ﬂ?:_o T;€A;

2. For every n € N and for every bounded measurable function f: X — R one has

E(f(zn) |20, 21,...,2n-1) = E(f(zn) | 2n-1) . (3.4)
3. For any f; : X — R bounded Borel measurable and for any n € N,

E(ITL, fi(x:)) = E(IZ] fi(z) E(fa(zn)|20-1)).

Proof. (1) Let C = {9 € Ao,...,2n—1 € An_1}, then the LHS is E(1¢14,(x,)), and so
the Markov property holds for these sets, which is a w-system generating Fs, and thus holds
on Fs. See Proposition The Equivalence of (2) with the Markov property is proved
earlier. (iii) obviously implies (i). Using the tower property, the Markov property leads to
E(rl, fi(w)) = B (@) E(fa(@alFa1)) = B0 fi(2) B(fu(@a)|ea1)). and (iii) follows.

O
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3.2 Gaussian Measure and Gaussian Processes

I will take a digression to explain Gaussian measures, this will allow us to work with Exercise
6.2.5]

Definition 3.2.1 A measure ;4 on R" is Gaussian if there exists a non-negative symmetric n xn
matrix K and a vector m € R such that

/n (i) () = I Om=HEAN)

The Gaussian measure has a density with respect to the Lebesgue measure if and only if K is
non-degenerate in which case the density is

1
(2m)" det(K)

e (K1 (z—m), x—m)

SIS

The vector m is called its mean, and K is called its covariance operator.

We emphasise that a Gaussian measure is determined by its mean and its covariance oprator.
A random variable with a Gaussian distribution is called a Gaussian random variable.

Theorem 3.2.2 If X is a Gaussian random variable on R? with covariance operator K, and
A:RY - R"™ a linear map, then AX is a Gaussian random variable with covariance AK AT

Proof. We only need to identify E[ei</\7AX>} for any A € R™:

E[eiO\,AX)] _ E[€i<AT)\,X)]
_ ei(AT)\,m)—%U(AT)\,AT)\)

_ ei()\,Am)faAKAT)\,)\)

This shows that X is a Gaussian random variable with mean Am and covariance AK AT . O

Example 3.2.1 If (X1,... Xy) is a Gaussian random variable with each component X; taking
values in Rd, and a; € R, then Zfi 1 a;X; is a Gaussian random variable.

There some examples of a random varaible X = (X7, X2) such that X; and X, are Gaussian,
but X is not Gaussian.

Exercise 3.2.1 If {X;,... Xy} are independent random variables with each X; Gaussian on
Rd, and a; € R, show that Zf\il a; X; is a Gaussian random variable.
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Kolmogorov’s Extension Theorem

Let X be a metric space, which we assume to be separable, and B(X') the Borel o-algebra,
the smallest o-algebra generated by the collection of open subsets. The fundamental about a
random variable is its probability distributions.

Definition 4.0.1 If z : 2 — X’ is a measurable function, we may push forward the measure on
 to a measure on X as follows. The measure is denoted by z,(P):

%(P)(A) = P({w: 2(w) € A}),

This is the probability distribution of z.

4.1 Pushed forward measures

Let (z,,) be a stochastic process with state space X. Let X No denote the sequence space:
ANo = 1%, X = {(ag, a1,a9,...) : a; € X}.
We may consider (z,,) as a map from Q to ANo:
Q — N
w = (rp(w)).

Is this a measurable map? To answer this question we should specify a o-algebra on the product
space.

Given any index set A and a collection of sets X;, we denote by Il;cpX; the product space
whose elements are of the form (a;);ep where a; € X;. We denote by 7, the projection maps:

Tm I — X
(ai)ien +—  an.

27
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Definition 4.1.1 Let A be an index set and for each i € A, (X;, F;) a measurable space. The
product o-algebra ®;ecpF; is the smallest o-algebra on II92, X; such that each ; is measurable.

In other words,
®ierFi = U{W;@l(Am) o Ap € Fp,m € A}.

The product o-algebra is generated by cylindrical sets, those are sets of the form {m,, €
A1, ... T, € An}, where ng < ng < -+ < n,, is a set of times and with A; € B(X;).
Cylindrical sets are of the form II32; A; in which only a finite number of A;’s are not the whole
space.

The following can be found in Real Analysis by G. B. Folland, pages 22-23.

Proposition 4.1.2 If we have a countable product space 115, X;, each factor with a o-algebra
Fi. Suppose that F; = o(D;). Then

@2 Fi =0 (I, E; : E; € ;).

If X1,..., X, are separable metric spaces, then the Borel o-algebra of the product metric space
IT?_, &; equals the product o-algebra:

B(ILL, &) = @i, B(A).
Definition 4.1.3 If (z,,) is a stochastic process on X,

Q - XxX*

w = (2(w))

is measurable (assuming the product space is equipped with the product o-algebra). It induces
a probability measure on (X, ®*°B(X)), which is the distribution of the process.

4.2 Finite dimensional distributions

Similarly, the first n component of the process (x1,...,x,) is a measurable map from
Q= I X.

Their joint probability distribution, p,, is a measure on ®]' ;X. The collection of measure {1, }
are the finite dimensional distributions of the process (x,).

A similar definition holds for a continuous time stochastic process:
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Definition 4.2.1 If (z;) is a stochastic process with ¢ € I. Then for any t; < ..., <, t; € [
and any n, we define a family of probability measures p, .. ¢, on X" = II}'"_; X to be the measure
pushed forward by (x¢,,...,x¢,):

,utl,...,tn(Al X oo X An) = ]P)(l‘tl c Al, ey Xy, € An})

These are called finite dimensional distributions of the stochastic processes.

For discrete state space and discrete time stochastic processes, it is sufficient to work with

{xlzil,...,xn:in).

4.3 Construction of random variables

Let p be a probability measure on X. We set Q2 = X', F = B(X) and P = p. Then the identity
map X, X (w) = w, is a random variable with probability distribution P on A"

P(X € A) = P(A).

In other words, the identity map is the canonical realisation for the probability distribution IP.

Similarly, if p, is a probability measure on (II_,X;, B(II7", &;)), we take the trio as our
underlying probability space (2, F,P). Then (m1,...,m,) is a random variable with values in
II"_, X; with probability distribution ji,,. In deed, for any A; € B(&;),

Mn(ﬂ'l € Al, e, Ty € An)
Definition 4.3.1 A family of random variables (Y1,...,Y},) is independent if

for any measurable sets A;. In other words the random variables are independent if and only if
the pushed forward measures of P by (Y1,...,YN), is the product of the marginal probability
distributions.

Example 4.3.1 If p; are finite measures on B(X;), we may define a product measure on the
tensor Borel o-algebra as follows:

for any A; € B(X;). Any random variable, say (X1,...,X,), with g3 ® --- ® p, as probability
distribution has independent components.
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4.4 Kolmogorov’s extension theorem

Definition 4.4.1 Let, for n =0,1,2,..., u, be a probability measures on X™. They are said
to satisfy Kolmogorov’s consistency conditions if

Pnt1(Ar X Ag X ... X Ap X X) = up(A1 X Ag X ... x Ayp), (4.1)
for any n > 0 and any A; € B(X).

Example 4.4.1 Let (x,) be a stochastic process on X and {u,} its finite dimensional distribu-
tions:
,un(Ao X Ay X -0 X% An) = P(ZL'O S A(],J?l S Al,.. Ty € An)

Since,
P(zg € Ag,x1 € A1,...,xn € Ap,2pt1 € X) =P(x9 € Ag,x1 € A1,..., 2, € Ap),
{un} satisfies the consistency conditions.

Theorem 4.4.2 (Kolmogorov’s extension theorem) Let, for n € N, {u,} be probability
measures on X", satisfying Kolmogorov’s consistency conditions. Then there exists a unique
probability measure p on X*° such that

in(A) = (A x X%)
for any n > 1 and for any A € B(X").
In other words, if Proj, : X* — X" is the projection to the first n components, u, =
(Proj,,)«P.
Applying this to Example we have the following statement:

Corollary 4.4.3 The finite dimensional distributions of a stochastic process (x,) on X deter-
mine uniquely its probability distribution on ®5°,B(X).

Remark 4.4.4 This extension theorem is formulated slightly different from the usual one in
which you have a complete family {u;} where J is any finite ordered sub-index set satisfying
consistency conditions. It is clear how to construct p if J is a subindex set of {1,...,n} so that
the consistency conditions hold, the pj can be constructed from pu, by filling any component
corresponding to the missing index with the whole set. For example at order 2 we have

pi2(Ax B) = pa(Ax B),  pa(A) =X xA),  p.(A)=pm(A) =p(AxX).

The dot in the notation indicates the missing indexes, so we have one measure on R2, consistent
and with it two measures on R!.
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At order 3, we have in addition to the above, also p3 = 11,23,
p1,3(AXxB)=AXX x B, p1.203(Ax B) = (X x Ax B), pn..3(A) = p(X x X x A).
At n = 4, one can add further the following: 11234 = p4,

2,34, 1,34, H1,2,-4y M- 34, H-2,-4, H1--4, .. 4.

4.5 Canonical stochastic process, canonical probability space

Corollary 4.5.1 Given any consistent family of probability measure { i, }, there exists a stochas-
tic process with {un,} as its probability distribution.

Proof. Let Q = II32 X, F = @2 B(X). Let P denote the probability measure determined

by {un} with Kolmogorov’s theorem. Then {m,} is a stochastic process with p, as its finite
dimensional distributions. Indeed,

]P(Z:T['()(Z) EA(),...,?Tn(Z) GAn) :P(Ao X e XAn) :,un(A() X e X An),

as required. 0

4.6 Stationary Processes

With the notions introduced earlier, we can understand the concept of stationary processes. We
define the shift operators 6,,, where n € N,

0,: XN N
(ag,at,...,0) = (ap,apt1,.-.).
In other words, 0,(a.) = (any.)-

Definition 4.6.1 A stochastic process (zy,) is said to be a stationary process if for any n > 0,
the probability distributions of the stochastic processes z. and 0,x. are the same.

A stochastic process is a stationary process if and only if their finite dimensional distributions
are invariant under the shifts. For a Gaussian processes this is equivalent to the statement that
Ez,, is a constant of n and the covariances cov(zy, Tp4+m) are invariant in n.






Chapter 5

Markov Processes With Transition
Probabilities

5.1 Transition Probabilities

Suppose that (z,,) is a Markov process, for each Borel set A and for each n we obtain a family of
functions P(x,,11 € Az, = z), these functions are determined only on a set of full measure with
respect to P, , the law of z,,. We now assume the time-homogeneous property: these functions
are independent of time. We also assume that we can choose versions of P(x,|x,—1 = x), denote
it by P(z, A) which is independent of n by time homogeneity, in a nice way (the meaning of the
nicety is explained below ) and denote this function by P(x, A). They indicate the probability
to move from x to A in one step.

Definition 5.1.1 We say that P = {P(z,A) : v € X, A € B(X)} is a family of transition
probabilities if

e for each z € X, P(x,-) is a probability measure on X’;
e For each A € B(X), the function = — P(x, A) is Borel measurable.

Remark 5.1.2 ** This is equivalent to the statement that there exists a measurable map P
from X into P(X), the space of probability measures on X', such that

(P(z))(A) = P(z, A)
for every A € B(X) and =z € X.

Example 5.1.1 Let us consider the random dynamical system x, 11 = F(zy,&,+1), from Ex-
ample where &, are independent random variables on ) with probability distribution wu.

33
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Then,

P(zp4+1 € Alzo, ..., 2n)(w) = P(F(xp(w),{pt1) € A) = /y 1a(F(xn(w),y)u(dy).

Then {P(x, A)}, where
P(a, 4) = /y 1A(F (2, y)u(dy),

are transition probabilities, and
P(zp41 € Alzy)(w) = P(zy(w), A).

Note that the transition mechanism P(z, A) is independent of time n. This is a time homogenous
Markov process.

Example 5.1.2 Suppose that {P(x, A)} is a family of transition probabilities and z, is a
Markov chain with P(z,11 € A|x,)(w) = P(zp(w), A). Then for any f € By(X),

B(f(wns)len) = [ F0)PGnds). (51)
Furthermore, for almost surely all w,
P(znt2 € Alzn)(w) = E(E(zn12 € Alzn, Tns1)|2n) (w)

:E(p(xn,A)|mn)(w):/XP(y,A)P(xn(w),dy).'

We set
P2(x,A):/XP(y,A)P(x,dy).

Then P(xy42 € Alx,) = P?(2,, A) and
fly)P%(x,dy) = f(y)P(z,dy)P(z,dz).

P(zn43 € Alzn)(w) = E(E(zn43 € Alzn, Tni1, Tny2)|2n) (W)
=E(P(zn42, A)|zy) (w) = /XP(y,A)PQ(xn(w),dy).

Set,
P3(z,y) = /X P(y, A)P(z, dy).

By first conditioning x,,, we expect that

3(x = 2(x = 2 x .
P3(z,y) /XP@,A)P(,dy) /XP(y,A)P( dy)

We will see later this is the Chapman-Kolmogorov equation.
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5.1.1 Transition functions and Chapmann-Kolmogorov equations

Definition 5.1.3 A family of transition probabilities {P"(z,) : 2 € Xn = 0,1,2,...} is a
transition function if

(1) For any n and each x € X', P(z,-) is a probability measure on X’;
(2) For each A € B(X) and n, the function z — P"(x, A) is Borel measurable.
(3) P(z,") = 4,

(4) (Chapmann-Kolmogorov equations): For every n,m > 1,

P”*m(x,A)—/ P"(y, A) P"(x,dy). (5.2)
X

The probabilities P™ are called n-step transition probabilities.

Remark 5.1.4 The Chapmann-Kolmogorov equation (5.2)) holds for every A € B(X) is equiv-
alent to the statement that for any f € By,

/Xf(z)P”””(x,dz):/X<Af(z)P"(y,dz)>Pm(x,dy). (5.3)

5.1.2 Construction of transition function from transition probabilities

As usual, let By(X') denote the set of bounded Borel measurable real valued functions on X'. We
first define P™, then associate with the movement of the Markov chain.

Definition 5.1.5 Given one step probabilities P, set
1. P%z,-) = 0y,
2. Pi(z,-) = P(z,-),
3. For any n > 1 and x € X,

Pz, A) = / P(y,A) P"(z,dy), VAeDB(X) (5.4)
X

Note that for any n > 1,

/ P"(y, A) Po(x,dy) = P"(z, A), / Po(y,A) P"(z,dy) = P"(z, A).
X X
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Proposition 5.1.6 Given a family of (one-step) transition probabilities {P(x,-)}, the family
of probability measures {P"(z,-),x € X,n = 0,1,2,...} constructed in Theorem S a

transition function.

Proof. We only need to show the Chapman-Kolmogorov equations hold. This holds for every
n > 1 and for every m = 0,1. We assume that it holds for all n, m such that £k = n + m. We
show (5.2)) holds for kK =n+m+ 1. Let 0 < j < n + m. We first use the definition,

prmtl(z, A) = [y Py, A) PP (=, dy)

=y (e P(2, A) Py, d2)) P (2, dy)
= Jy PPy, A P (2, dy),

In the second step we used that for any f € B,

)P (1. dz) = z)P" 2) P (x . .
/Xf()P (z, d2) /){/Xme(y,d)P(,dy) (5.5)

The proof is complete. O

5.1.3 Markov chain with transition functions/ transition kernels

Definition 5.1.7 The transition probabilities P = {P(z,A) : = € X, A € B(X)} are the
transition probabilities for a Markov chain (x,) if for each A € B(X'), and each n > 0,

P(xpy1 € Alzy) = P(xy, A), a.s. (5.6)

The Markov chain is then said to be a time-homogeneous Markov chain. These transition
probabilities are also called the one step probabilities.

Note. Henceforth, we focus on time-homogeneous Markov chains with transition probabili-
ties, sometimes we drop ‘time-homogeneous’ and/ or ‘ with transition probabilities’ for simplicity.

Remark 5.1.8 1. Since (z,) is a Markov chain, (5.6) is equivalent to

P(zni1 € A|F,) = P(zn, A), VA€ B(X).

2. This is also equivalent to the statement that for every f : X — R bounded Borel measur-
able,

E(f @)l F) = [ ) Plondy). o

Exercise 5.1.1 If Y is an integrable random variable, F; C F» are sub-algebras, show that if
E(Y|F,) is Fi-measurable, then it is E(Y|F1).
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Remark 5.1.9 There exists a stochastic process (z,,) and transition probabilities P with the
relation
P(zpi1 € Alzy) = P(xp, A),

and (x,) is not a Markov process. This is why we insist on our process is a Markov chain with
transition probabilities.

Example 5.1.3 Let X = N. Then the transition probabilities are determined by the numbers:
p(i,j) = P(xpq1 = jlan = 0).

They satisfies

Zp(i7j> =1

jex

Let (z,,) be a stochastic process satisfying the following: for every triplet of natural numbers
i,j,m, there exist numbers P[?' such that P/}' = P(znim = jlzn = i) and for all states 4, j and
all natural numbers n, m, the Chapman-Kolmogorov relation

N
n+m __ n pm
Pii™ =% PLB,
k=1

holds. Then (z,,) is not necessarily a Markov process, for an example we refer to a paper by
William Feller [1]

The following result is fundamental to the description of Markov processes:

Theorem 5.1.10 Let (x,) be a time-homogeneous Markov process with transition probabilities

P. Then, one has for every n,m > 0,
(1)
P(zpim € Al zpm) = P (xm, A) , (5.7)
Note that P(zp4m € A|xy = x) = P"(x, A) a.s..

(2) If xo ~ u,

Pz, € A) = /X P"(z,A) p(dz).

William Feller: Non-Markovian processes with the semi-group property. In Ann. Math. Statust. Volum 30,
number 4 (1959) pp1252-1253.
https://projecteuclid.org/download/pdf; /euclid.aoms/1177706110
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Proof. (1) The required identity holds for any m and n = 1. By induction, we assume one holds
for all m and all n < k. Suppose that this holds for n = k. Let n = k + 1, we begin with
inserting conditioning on F;, and use the Markov property,

P(zysmir € Altm) = E(E(lkaﬂe A |J—“m+k) |g;m)

= E(P(zm+k, A) [Tm)
:/ P(z, A) P*(z,,,dz) = P*"Y(x,,, A), VA€ B(X).
X
In the last line, we have used induction hypothesis E(f(2tm)|zm) = [y f(2)P*(x,dz) applied
to f = P(-, A).
(2)
Play € 4) = B(B(Ls,calno) ) = B(P" (20, 4)) = / P"(z, A)pu(dz).
X
(I

Exercise 5.1.2 If (z,,) is a time-homogeneous Markov process with transition probabilities P
and initial distribution u, prove that

P(xpi1 € A,z € B) = /X/BP(y,A)P"(z,dy)u(dz).

Proposition 5.1.11 If (x,,) is a Markov process with transition probabilities P, then for any
fi € Blﬂ

——
(I fi(w4)) :/X/X I o fi (ya) I2=g P (i, dyis1) pu(dyo). (5.8)

Proof. Let us assume that this holds for £ < n — 1. Then

BT fi(2:)) =" BB fi(2:)| Fuo1))
=E(I fi(2) E(fu(2n)| Fuo1))
M B (T2 (@) E(fa(20) | 20-1))

=E (H;‘:—(} filws) /X Jo(Yn) P(@n-1, dyn)>

The last function involves only {xg,z1,..., 2,1}, we may apply the induction hypothesis The
rest follows from induction:

n

——

RHS = /X /X (H?&fxyi) /X fn(yn>P<yn1,dyn)>n?02P<yi,dyi+1>u<dyo>
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n+1
——
= [ [ ) I P el
X X
The last line follows after bring H?;()l fi(y;) inside the inner most integral. O

Remark 5.1.12 If (x,) is a stochastic process such that holds for any n > 0 and any
fi € By then (z,) is a Markov process. Indeed tracing back the steps in the proof, we see
E(II} , fi(x;)) = E(H?;ll fi(@i)E(fy(2n)|Tn—1)), then the Markovian property follows from part
(iii) of Proposition

Corollary 5.1.13 If (z,,) is a time homogeneous Markov chain with transition function P, then
for any n > 1 and for any A; € B(X),

P(xg € Ag,x1 € A1, ...,xn € Ap)

= Jag Ja, - Sa  P@Wno1, An) P(yn—2,dyn—1) - - P(y1, dy2) P(yo, dy1) p(dyo). (59)

We emphasize that if (x,,) is a stochastic process such that ([5.9)) holds for any n > 1 and for any
A; € B(X), (5.8) holds and (z,) is a Markov chain (with transition probability P and initial
distribution ppg).

Corollary 5.1.14 If x, is a process with finite dimensional distribution given by
pn (A1 X - X Ap) Z/A /A /A P(yn—1,An)P(yn—2, dyn—1) - - P(y1, dy2) P(yo, dy1) (dyo),
0 1 n—1

then (xy,) is a time homogeneous Markov process with transition probability P.

Proof. The statement that (5.8) folds for any f € By is equivalent to (5.9)) holds for any A; €
B(X). Hence, z,, is a Markov process, and one can check that its transition probabilities is P.
O

5.1.4 Existence of Markov Chains with given transition probabilities

Proposition 5.1.15 Given a family of transition probabilities P on X and a probability measure
o on X. Then, there exists a (unique in law) Markov process x with transition probabilities P
such that the law of xqg is pg-

Proof. Define the sequence of measures u, on X" by

pn(Ag X ... X Ay) =
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/ / / / / P(n1s A)P sy dyn—1) - - P, dys) Plyo, dy )p(dyo) -
Ag JA1 J Ay Apn—2 JAn_1

It is easy to check that this sequence of measures satisfies the consistence condition in Kol-

mogorov’s extension theorem, by this theorem we conclude that there exists a unique measure
P, on X* such that the restriction of P, to X" is given by . (The subscript x4 indicates the
initial distribution).

We now choose €2 = X* as our probability space equipped with the probability measure IP,.
Then for (7,) the canonical process, i.e. m,((wo, w1, ...)) = wp,

Pu(mo € Ao, ..., Tyt € Ap) =Pu(Ag x -+ X Ay X X)) = pp(Ag x -+ x Ap).

This means that (7,) has p, as its finite dimensional distribution, and by Corollary [5.1.14] it is
a Markov process with the required transition probabilities and initial distribution pg. This con-
cludes the ‘existence’ part. The uniqueness follows from the ‘uniqueness’ part of Kolmogorov’s

extension theorem. 0

From the proof, the projection maps m, : X*® — X is a Markov process on (X*°, ®2,B(X),P,)
with state space X', transition probabilities P and initial distribution u. Recall that this process
is called the canonical process.

It is traditional to denote by P, the probability measure on the canonical space X*° induced
by the Markov process with transition probabilities P and initial distribution J,. That induced
by the Markov process with initial distribution p is denoted by P,. Then on the canonical
probability space we use E; and E,, to denote taking expectations w.r.t. P, and [P, respectively.

Example 5.1.4 Let x, be a Markov chain with transition probability P, then

P,(z1 € B) =E(P(x1 € Blxg)) = EP(x0,B) = /XP(y, B)u(dy)

P,(xz1 € B) =E(P(z1 € Blxo)) = E[P(z¢, B)] = /P(y,B)éa(dy) = P(a, B).
Remark 5.1.16 We fix the transition probabilities P, and then for every x € X we have a

Markov process with the initial distribution z. We emphasise that we have a family of Markov
process and we can start from everywhere a Markov process with the given transition probability.

5.2 Examples and Exercises

Example 5.2.1 Let X = R, let {{,},>0 be an i.i.d. sequence of Normally distributed random
variables, and let o, € R be fixed. Then, the process defined by xyp = & and z,41 =
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axy, + Béq+1 is Markov. Its transition probabilities are given by

1 (y — ax)?
P(z,dy) = NeT: exp(—w) dy .

Note that if a? + 82 = 1, the law of z,, is independent of n.

Example 5.2.2 Let F: X — X be an arbitrary measurable map and consider an arbitrary
probability measure g on X'. Then, the stochastic process obtained by choosing zy randomly
in X with law p and defining recursively z,+1 = F(z,) is a Markov process. Its transition
probabilities are given by P(x,-) = dp(s)-

We will only consider time-homogeneous Markov processes from now on.

Exercise 5.2.1 Let &, be a sequence of real-valued i.i.d. random variables and define z,, re-
cursively by g = 0, &, = ax,_1 + &,. Sow that x defined in this way is a time-homogeneous
Markov process and write its transition probabilities in the cases where (1) the &, are Bernoulli
random variables (i.e. &, = 0 with probability 1/2 and &, = 1 otherwise) and (2) the law of &,
has a density p with respect to the Lebesgue measure on R.

In the case (1) with o < 1/2, what does the law of z,, look like for large values of n?

Example 5.2.3 Let M,, = max(zg,z1,...,%,), where (x,) is a simple random walk starting
from 0, z, = >;" & where § = 0 and &;,7 > 1 are iid Bernoulli random variables: P(§; =
+1) = £. Then (M,,) is not a Markov process.

There are three paths with M3 = 1, which has probability % being taken:
g1 1 Xy = 0,.%'1 = 1,.%2 :0,.7}3 = 1,

02:1'0:0,%‘1 = 1,$2 :0,.%‘3 = —1,
U3:$0=0,1‘1 = —1,332 ZO,xgz 1.

For the paths 01 and o3, M, = 2 with probability % For the path o9, M, = 2 with probability
0. The probability of My = 2 depends not just on Ms it depends on the actual path, concluding
that (M,) is not a Markov process. (This can be computed also with elementary probability,
since My = 2 whether the walk goes up and comes down. Also P(My = 2|M3=1) = % This can
be computed using the space of the path of uniform probability as probability space, counting
paths or using elementary conditional expectations.

P(My =2, (o, z1,22,23) =01) 1

P(My = 2|(zo, 1, x2,23) = 01) = (2o, 21,22, 73) = 01) =5
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5.3 Transition operators and invariant measures

Let (Q, F,P) be a probability space, (z,) a time-homogenous Markov process with transition
probabilities P. Then P(x,, € A|lzg = z) = P"(z, A). If the chain has initial distribution y, the
distribution of x,, is denoted by P,(x, € A). Then

Py(x, € A) = /XPn(a:,A)u(dx).
If xq is distributed as J,, we denote the probability z,, in A by P,(x, € A). Then
P, (z, € A) = /){P”(m,A)da(dx) = P"(a, A) = P(z,, € Alzg = x).
The subscript plays the role of noting the initial distribution and agrees with our notation for

the canonical sequence space picture.

Given a transition probability P we transfer a measure p to the probability distribution of
X,

ps [ PGt
X
the same mechanics then send this to the distribution of x».
Let P(X) denote the space of probability measures on X.

Definition 5.3.1 Given transition probabilities P, we define a transition operator 7™ on
P(X), which will be denoted by T if there is no risk of confusion, by

(Tyu)(A) = /X P, A) p(dz) (5.10)

Note that T" can be extended to the space of all finite signed measures by linearity. Note if
f: X = R is bounded measurable,

|t Tutan = | | P,

Remark: We denote by T'f = [ fdpu, for any measurable function for which the integral exists.

Definition 5.3.2 A measure such that Tu = p is called an invariant measure for P (or for the
time homogeneous Markov chain).

The measure assigns every measurable set 0 is the trivial measure. By an invariant measure
we mean a non-trivial invariant measure. We are most interested in finite invariant measures,
which can then be normalised to a probability measure.
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Exercise 5.3.1 Check that the operator 7™ obtained by replacing P by P™ in (/5.10)) is equal
to the operator obtained by applying T' n times, T" =T oT o...oT.

Remark 5.3.3 ** If the state space X is countable and T is an arbitrary linear operator on
the space of finite signed measures which maps probability measures into probability measures,
then T is of the form for some P. This conclusion holds under the assumptions that X is
a complete separable metric space and T is continuous in the weak topology. This can be proved
using the fact that with these assumptions, every probability measure can be approximated in
the weak topology by a finite sum of §-measures (with some weights).

We similarly define an operator T, : By(X) — By(X), the space of bounded measurable
functions from X to R, by

(1.1)@) = B(f(@) |0 =2) = [ 1) Plasdy).
X
Note that one always has T, 1 = 1.

Exercise 5.3.2 Check that the operators T and T, are each other’s dual, i.e. that

| mn@atdn) = [ f@) (Ta) (o)
X X

holds for every probability measure p and every bounded function f.

Exercise 5.3.3 Show that T,1 =1, T, f > 0if f > 0.

5.3.1 Stationary Markov chain

Remark 5.3.4 Invariant probability measures and stationary processes. Given an invariant
measure 7, take xg ~ m. Then 7 and transition probabilities (P(z,-)) determine P, on X',
see Proposition [5.1.15, By Markov property, the shifted process 6,z. is a Markov process

with transition probabilities P = (P(x,-)) and initial distribution £(z,) = 7. Hence on X',
L(0pz.) = Pr. The process (x,) is a stationary process.

5.4 Example: Markov Chains On Discrete State Spaces
We return to Example to formulate the discrete state space example in more detail.

5.4.1 Stochastic Matrix

Let X = N or have only a finite number of elements {1,..., N}. A probability measure on X
is determined by its value on singleton sets {j}. Suppose we are given v/(i) with >, v(i) =1
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and (i) > 0, then v(A) = >, 4 (i) defines a probability measure on X'. Thus we identify a
measure on X with a row vector with entries v(i) > 0 and ;. v(i) = 1.

The transition probabilities in Definition are determined by P = (Pj;) where Pj; is
shorthand for P(i,{j}). Since P(i,-) is a probability measure,

> Pi=1

JEX
It turns out these set of numbers P;; will determine the probability that a Markov chain takes
a particular path, which we describe below.

Definition 5.4.1 Suppose for i, j € X, we are given P;; > 0 with |
is called a stochastic matrix. The sum of each row is 1.

jex Pij = 1. Then P = (P;)

5.4.2 N-step Transitions

If ¥ = {1,...,N} then P = (P;;) is a N x N-matrix, otherwise it is a semi-infinite matrix.
These matrices determine the n-step transition probabilities defined by iteration by P;; = PU,
and

PG, () = / Ply, 1P (G dy) = 3 P(k, 1P k) = 3 PAPy, ij e

keX kex

Let us denote by P" the matrix with entires P(i, {j}). Write also P[; = P"(i,{j}). (The P" s
are also called n-step transition matrices.)

Exercise 5.4.1 Denote PJ; = P"(i,{j}). Show that

Z Z szl . kn— zkn—1Pkn—1j'

kn_1ex ki1ex

———
This means the n-step transition matrices is in fact P =P x --- x P, the matrix multiplication
of P by itself n-times. For this reason both (P");; and P/} are used for its entry at row ¢ and
column j. Observe that P" is again a stochastic matrix, each row sums to 1.

The following definition is a paraphrase of Definition with respect to the natural fil-

tration.

Definition 5.4.2 A time homogeneous Markov chain on a countable state space X with initial
distribution p and transition probabilities (F;;) is a stochastic process such that the following
holds:
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(2) for any i; € X and n=1,2,...,

P(xn+1 = in+1‘.%'0 = i(), ey = Zn) = IP’(a:nH = in+1]a:n = Zn) = PininJrl.

The following is Corollary for discrete state space, a separate proof is given here for
reader’s convenience.

Proposition 5.4.3 Let (z,) be a Markov chain with transition probabilities P;; with initial
distribution . Then, for any state i; and any n > 0,

P(I’o = i(), ey = in, Tn+l1 = in+1) = M(iO)Boil Ce. P7:n—linP7:n7;n+1 . (511)

Proof. We prove it by induction on the time n for which the identity holds.
]P)((E() = ig,xl = il) = P(l’l = iﬂxo = io)P(:Bo = io) = ]Dioilu(io).

Suppose the identity holds on n-times:

]P)(fL'O = i07 e 7xn = invxn = Zn) = /’L(ZO)‘PLOH A anlin'
Then,
P(m =10,...,Tp = inaxn—i-l = in—Q—l)
=P(zpt1 = int+1]T0o =10, - -, T = in, T = in)P(x0 =0, ..., Ty, = ln, Ty = ip)
= -Pin,in+1 P(ﬂﬁo =105y Tn = ln,Tn :Zn)

In the last line we used the Markov property. The rest follows by the induction hypothesis on
P(aj‘ozio,...,xn:in,l‘n:in). 0

Corollary 5.4.4
P(Znt1 = Gnt1s- - - Tntm = npm | T0 = G0y« ., Ty = i) = IR, (5.12)
Exercise 5.4.2 Show that for any m > 0,

P(Znim = kns Tngm—1 = kn—1, .- -, Tmi1 = k1 |2 = 1) = Pigy Poyky -+ - Py 1k

]P)(:Ener = kna Tntm—-1 = knflv sy Il = kla Tm = Z) = -Piklpklkz s Pk:nflkn P(:Em = ,L)
(5.13)

The following elementary fact will be used in the discussion later. If {C;}$°, is a partition
of Q, then

P(A|B) = ip(/x NG| B).
i=1

If x; is a random variable then {x; = k} where k € X is a partition of (2.
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Proposition 5.4.5 For anyn >2,m >0 and any ¢,j € X,
P(@pim =7 am=1) = Pz?

Foranyn>1, ke X,

Bla = j) = 3 ulk) Pl

Proof. Firstly,

P(mn+m:] ‘:L’m:l): Z Z ]P)(xn+m:j7$n+m—1:kn—lvuwxm-f—l:kl |xm:7/)
km—1€EX kieX

— Z Z Py oo Pry ok 1 P 1j-

kieX kn—1€X

We have used ((5.13)) in the last step. Finally,

Pz, =j) = ZM% =j,x0=k) = Z P(zg = k)P(z,, = jlzo = k) = Z (k) Py,

keX kex keXx

completing the proof. 0

Theorem 5.4.6 (The Champman-Kolmogorov equation) For any i,7 € X and n,m > 1, we
have

n+m __ n pm
Pyt = ik Prj
keX

Proof. Since Ugex{x, = k} = £, we have

P = P(2pim =j |20 =1) = Y P@nsm = j,&n = k,z0 = 1) / P(wg = i)

keXx
. IP)(SU = k‘, o — Z)
:Zp(fcn-i-m:ﬂxn:k) %(m —3)
kex 0=
=2 PP,
keX
We have used Proposition O

5.4.3 The Markov property is determined by finite dimensional distributions

The following can be considered to be a converse to Proposition
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Theorem 5.4.7 Suppose we are given a stochastic matrix P, a probability measure p and a
stochastic process (xy). Suppose that the following relation holds for any n > 1, and for any
iO)"'ain+1 EX?

P((L‘o = io, N 1 M in, Tn4+1 = in+1) = u(io) Pioil . Pin717inPin7in+l.
Note this is . Then (xy,) is a Markov chain with transition probabilities P = (P;;) with

wnatial distribution .

Proof. Take n = 1 in the above, P(xg = ig,x; € i1) = Py, p(io), summing up i; € X, we get
P(zo = ig) = pu(ig). Also,

P(:L'n+1 = in+1 Ty — in o, Xy = io)
P(Zpi1 =ipsl | Tn =tn,..., 20 = ig) = 3 R, =P, ;...
( n+ n+ | n n ) ) P Ty =y, X0 = 20) n,tn41
This means, P(Tp41 = int1 | Tns--.,%0) = Pr,in,,, the right hand side is measurable w.r.t.
o(x;), which means
P(:L’n_H = in+1 | Ty e ey .CU[)) = P((l)n_H = in+1 ’ l’n),

proving the Markov property and that P is its ( time-independent ) transition probabilities. O

Remark 5.4.8 The Markov property of a stochastic processes is entirely determined by the
probability distributions of the family of random variables (xg,x1,...,2,) where n =1,2,....

5.4.4 Conditional independence of the future and the past

Theorem 5.4.9 Let (zy,) be a time homogeneous Markov chain with transition probability (P;;)
and initial distribution v, and let s be a given time. Then conditioning on x5 = i, (Ts4yn) S @
time homogeneous Markov chain with transition probability (Pi;) and initial distribution 6;, and
is independent of {xg,x1,...,xs}

Proof. The statement ‘conditioning on x; = i, Yys = Ts1p is a time homogeneous Markov chain
with transition probability (P; ;) and initial distribution ¢;" means precisely the following:

— _ — = 5. P . ) . —_ TSt p. . y
IP>(y0 =gy sy Ynt+1 = 2s—l—n—|-1|~7f's = Z) = (5zzSPzst+1 . 1D23+nzs+n+1 = Hk:SR‘k)Zk+1 5115'

The left hand side is P(xs = i, X541 = G541, - Tstntl = lsintl | Ts = 1), the identity follows
from (5.12). The conditional independent statement means precisely the following: for any
A€ o(xg,...,xs),

P((yo = iy s Ynt1 = istng1)NA|Ts = 1) = P((Yo = @s, .., YUnt1 = lsqnt1)|@s = 1)0:, P(Alzs = 0).
(5.14)
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It is sufficient to check the above holds for A = {z¢ = ip,...,xs = is} (The collection of set of
this form is a m-system generating o(zo, ..., xs)). The right hand side of (5.14) is

P((yl = is+1, ey Ynt1 = is+n+1)|xs = ZS)P(xO = 7;0, N Z.s‘xs = Zs)

_ 1185+ _ . .
= szspikik+15ii55iisp($0 =100,...,Ts = ig|lTs = 1).

By the definition of elementary conditional probability, the left hand side of (5.14)) is
T 0 Py 03, v (o)
P(xs =1) ’

P(yo = sy -y Ynt1 = bstnt1, L0 = 10y --.,Ts = ig|Ts = 1) =

proving the independence of the future and past given the present. O

5.4.5 Operator on Measures

Suppose that we are given a stochastic matrix (F;;) on X'. Define:
(T*v)(i) = Y v(k)P.
kex

The matrix P acts on the measure v on the right as matrix multiplication: T*v = v P.

Since P is a stochastic matrix,
ST =S Pav(k) = 3 w(k).
ieXx keX icX kex
So the total mass of the new measure Tv is the same as that of v. To summarise,

Remark 5.4.10 The map v — T™*v is a transformation on probability measures on X. We
sometime use 71" in place of T™.

If (z,) is a Markov chain with transition matrix P and initial distribution v, Tv is the
distribution of x1, ..., T"v is the distribution of xz,,.

5.4.6 Example: Two State Markov Chains

Let us consider a time-homogeneous Markov chain with two state X = {1,2} and let P =
1-a o
g 1-8

i.e. what is the approximate value of P}y = P(z, = 1|z9 = 1)?

. What’s the probability that the chain starts from 1 returns to 1 in n-steps?

(07

oWlis0
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Suppose that

Then,
Pz, = 1) = Pv(1) + Pv(2), P(x, =2) = Plv(l) + Phu(2).

Let P° be the identity matrix, then note (vP™)T = (PT)nu7,

o (Pan=1)_(1-a 7 v\ _(1-a B \(Plan1=1)
P(z, =2) a 1-p v(2) a 1-B)\Px,1=2))

Set the initial measure to be (1,0)?. Then P(z, = 1) = P}, P(z, = 2) = 1 — PJ}, and

P\ _(t-a B Pyt
1-Pn a 1-p)\1-Py!

Pi=(1-a-B)P ' +8=01-a-B)((1—a-B)P%+p5)+5.

Thisis gif a+ 8 =1. If a+ 8 # 1, iterate this to see,

Thus,

Pi=(1-a=8)"+1-a-B)""8+ +(1-a-p"+8

__F + (1—a-p)".

a+pf a+p

By symmetry,

pn_ 1 B+a(l—a—p)" a—a(l—a—-p)"
at+B\B-B1l-—a-p)" a+p(l-a-p")

01

@D 1 @D 1 Case 1. a = =0. Then P = <1 0) is the identity matrix and the

chain reduced to two single state Markov chains.

1

WO

01
1 Case 2. 1 = a =, then P = Lol The chain hops from one state to

another. It returns to its original state in two steps. This is a 2-periodic Markov chain.
If we define g, = xa,, then (y,) is a Markov chain with stochastic matrix given by P? =

10
(0 1) , which can be reduced to two separate Markov chains on {1} and {2} respectively.
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(0%

WO

B

Case 3. a =0, 8 # 0, then eventually the chain arrives at 1. Similarly if 5 =0, a # 0 case.
Case 3. (Aperiodic and irreducible) We have |1 —a — | < 1.

1. Then as n — o0,

The rate of convergence is exponential.

2. For any initial distribution (a,1 — a),

Lﬁ Lﬁ 3 a
(a,1—a)P" — (a,1 —a) a-g ath ) = (——, )
Observe that the measure is invariant under the transformation v — v P.

The above convergence indicates that from any initial distribution, the distribution of the
chain at time n convergence to the invariant probability distribution (there exists only one
such measure), this is ergodicity.

We now repeat this by working out the eigenvalues. It is easy to work out that P’ has
eigenvalue 1 and A =1 — a — 8. Their corresponding eigenvectors are

) ()

Let us normalise the eigenvector corresponding to the eigenvalue 1 so that the entries sum to 1,

B
a+B a+p

then we have

(

the stationary probability measure! Let
1 -1 —
R= 1 , Rl=— L -1
a —1 a+pB\—-a §f

o o1 0\, 1 1 [(B+arr  B—pa
oreals (i 1)

),

Then,




Chapter 6

Strong Markov Property

6.1 Stopping Times

As usual, we have a probability space (2, F,P) and X a complete separable metric space. When
we discuss a stochastic process (x,) ( with state space X'), we usually take the filtration to be
Fn =0c{xo,...,zn}.

Notation. a Ab=min(a,b), aV b= max{a,b}.

Definition 6.1.1 An integer-valued random variable T is called a JF,,-stopping time, if the
event {T' = n} is F,-measurable for every n > 0. (The value T' = oo is usually allowed as well
and no condition is imposed on its measurability.)

For a continuous time filtration (F})¢>0, we say that 7' : Q@ — Ry U {oo} is a stopping time if
{T <t} € F; for every t > 0.

Exercise 6.1.1 Show that T is an JF,-stopping time if and only if {T' < n} € F,.

Example 6.1.1 Let A € B(X), 74 =inf{n >1:2, € A}, and 04 = inf{n > 0: 2, € A}. Then
both are stopping times. Proof: {74 =0} = ¢ € Fy. For n > 1.

{Ta =n}= ﬁ?;ll{xi e AN {x, € A} € Fp,
This concludes that 74 is a stoping time.
{04 =0} ={x9 € A} € Fy. For n > 1.
{ra =n} =n"H{x; € AT {x, € A} € F,
concluding that o4 is a stoping time.

51
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Given a stopping time 7' and a Markov process x we introduce the stopped process, which is
denoted by (21 or by (x7an):

T(,) = _ ) (W) if n < T(w),
;, (w) = :rn/\T(w) - { T () (w), otherwise.

Exercise 6.1.2 Let us consider the simple random walk z,, = > ;" ;& on Z, where {{;} are

i.i.d’s such that
1 1

PEG=1)=5 PE=-1)=3.

Let 7 be the first time after n = 1 that x,, = 2. If w is a sample such that (zo(w) = 0,21 (w) =
1,z9(w) = 2,23(w) = 1,x4(w) = 0,.... Write out the entire sequence (x7,(w),n > 0).

Example 6.1.2 (a) A constant time is a stopping time.
(b) T(w) = oo is also a stopping time.
Example 6.1.3 The following time is, in general, not a stopping time:
T =inf{n > 0: n is the last time that x,, = 1}.

Proposition 6.1.2 Let S, T, T, be stopping times.

(1) Then SV T =max(S,T), SAT = min(S,T) are stopping times.

(2) lim sup,,_,., T, and lim inf, . T), are stopping times.

Proof. Part (1) follows from the following observations:
{w:max(S,T) <n} ={S <n}nN{T <n}eF,

{w:min(S,T) <n} ={S <n}U{T <n}. € F,.

Since
lim sup 7}, = inf sup T, lim inf7,, = sup inf T,

n—00 n>1p>n n—>00 n>1k>n

we only need to prove that if T, is an increasing sequence, sup,, 1), is a stopping time; and if
Sy is a decreasing sequence of stopping times with limit S, inf, .S, is a stopping time. These
follows from

{supT,, <n} =N {T, <n} € F,, {infS <n}=U,{S, <n}eF,.
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6.2 The Stopped c-algebra

Definition 6.2.1 If T is an F,-stopping time, we define the associate o-algebra to be
Fr={A€ Foo : AN{T =n} € F,,¥n € N}.

Note that AN{T = oo} = A\U2(AN{T = n}) where A € Fu is always in Foo. In particular,

{T = 0} € Foo. If T = n is a constant time, then Fr agrees with F,,. The continuous time

version is:

fT:{AEVQo]—}:Aﬂ{TSt}E]—},VtZO}.
Lemma 6.2.2 If T is an F,-stopping time, T is Fr measurable.
Proof. For any integers m,n > 0, {T = m}N{T = n} is either an empty set in case m # n or is
{T =n} € F,, incase m = n. Also, This shows for any m, the pre-image {T'=m} is in Fr. O

Exercise 6.2.1 Let S,T be (F;,t > 0)-stopping times.

1) If S < T then Fg C Fr.

2) Let S <T and A € Fg. Then S14 + T1 4¢ is a stopping time.

(1)
(2)
(3) S is Fs measurable.
(4) FsN{S < T} C Fspr.
(5)

5) Fr =Fon {T =t}.

Proof. (1) If A € Fg,
AnN{T <t} =An{S<t}h)n{Tr' <t} e FH

and hence A € Fr.
(2) Since Fs C Fr,
{S144+T14c <t} ={S<t}NA)U{T <t} N A°) € Fr.
(3) Let it e R, {S <r}n{S <t} ={S <min(r,t)} € F;. Hence {S <r} € F,.
(4) Take A € Fs and t > 0. Then
AN{S<TIN{SAT <t} =An{S<t}N{SAt<T At} e F.

which follows as S At and T' At are Fi-measurable. Hence AN {S < T} € Fgnr.
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(5) Let A € Fr, then AN{T =t} € F; by the definition. If A € F, AN{T =t} N{T < s} € Fs
for any s. Hence AN{T =t} € Fr. O

Below in Lemmas Lemma and Proposition [6.2.5] we motivate the definition for
Fr. For this we work with a stopping time taking finite values only.

Lemma 6.2.3 Let (x,,) be an adapted stochastic process. If T' < oo is a stopping time and (z,,)
1s adapted, then xp is Fp-measurable, and so are xpay, for any m € N.

Proof. Let B be a Borel subset of X. Since T' < oo, 7 is well defined. For any m = 0,1, 2,,...
{zr € B} n{T =m} ={zy € B} N{T =m} € Fp,
showing that {zp € B} € Fr and zp is Fp-measurable. Similarly, for any n > 0,
{zram € B} N{T =n} = {xman € B} N{T =n} € F,,
showing that x7a., is Fr-measurable. O
Lemma 6.2.4 Let F,, = V] qo(x;). If T < oo is an (Fy)-stopping time, then for every k > 0,

{T = /{} S O‘(.Z'T/\(), A 7$T/\k)~

Proof. The statement is equivalent to, for any k, 1¢p_gy is of the form ¢y (o (zonT, ... TTAK))
where @ € By(X*H1). Firstly, {T = 0} € Fo = o(zoar). We prove this by induction on n
assume its holds for n = k — 1. Since {T' = k} € o(x,x1,...,x), by the factorisation lemma,
we may assume that

iy = (X, 1, ..., Tk)

where 1) € By(X**1). Then

Lr—iy = Yr—i) Lirsry = Y1(Toats - - - 21ak) Lrsky = V(@oaTs - - - 21ak) (1 — Lyr<p_1})-
By the induction hypothesis, 1ir<; 1) = Vk—1(TorT, - - - s ZL‘T/\(k_l)), this completes the proof. [
Proposition 6.2.5 Let (z,,) be a stochastic process, F,, = o(xo,...,Zy). Set

a(xT) = 0(xran,n > 0) = Vg0 (Tpar)-

If T < o0 is an Fp-stopping time, then Fr is the o-algebra generated by the collection {Tuat tn>0:

Fr =o(z]).
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Proof. By Lemma TTnm is Fr-measurable for any m € N, showing that o(z) C Fr.
For the converse of the theorem, let us take A € Fr. Then AN {T = n} € F,, which means
Lan{r=n} = ¥(20,...,x,) for some ¥ € By(X™*!). Hence

1Aﬁ{T:n} = \IJ(CE(), ‘e 7xn)1{T:n} = \Il(onT, cee ,a:n/\T)l{T:n},
Since {T" = n} € o(xTr0, TTALys- -+ TTAn) the Lemma 1an{r=n} is measurable w.r.t.
o(xT). We thus conclude that A € VS 0(xpar) and Fr C VS 0(Tpat)- O

Exercise 6.2.2 Let z,, = > ; & be as in Example Let zg = 0, T the first time z,, = 1.
Is the event {x,, =2} in Fp?

Problem Class 1

Exercise 6.2.3 (Ez. 2.2.2 Notes / Ex. 9 PS1)
Let X : Q2 — X and Y : Q) — Y be random variables with X measurable with respect to G C F
and Y is independent of G. If ¢ : X x J — R is measurable and bounded, show that

E(p(X,Y)|9)(w) = E(p(X(w),Y), as. (6.1)

Solution from Piazza Forum. Fix A € G, define ¢ : X xRxY — R by ¢¥(z, z,y) = ¢(z,y)z.
With Z = 14, we are interested in ¥(X,Z,Y) = (X, Y)Z = ¢o(X,Y)14. Let v = L((X, 2))
and p = L(Y), then

B2 ) = [ [ vt s i) =B [ 60510
~ | [ X ntin1a)
This implies (6.1)), since
Blp(X, Y)14] = ElW(X. 2,Y) =B | e utay L.

Standard Solution. It is sufficient to show for ¢(x,y) of the form ¢(z,y) = f(x)g(y)
with f € By(X) and g € By(Y). For A € G,
Elp(X,Y)1a] = E[f(X)g(Y)14] = E[E[f(X)g(Y)14|9]] = E[f(X)E[g(Y)|G]14]
= E[f(X)E[g(Y)]14],

which proves (6.1)) for ¢(z,y) = f(z)g(y). Then by suitable approximation (e.g. via simple
functions), (6.1) holds for general ¢. O

(6.2)
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Monotone Class Solution.E| For any B; € B(X) and By € B(Y), the derivation (6.2) (with
f=1p, and g = 1p,) holds for the function ¢(z,y) = 1p,xB,(z,y) = 1p,(z)1p,(y). Then, if
we consider

H = {p € By(X x V) : equality holds },
C= {Bl X By : By € B(X),BQ € B(y)},

we can see that C is m-system and H is a vector space. By the observation above and monotone

convergence of expectation, we have

e The constant function ¢(z,y) = 1 belongs to H,
o If By x By € C, then 1B1><B2 EH,

o If f,, € H is an increasing sequence with f,, > 0 and f,  f with f bounded, then f € H.

So that by Monotone Class theorem (lemma below), we infer that any bounded o(C)-measurable
function ¢ belongs to H, concluding the proofE|

Lemma 6.2.6 (Monotone Class theorem) Suppose that C is a w-system containing Q, and H a class

of functions with the property:

1. 1eH,
2. IfAeC thenly € H,
3. H is a vector space,

4. If f, € H is a non-negative increasing sequence of functions with limit f bounded (resp. [ is finite),
then f € H.

We can conclude that every bounded (resp. finite) o(C)-measurable function is in H.

Exercise 6.2.4 (Markov Chain practice example)
Consider the time homogeneous Markov chain on X = {1,2,3}, with transition probabilities
P and initial distribution xg ~ v = (%, %, ). Recall that P is uniquely determined by P;; =

P(i,{j}) = P(x1 = j|lxog = i). We have

(6.3)

O wie O
e M
O wWikNI—

1. Compute the following probabilities:

P(.’Eo = 1,331 = 2,CL‘2 = 2), P(ﬂjl = 2,562 = 2|ﬂ£‘0 = 1),

'Here we provide an alternative proof, using as main tool the powerful Monotone Class theorem, stated below.
This proof is longer/more detailed than the standard one you would be expected to provide.
2Note that C generates the Borel sigma algebra on X x ).
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]P’(.%'() = 1,1‘2 = 2), ]P’(.%'g = 1’(1}0 = 1), P(l‘o = 1,3}1 = 2,.%'3 = 2)

2. Starting from z¢ ~ v, compute P(zq; = 1). Then compute the law of =1, i.e. L(z1) = pu1 =
(M1(1)7N1(2)7M1(3))

3. Compute the invariant distribution 7 (which satisfies 7P = 7).

Exercise 6.2.5 (Ez 1.1.1 Notes)
Let x9,&1,& be independent random variables on R. Let 29 ~ N(0,a?), & ~ N(0,b?) for all
i =1,2,.... Define for a positive number M > 0,

M(zp41 — xn) = —bxp + Enta-
Find an invariant measure for this Markov chain.
Remark Note that (x,4+1 — z,) can be recognised as the discrete derivative %(a:.) and then

(xy,) as the discrete version of the Ornstein-Uhlenbeck process.
Solution. Rearranging, we have

b 1
Ln+1 = (1 - M>$n + M§n+1 =!CTp + Nn+1, (64)

so that x1 = cxg + np41 is Gaussian if g is Gaussian. Hence, iteratively we have x,, Gaussian if
xo Gaussian. So, our guess for invariant probability measure needs to be a mean zero Gaussian.

If 2o ~ N(0,a?), by (6.4) we have
L(z1) = N(0,c2a? + b*/M?),

so that

L(x1) = L(x0) <= a® = ?a® + ]\13;2
Thus we require
2o U (6.5)
M2(1 —¢?) '
Given (6.5), we then have L£(zo) = L(z1) = L(z2) = -+ = L(zy), for all k > 1 and L(zg) =

N(0,a?) is the invariant measure.

The discrete Ornstein-Uhlenbeck process, starting from the invariant probability measure
N(0,a?) computed in Ex. is a stationary Markov process.

6.3 Strong Markov Property

The interest of the definition of a stopping time is that if T is a stopping time for a time-
homogeneous Markov process x, then the process 74, is again a Markov process with the same
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transition probabilities. Stopping times can therefore be considered as times where the process
x “starts afresh”. This is stated more precisely in the theorems below.

Notation. If (z,) is a stochastic process, for each w, we have a sequence (zo(w),z1(w),...)
in XN, This is also denoted by z.(w). The process is a map from Q to X, thus can be denoted
as x., where the script dot means we think z.(w) as an element of XN,

Note. We emphasize that by a Markov process we mean a time homogeneous Markov process
with transition probabilities.

Recall the shift operators 6;, where t € N,

g, AN o N
(an,n > 0) — (at4n,n > 0).

We also define:
(O72.)n = T74n

This means for w € Q and n > 0, (072.),, is a random variable given by (072.)n(w) = Tp(y)4n (W)
The shift Markov process starts from xp. Observe that xr4, is measurable with respect to Fryy.

Definition 6.3.1 A time-homogeneous Markov process (x,) with transition probabilities P is
said to have the strong Markov property if for every finite stopping time 7" and for every bounded
measurable function ® : XN — R, the following holds:

E(®(0rz.)| Fr) = E(®(0rz.) | X1) a.s. (6.6)

Remark 6.3.2 Let us consider Borel measurable function on the path space XN with the
product o-algebra, which are generated by cylindrical sets of the form {m,, € A1,..., T, € An}
where n; < no < --- < nyy, is a set of times, and A; are measurable sets from X. The collections
of such cylindrical sets is a m-system. A property on measurable functions on X are typically
determined by that of the functions of the following form (called cylindrical functions): for
ny <ng <---<ny,and f: X™ — R Borel measurable,

O(0) = f(onys---s0n,,)-
Even simpler, it is sufficient to take ® (o) = II", fi(oy,) where f; € By(X).

Remark 6.3.3 (1) For simplicity let us define y, = zp4,. Set G, = Frin. If holds
for every finite stopping time 1" for x,, then for every bounded Borel measurable function
f: X = R, the following holds

E(f Wt m)|Gn) = BUE@T4nm)| Frim) = BOF@r )27 0m)

= E(f (Ynsm)lym), '
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(2) Note that if the following holds for any measurable subset A of X and any time n:
P(zptr € A|lFr) =P (27, A). (6.7)
then for every bounded Borel measurable function f,
B(f (@)l Fr) = [ F@)F rdy). (6:5)
Exercise 6.3.1 If P(z,,+1r € A|Fr) = P" (2, A) holds for every measurable set A, then
P(xp, 47 € Al ... Tnp+17 € Ap|Fr) = P(xp,47 € A1, ... ZTpy 17 € An|zT), (6.9)

or equivalently, for bounded measurable functions f;,

E(IT, fj(zn;+7)|Fr) = E(IGL, fj(2n;47)|2T). (6.10)

6.3.1 Markov property at finite stopping times

Recall that given any probability distribution p and any transition probabilities P there exists
a unique probability measure P, on X' which is the probability distribution of a Markov
process (we sometimes denote such a process by X¥) with transition probabilities P and initial
distribution P,,. If u = ds, this is denoted by P,. If ® : X** — R is bounded and measurable,
we write E,[®] for the integral of ® with respect to P,

E,[®] = /m b dP,.

Using the process X7*, this is E[®(X7)].

Example 6.3.1 Let (x,) is the Markov chain with transition probabilities P and initial condi-
tion z. If ®(0) = f(03,07) for some g : X? — R, then

E,[®] = E[f (73, 27)] = /f(y1,y2)P3(9Cadyl)P4(y17dy2),

If & = 7", fi om;, where 7 are the projections (coordinate mappings) and f; € By(X), then

E, (0] = /X /X T2 £y I PP (i ).

The measure II7" | P~ "i=1(y;_q,dy;) is the finite dimensional distribution of (z,,...,%n,,)

If y is a random variable, we then denote E,[®] for the composition:
Ey[q)](w) = Ey(w) [(I)]
Similarly for C' € @*B(X), Py (C)(w) = Py, (C).

By a finite stopping time we mean one that is almost surely finite.
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Theorem 6.3.4 (Strong Markov property) Let (z,,) be a time-homogeneous Markov pro-
cess with transition probabilities P. If T is a finite stopping time, the process (Orx)y, is also a
time-homogeneous Markov process with transition probabilities P. Furthermore if ® : XN — R
1s bounded Borel measurable

E(®(0rz.) | Fr) = B, [@]
In particular,

P(xpi1 € A|lFr) = P" (21, A), a.s.
for anyn >0 and any A € B(X). It follows that x has the strong Markov property.

The proof will be given after the lemma.

Lemma 6.3.5 Let (x,) be a time-homogeneous Markov process with transition probabilities P
and if T is a finite stopping time then

P(znir € AlFr) = P" (21, A), a.s.

for anyn >0 and any A € B(X).

Proof. Since T' < o0 a.s., Q@ = U2 ({T = n} UC where C = {T = oo} has measure zero. For
any f bounded measurable from X to R,

/ f(@nyr)dP = Z / f(@nim) dP

Bn{T=m}

- Z / F @) | Fin) dP
BN{T= m}

> / LUTLCIY.ED B R WU e
BN{T=m} BN{T=m}

//f "(zr, dy) dP.

In the second line we have used the fact that BN {T = m} € F,,. This shows that

E(f (2ns1) |Fr) = / £ () P (o dy), (6.11)

completing the proof. O

Proof for Theorem Let G, = Fran and y, = x4, then y is adapted to G and
P(Yn+mealGn) = P™(yn, A), so indeed, y. := Opx. is a a time-homogeneous Markov process with
transition probabilities P. For the rest of the statement, it is sufficient to take ® to be the
indicator functions of cylindrical sets. Let

®(0) = 1Ly fi(wn,),
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We assume that for any f; € B(X) and any M < k — 1, the required identity

E(ILL, fi(xren,) | Fr) = Bo, [IGL, £i] = /X /X I £y IGL, P (i, dys)

holds. We make induct on k, first taking an extra layer of conditional expectation then use
(6.11)), and then the induction hypothesis:

]P)(Hf:lfi(xT-&-mi)’fT)
= B[] fi(@rim) E(fe(@15my) | Fremg 1) | Fr]

= E|:Hi‘€:_11fi(xT+mi)/ fk(yk)Pmk_mk_l(xT+mk—17dyk”fT
X
:// Hfffi(yi)/ Fre(yr) P (g, dyp ) IGE P™ 72 (g0, dy;)
X X X
[vnlefk(yk)ﬂlepmimil(yz‘—l,dyi).

This complete the proof.

6.3.2 Markov property at non-finite stopping times

Lemma 6.3.6 If A is any subset of Q and F a o-algebra then FNA={BNA:B¢€F} isa
o-algebra on A. This is called the trace o-algebra.

Going over the proof for the strong Markov property, we observe that we used the assumption
that T is finite in two ways: (1) Us2 {7 = n} = Q, (ii) 27 can be defined. This proof can be
modified to yield a corresponding result for stopping times that is not necessarily finite. In this
case U22 o{T' = n} = {T" < oo} and so we have to limit ourselves on this set. Restricted to the
set {T' < oo}, @ is defined.

Let T be a stopping time. Then {T" < oo} is a subset of Fr, we may condition on FrN{T <
oo}. Now we can state the modified theorem:

Theorem 6.3.7 Let (z,,) be a time-homogeneous Markov process with transition probabilities P
and let T be a stopping time. Let ® : X*° — R be a function. Then on the set {T < oo},

E(@(@Ta;) ‘.FT) = E$T<I>(w)
In other words,

E(®(0r2.)1ir<coy | F1r) = Eag[®]1{r<o0)-

Proof This is left as an exercise. We demonstrate the proof for ® depending only one coordi-
nate, the proof for ® depending on a finite number of coordinates is the same. Let f: X — R
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be bounded measurable, and B € Fr,

Tpyr)dP = / f(xpyr) dP = / f(znim) dP
/Bﬂ{T<oo} +T Z Bn{T=m} +T Z Bn{T=m} " )
= f(@ngm) | Fm) dP = / f(@ntm) | zm) dP
Z /B o B )] Z ) 2m)

Bn{T= m}
= Z / $n+T) ’.%T) dP = / E(f(xn+T)1{T<oo} |1’T) dP.
BN{T= m} BN{T'<oo}

We may conclude that on the set 1p.)

E(f(2n+7)1ir<oo}|Fr) = E(f(2ni7)L{r<o0) | 27).

We can also interpret this as

1{T<oo}E(f(xn+T)‘}—T N {T < OO}) = 1{T<oo}E(f(xn+T) ‘ xT)?

concluding the proof. 0

As an application to Theorem [6.3.7, we study an example.

Example 6.3.2 Simple Random Walk on Z. Let £ be i.i.d. such that P(§ = +1) = 1/2, and
define S, =z + Y1, &, letting = 0. Define T; = inf{n > 0, S, = i} and we use the notation
Pi(...) =P(...|zo = i). We will show later in Example that P1 (71 < oo) = 1. Let us use
this and the strong Markov property to show that Py(7} < c0) = 1.

Proof. We give one proof, another proof is given later in Example |[7.10.3l Suppose for a
contradiction Py(77 < 00) < 1. Let B = {w : dpath from 1, passing through 0}. If w € B, once
S.(w) has reached 0, it restarts as a random walk (with x = 0) and with positive probability
it does not reach 1, since Po(77 < oo0) < 1. Hence we deduce that P;(7T7 < oo) < 1 too,
contradicting recurrent property. Formally,

Pl(Tl = OO) > [Pl(Tl = OO,TD < OO) = El(Pl(Tl = OO|‘FT0)1T0<OO)
= By (P, (Th = 50)L1y<o0 ) = Ea (Po(Th = 00) 17,<0)
= ]P)()(Tl = OO)Pl(TO < OO),
We used the strong Markov property in the second line. Since both P1(Ty < oo) > 0 (path

existence) and Py(77 = oo) > 0 (assumption for contradiction), we infer Py (77 = oo) > 0,
violating the fact that Py (7T} < oo) = 1.



Chapter 7

Time Homogeneous Markov Chains
on Discrete State Spaces

Let us consider time homogenenous Markov Chains (THMC) (x,,) on discrete state space X. If X
has a finite number of elements, we shall consider X = {1,2,..., N}, otherwise X = {1,2,... }.
If the THMC (x,,) has transition probabilities P = (P;;) on X with initial distribution v = £L(zo),
then the distribution of x,, is vP" = L(zy,).

The number P;; should be interpreted as the probability of jumping from state i to state j
and and Pj; = P(z, = jlzo = @). Thus, 3,y
have a matrix P = (P;;). If X' is a countable space, we have a matrix with infinite entries, and
Yt by =1.

Definition 7.0.1 We call a matrix P with positive entries which satisfies Zf\; 1 Pij = 1 for all
j a stochastic matrix.

P;; = 1 for every i. For a finite state space we

The initial distribution v is represented by a row vector on [0, 1]* with i-th entry v({i}). We
use shorthand notation v (i) or v; for v({i}). Thus (vP)(i) = > ,cx V(k)Py;. If the size of X is
finite, i.e. #(X) = N, v is a row vector, P is an N X N matrix and vP is a matrix product.
In the finite case, the space of signed measures is identified in a natural way with R" in the
following way. Given a measure y on X, we associate to it the vector a € RY by a; = u({i}).
Reciprocally, given a € RY, we associate to it a measure u by p(A) = Y ica @;- From now on,
we will therefore use the terms “vector” and “measure” interchangeably and use the notation
wi = (i) = u({i}). The set of probability measures on X is thus identified with the set of
vectors in R™ which have non-negative entries that sum up to 1. In this context, a transition
operator T : P(X) — P(X) is a linear operator from R" to R" which preserves probability

measures.

63
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7.1 Communication Classes - Lecture 8

We demonstrate this with X = {1,..., N}. Fixing an arbitrary stochastic matrix P of dimension
N, we can associate to such a matrix F;; an oriented graph, called the incidence graph of P
by taking X = {1,..., N} as the set of vertices and by saying that there is an oriented edge
going from ¢ to j if and only if Pj; # 0. This strategy works well for chains with a manageable
number of states.

Example 7.1.1 For example, take P below. If P;; # 0, we draw an oriented graph and obtain
the incidence graph. Following the arrows in the graph, we can reach any vertex from any other.

Il
W = O
Wi O N
Wi O =

From 2, we can see P»; > 0 and P35 > 0, so that
Piy = P(xg = 3|lzg = 2) = Py P13 > 0.

Example 7.1.2 Another example is

Q<—0

0 5 50

P = 13 700 Note
1010 10 0 O
2 8 00

O €«— ©
that the 4th row of P is zero, which implies that the vertex 4 can not be reached by any walk
on the graph that follows the arrows.

Still in this finite state situation, we call a transition matrix P irreducible if it is possible to go
from any point to any point of the associated graph by following the arrows. Otherwise, we call
it reducible. This is to make sure that the chain is really one single chain. At an intuitive level,
being irreducible means that every point will be visited by our Markov process. Otherwise, the
state space can be split into several sets in such a way that if one starts the process in some
minimal sets A; it stays in A; forever and if one starts it outside of the A;’s it will eventually
enter one of them. A general stochastic matrix is not irreducible. It can however be broken
up into irreducible components in the following way. The set {1,..., N} is naturally endowed
with an equivalence relation by saying that ¢ ~ j if and only if there is a path on I' going from
i to j and back to i (we make it an equivalence relation by writing ¢ ~ i regardless on whether
P; > 0 or not). In terms of the matrix, with the convention that P is the identity matrix, we
make the following definition. For example, the matrix given in is reducible because it is
impossible to reach 4 from any of the other points in the system.
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Let us now give the definition that applies to a countable state space., in which case the
stochastic matrix has infinite number of rows and columns.

Definition 7.1.1 Let X be a countable space, we have the following definitions:

1. We say that j is accessible from ¢, if P; > 0 for some n. This is denoted in symbol by ¢ — j.
2. Two states ¢ and j are said to communicate with each other, if there exist m,n > 0 such
that P;7 > 0 and P’ > 0. This is denoted by ¢ ~ j.

3. The set of states [i] = {j € X : j ~ i} is the communication class containing i.

4. A chain is said to be irreducible if there exists only one communication class, otherwise is
reducible.

In the case of Example (7.1.2)), we have [1] = {1,2,3} and [4] = {4}.

Example 7.1.3 Similarly to previous example we can observe from the incidence graph below

110 21

1 0 5 0 0

that in this case the states {1, 2, 3} cannot be reached from 4. P = E 11111
000 3 2

0 00 3 2

In this example, the chain is reducible as we have two communication classes
1] ={1,2,3}, [4] = {4,5}.
Exercise 7.1.1 Check ~ defines an equivalence relation.

Lemma 7.1.2 If i — j, i.e. j is accessible from i, then any j' € [j] is accessible from any

element ' € [i]. P

@/\@/\@/\

Proof. Fixed j* € [j] and 7' € [i], we want to show that there exists n with P}, > 0. By
assumption, there exist some ni,ns, m such that P >0, P7! >0 and Pj"f > 0.
Then by Chapman Kolmogorov equation,
P = NN PR PP > PP PR > 0,
keX lex
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This implies i — 7' 0

This means the set of equivalence classes is endowed with a partial order <: we say that
[i] <[] if we can access an element of [i] form an element of [j]. Equivalently, there exist a path
from j to ¢ of positive probability.

Remark 7.1.3 For a finite state space, [i] < [j] if and only if there is a path on T" going from j to
i. In Example (7.1.2)), one has [1] < [4]. Note that this order is not total, so it may happen that
one has neither [i] < [j] nor [j] < [i]. By construction, we see that every Markov process {z}
with transition probabilities P satisfies [xy,+1] < [x,] for every n. It seems therefore reasonable
that every Markov process with transition probabilities P eventually ends up in one of the states
in the minimal classes (the recurrent states). This justifies the terminology “transient” for the
other states, since they will only ever be visited a finite number of times.

Exercise 7.1.2 Check that the relation < defined above is indeed a partial order.

Definition 7.1.4 An equivalence class [i] is said to be minimal if there exists no j such that
[7] < [i] and [j] # [i]. A minimal class is also said to be closed.
Returning to example we have 1 — 4 and [4] < [1], implying [4] is the minimal class.

Remark 7.1.5 The state X can be decomposed, it is the disjoint unions of the communication
classes. If [i] is closed, there is no path from any k € [i] to the other communication classes. In
other words, for any k € [i] and j € [i], there is no path from % to j.

Example 7.1.4 Consider a stochastic matrix such that the associated graph is given by

4

O

1 2

3
s 5

Flee————"e 6

7

In this case, the communication classes are given by

{1y, RI={2}, BI={3},
4] = {47}, [5]={5,6}.

IN
S
IN
=
=)
INA
=
©
=]
a
=S
IA
S
IN
=
Z,
o
t+
@
-+
=
&
-+
=
©
=}
a.

One furthermore has the relations [5]
[2] for instance are not comparable.
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Example 7.1.5 Consider the stochastic matrix P with its incidence graph

(©)

O—~0—E

1 2
0303000
2 2
10043+ 0 %0
P=]0 000 3 0 %
0001000
0000O0T10
01 000O0O0O0

The communication classes are: [1] = {1,3},[6] = {6}, [2] = {2,4,5,7}. The partial orders

are: [6] < [1],[2] < [1]. Thus, [6] and [2] are minimal classes.

Definition 7.1.6 Let T; = inf{n > 1: z, = i}. If xg =4, T; is the first return time to site 7.

Note that
{T, < n} = Uy {a = n}.

We are interested in the question with what probability a chain starting from ¢ returns to ¢, or

whether a chain from j can reach ¢ with positive probability.

Example 7.1.6 Let us return to the two state Markov chain, take g ~ u, then we use P, to

denote the probability concerning the chain with xzg ~ pu.

By(Ty = 1) = By (21 = 0) = p(0)(1 — ) + p(1)8.

Po(To =n) =P(a1 =1,...,2p1 = 1,2, = Olzg = 0) = a(1 — B)"?B.

0(Th < 00) = ZIPOTOfn 1—04)—1—204(1—6)"725:1.
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Example 7.1.7 (A Lazy Walker (Birth and Death Process) )
Let us consider the Markov Chain on state space X = Z with transition P given by

3 ifi=j, ) o201
1 ifj=i+1. 1 2

Let j — i = n, then, as in the argument of Lemma [7.1.2] we have

1\" 1\"
P> Py Pj1j > <4> ; Pﬁszjl"'PiJrlz‘Z(4> )

Hence the chain is irreducible.

We can now answer whether there exists an invariant measure for P, which means there exists
a solution v to vP = v. By the note above, vP = v is equivalent to require for any j € X that

v(j) = WP)(j) = Y _v(i)Py.

ieX
Since Pj; = % and Pjjt1 = Pjj_1 = %, all other P;; vanish,
1

Vi) = - Dk D)+ gri) = ) G- ) =G ) ). (72)

Hence any v with v(j) constant for all j satisfies the relation (7.2). Such a v is a uniform
measure on X, but not a probability measure.

One may wonder if there exists any other solution to vP = v?7 Let v(0) = a > 0. Suppose that
b=v(j+1)—v(j) > 0. Then v(j) will be negative for j < 0 sufficiently small. Similarly if
b < 0, v(j) becomes negative for j sufficiently large. So there exists only one solution, up to a
multiplicative constant, with v(j) > 0. This is the uniform measure.

Conclusion. For the lazy walk, there exists a measure with vP = v, which is unique up to a
multiplicative constant, but no invariant probability measure.

7.2 Recurrence and Transience

There are further important properties of THMC communication classes. Let T; = inf{n > 1:
Ty =1}

Definition 7.2.1 A state i is recurrent if P(7T; < oolxg = i) = 1. Otherwise it is said to be

transient.
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Notation. For brevity we may use the following notation P;(A) := P(A|zg = i), so that
Pi(T; < 00) = P(T; < oo|zg = i); also we denote E;(Y') := E[Y |z = 7] for an integrable random
variable Y.

Definition 7.2.2 A Markov chain on X is recurrent if every state ¢ € X is recurrent; it is
transient if every state is transient.

We will see later that the existence of a recurrent state implies the existence of an invariant
measure. Also, a state ¢ is recurrent if and only it is visited infinitely often almost surely. And
also, being transient/recurrent is a class property, a property of the communication class. At
this point we note:

Lemma 7.2.3 Given two states i,j € X, then i — j if and only if P;(T; < oo) > 0. Moreover

Pi(Tj < o0) < ) Pj (7.3)
n=1

Proof. The (=) direction holds trivially, as {T; < oo} = J;2,{T; = n}.
For the other direction (<), we can derive (7.3)) by

oo o oo
Pi(Tj <o00) <Y Pi(Tj=n) <> Pi(wn=j)=> P
n=1 n=1

n=1

Hence P;(Tj < oo) > 0 implies that P} > 0 for some n. 0

Exercise 7.2.1 Are the states in Example [7.1.1] recurrent?

7.2.1 Another way for guessing the invariant measures —Lecture 9

Whether a state ¢ is recurrent is an important question of its own. It is actually associated with
the existence of an invariant probability measure (an equilibrium).

010 i:
Let us start with an example. P = % 0 %
1 00 ( ? )

Two paths loop back to 1: w; : 1 — 2 — 1l and wy : 1 — 2 — 3 —. Each of these
paths occurs with probability % The state 2 is visited on both paths, so we give it weight 2.
The state 3 is visited on path 2, it is visited on the average % times. Let us define v = (1,1, %)
Check this is an invariant measure for P. Do you expect this to hold more generally?
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7.3 Passage times

Throughout this section x,, is a time homogeneous Markov chain. For the following lemma, let
us define:

T :=0, Tj=T;, T =inf{k>1T}:z,=j} forn>1 (7.4)

The stopping times 77" are also called the passage times to j, the times 17— Tjnf1 are the length
of the n-th excursion to the state j.

Lemma 7.3.1 Leti,j € X. If j is recurrent and P;(T; < oo) > 0, then P;(T; < oo) = 1. If p
is an initial distribution supported on [j], then IP,,(Tj < oo) = 1.

We first give an hand waving argument. If P;(7; < co) < 1, then exists a set of path A which
starts from i never coming back to j. Since P;(T; < co) > 0, j can access i, there is a path of
shortest length m from j to i. We concatenate this path to a path from A that starts from j
never visits ¢, thus obtaining a set of paths from i, never returns to i. This means P;(7; < oc0) < 1
contradicting with the assumption.

Proof. It is sufficient to prove this statement for p = ;. Since Pj(T; < oo) > 0, j is
accessible from ¢. Let m be the smallest number such that P >0, which means that
Pi(z1 # j,... , @m—1 # J,om = j) > 0. Suppose that P;(T; = oco) > 0, this mean once in j
the paths has positive probability not returning to i. Our conclusion follows by the reasoning
below:

Pi(Ti = 00) = Pi(T; = 00,Tj = m) = E[P(T; = o0, Tj = m|Fry)]
= E[P(z;4¢ # i,V > 1,T; = m|Fr;)| = E[P(z7;1¢ # i, V0 > 1|F7;) 17,21
— B5(T; = 00)By(Tj = m) > 0.
This is in contradiction with ¢ recurrent. In the final line we used the Markov property, noting
that {zg = i,T; = m} = {x1 # j,...,Tm-1 # J,Tm = j,xo = i} and the fact that m is the
shortest length of a path from i to j, so a path from ¢ to j in m-steps does not visit ¢ for

n=1,...,m. O

An alternative proof with elementary probability is as follows. Let B = {xg =i, 2% & {i,j}, k =
1,...,m —1,z, = j}. Then m is the shortest length from i to j implies that {zg = ,T; =
m} = B and

Pi(T; = o00) > Py(T; = 00, Tj = m) = P(xg = i, 21, # i,Vk > 1,T; = m)
=P{zo =14,Tj =m} N {zpye # 1, V0> 1})
=P{zme # 1,0 > 1}|zg =i, Tj = m)P;(T; = m)
= Pj(T; = 00)Pi(Tj = m) > 0.
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The following lemma on inter-arrival times is primarily interesting for irreducible recurrent
chains.

Lemma 7.3.2 Let x,, be a Markov process starting with initial distribution p and P, (T; < 0o) =
1 for a recurrent state j. Then, the intervals {Tj" — T;“l}nzl are independent. And for any
k>1, meX,
k k
P(TH —Tf = m) = By(T; = m).

Proof. Suppose that a state j is recurrent, i.e. P;(Tj < oo) = 1. We fix this j and set T = Tj
and for TF = Tf for k > 2 for simplicity. Then

Opr(z.) = <ka,:ch+1, T T ,).
By the strong Markov property, for k& > 1,
]P’(Tk+1 _Th = m\ka) @) =P, ) (T - m>
=P i) (951 FJye e Tm—1 F J, T = j)

= Bi(r1 # oo s # G = ) = BT = m).

The second line follows from the strong Markov property and that 75Tt — T* = m if and only
if (xpkyy # Gy s Tpr o1 # JyTpkym = J). (From the point of view of the shifted process
Orrx.), this is the hitting time of j.) Taking expectations we see that

IP(T’““ 7" :m) sz(xl FJyo o Tme1 F J Tm Zj) =PF;(T' =m).

To see that {TJZC - T]k*l} are independent random variables, it is sufficient to observe that
P(T*! — TF = m|Fp+)(w) is a deterministic event. In fact, for any A € Fp«, we have

E(1alrier_gi_pmy) = E(LaP;(T = m)) = P(A)P;(T = m),

where in the first equality we conditioned w.r.t. Fy« inside expectation. Hence {T*+1 —T* = m}
is independent of Fpx and Tj € Fpx for any j = k — 1. We conclude that {7°, 7% — T, T3 —
T2,...} are independent random variables. 0

Remark 7.3.3 For those with curious mind, let us check the case where the THMC does not
reach j with probability one from its initial state.

1. Then by the strong Markov property, Theorem [6.3.7], we see that
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taking expectation to see that IP’(T;.Ichl — Tf =m, Tf < o0) =Pi(T; = m)IP’i(Tf < 00), 80
For any m € X, and any any initial distribution,

k+1 k k
P(T; =T = m | T} < 00) = Pj(T; = m).
In the above statement, we do not specify an initial distribution.

2. Do we maintain the statement that the passage times are independent if j is not recurrent?
For any statement of the kind, we must assign a value to Tf“ —T* when Tf = 00. Let us
define a family of identically distributed independent random variables § : X — NU{+o0}
with P(§ = m) = P;(Tj = m). Set n1 =T}, and for k > 1,

J

Tt T, if T < o0,
Mhet1 = Ekr1, otherwise.

Claim: {7} are independent random variables. Indeed, let G = Frix Vo{&2, ..., &} Let
J
k> 2,

P(mx = m|Ge) = P(T™! — T) = m, Tf < colGr) +P(rs1 = m, Tf = co|Gr)
= Lk ool (T = m) + P(&1 = m|Gi) 1k oo
= Lk ool (T = m) + B (T = m)1pk_o = By(T; = m).

We used that 741 is independent of Gi. Since P(ny = m|Gy) is a constant, we conclude
that 7 is independent of Gy.

Note that 77 = S p_ (TF — TF') and {T]' < oo} = Mp_o{TF — T/~' < oo}. This motivates
the following useful lemma.

Lemma 7.3.4 For any two states t, 7, any natural number k > 1,
Pi(TFH < o00) = Pi(T; < o0) - P{(T < o0). (7.5)
In particular, for any j € X, and k=2, ...,

k
Pi(T} < o0) = (Pj(T < 00))". (7.6)
Proof. Let @ : X*° — R be the function defined below:

®((an)) =

1, if an, =34,...an, =j forsome 1 <ny <ng <--- < ny,
0, if otherwise.

Thus, ® = 14 where A contains sequences that visits j at least k-times at some finite time
n > 1.
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Then, on {T; < oo}, Tf“(w) < oo if and only if

® <9zj.(w)> =1.

We apply the strong Markov property (Theorem for stoping times that are not necessarily
finite) to obtain:

E(I{Tjk+1<oo}1{Tj<oo}\.7:Tj> = E(@(Gzj.)I{Tj@O}]ij)
= 1y <00} Bar, (9(2)) = 17 co0) P (T} < 00).
Since w7, = j, we take the expectation (conditional on xg = j) on both sides to obtain that:
Pi(T} < 00) = Py(Tj < 00)P(T} < 00).

(Owning to the tower property, the left hand side becomes E(I{Tj(g+1<oo}1{Tj<oo}|iL‘0 = j).
The second indicator function can be removed as it poses no restriction: 1 {ri+ cooy 1Ty <o0} =
1{T]’.“+1<oo}') We use the fact that z7, = j. The expression E;(®(z.)) is the same E;[®] the
latter means integration of ® with respect to the probability measure of the chain with initial
distribution P, the first is integration on the probability space of the random variable ® o z.
and xg = j. One can now take the expectation (conditional in 2y = j) on both sides to obtain
that:
(T < o0) = Pi(T < o00) Py (T} < o0).

The right hand side is obvious, since IE”J-(TJ’»IC < o0) is non-random. On the left hand side,

1{T;C+l<oo}1{Tj<OO} = 1{Tf+1<oo}’ and
E(Ei(l{Tf“@o}‘ij)) = Ei(l{Tf“@o}) = IP’Z‘(TfH < 00).
Take ¢ = j, we see that

Pj(T} ! < 00) = P(T; < 00)Pj(T} < o0).

Inducting on k, we see that IP’j(T;CJrl < o0) = Pj(Tj < co)*+1. O

Example 7.3.1 This example is not given in the lectures. Let us look at a Markov model.
Suppose that customers arrive independently. We represent their arrival as 1 and their departure
as 0, and denote it by X,. Assume X,, are i.i.d. Bernoulli random variable on {0,1} with
P(X; =1) = p. Then (X,,) is a Markov process with P(X,, = 1|X,,_1 = j) = p fro any j € {0,1}.
Let T be a stopping time, e.g. the first arrival time of somebody with surname started from A.
Then X117, Xot71,... is also a Markov process with the same transition probability.

Let S, denote the number of arrivals, then
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then .S,, is binomial distributed:

n _
P(S, = k) = <k>p'“(1 -p)"
Let T be the first arrival time, i.e. the first time S,, = 1. Then T is geometrically distributed:

P(T=k)=P(Xo=0,...,X_1 =0,Xp = 1) = (1 —p)*p.

E[T] = ]%. Since S, is Markov, fixing m, the first time after m a customer arrives is also

geometrically distributed. Let S7 denote the first time there is an arrival from X, 41, Ximt2, .- .-
Then

P(Sl —m = k‘) = P(T = k‘)
This is a special case of what we have learnt of the independent properties of the inter-arrival
times T;. Then the averaged arrival time for the k-th event is E[T} + --- 4+ T¢] = %.

Elaborating further from this we can even consider a queuing system with maximal size of
customers X = {0,1,...,N}. Let x, denote the number of customers at time n. Customers
arrive independently and with identically distributed Bernoulli distribution and leaves indepen-
dently with identical Bernoulli distributions, independent of each other. We assume that at any
time one customer arrives with rate p € (0,1) and one customer leaves at rate ¢ € (0,1). A
model for this is as follows: for k # 0, N, we count whether a customer arrived and whether a
customer departed:

p(1—q), if j=k+1
P(xn+1:j|xn:k): (1_p)(1_Q)+pQ7 if ]:k
(1-p). it j=k—1

At position 0, which means there is no customer at time n, then
P(xpy1 = 1z, =0) = p, P(xpy1 =0z, =0)=1—-p
At position N, it means the capacity is full, no new customer can arrive,
P(zp41 =N — 1|z, = N) =g, P(zp41 = N|z, =N)=1—gq.

Write for simplicity a = p(1 —q), b = (1 —p)(1 — q) + pgq, and ¢ = (¢(1 — p). Then, we can write
down this graphically as a stochastic matrix:

l1-p p 0O 0 0 ... 00 0
b a ¢c 0 0 ... 00O 0
0 b a ¢ 0 ... 00 0
0 0 0 O 0 b «a c
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7.4 Recurrence Criterion

Definition 7.4.1 Let n; = > 7, 14,,—j}, this is the occupation time of state j, i.e. the number
of times the chain visits j.

Theorem 7.4.2 (Recurrent-criterion) A state j is transient if and only if Y 7, Pl < oo.

Equivalently, a state j is recurrent if and only if > o0, Pl = oo.

Proof. For nj =Y | 1, —jy, we have E;[n;] = ¢, P%. Then, with Lemma we obtain

oo oo [e.e]
S OPL=Ejln]l =Y Pi(n; =n) =Y Pi(I] <o0)=>_ (P;(T; < o0))".
n=1 n=1 n=1 n=1
In conclusion, the geometric series is convergent if and only if P;(7T; < oo) < 1, ie. if and
only if j is transient. Hence j is transient if and only if Y 7, Pji < oo, while j is recurrent iff
> ey Py = o0 O

Example 7.4.1 (Simple Random Walk on Z )

Let S,, be the simple random walk with the transition probability P(z, = jlzp,—1 = i) = % if
j=ti+1lorj=j—1. Let ¢ beiid. such that P(( = +1) = 1/2, and let i a given state. Let
Sp =14 Y ;& Then in this case T; = inf{n > 0,5, = i} and P;(A) = P(A|zxo = ). To return
to i the walk must go up the same number fo steps as it goes down. Hence,

%) e’} 00 m 1 2n
Sr-S-5 )0
n=1 n=1 n=1

n!

(2)"72\/% = 1, we have

Owing to the Stirling formula: lim,

> 1 <1
;Pi(ﬂ—n)wﬁ;\/ﬁ—oo,

By the recurrence criterion, every state ¢ is recurrent, leading to the conclusion that the chain
is recurrent.

Corollary 7.4.3 Suppose j € [i], then j and i are either both recurrent or transient. So a state

being transient or recurrent is a class property.

Proof. Assume i is recurrent, which by Corollary meant that > -, Pk = 00. Since i and j
are accessible from each other, we may choose m1, ms so that P}? !'>0and P{? > 0. Note that

00 00 0
k mi pn pms __ pmi pma no__
E: ijZE:Pji Pz'iPij _Pji Pij E Py = oo.
k=mi1+mo+1 n=1 n=1

Using the recurrence criterion again, Corollary we see that ¢ is recurrent implies that also
7 is recurrent, and vice versa. 0



7.4. RECURRENCE CRITERION 76

Lemma 7.4.4 Let k€ X.

Then, either 3 02| Plt = oo for any i, j € [k] or 3572, Pt < oo for any i, j € [k]. In particular if
[k] has a finite number of elements and is a minimal class then > >0 | Pt = oo foranyi,j € X
and every element of [k| is recurrent.

Proof. Suppose Y | Pl! = oc and i, € [k]. If 7', j € [k], then there exist m1,m2 with P;i* > 0
and P;?? > 0. Then

o
Z P > Z Pl P Pm? = 00.
n=1
On the other hand, if |[k]] < co and 3772 | P/ < oo, then
oo
PIDINIED BT
n= 1]6 k] n=1

leading to a contradiction. O

Theorem 7.4.5 (Dichotomy statement) The following dichotomy hold

1. j is recurrent iff Pj(xy,, = j, infinitely often ) = 1.

2. j is transient iff Pj(x, = j, infinitely often ) = 0.

Proof. This is a matter of expressing x,, = j for an infinitely number of n’s with 7;.

{zn, =7, i.0.} = {n; = oo}.

We begin with the increasing sequence of events {n; > m} = {ij+1 < 00},

lim IP’( <m)—1— lim PP, (Tm+1<oo)—1— lim P; (T < )mH.

m—00 m—00 m—o0
Hence j is recurrent means precisely P; (77j < oo) = 0 in the last step. We have used Lemma
7.3.40 Likewise j is recurrent if and only if P; (77j < oo) =1 O

Lemma 7.4.6 Suppose X is finite. There always exist a recurrent state. Moreover, a state is
recurrent if and only if it is in a closed/minimal class.

Proof. By Lemma [7.4.4] elements of a closed communication class from a finite state space are
always recurrent. A minimal class always exists. Suppose [i] is not minimal, 35 € [i], k ¢ [i]
such that PJj > 0 fro some m. the path from j to k cannot return to [i] whence P;(T; < c0) <
1 — Pj;, < 1 concluding that j and any other element of [j] is transient. O
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Proposition 7.4.7 Suppose that i,j are two states such that j is accessible from i, but i not
accessible from j. Then i is transient. In particular, if [i] is not closed/minimal, it contains
only transient states.

Proof. Let m be the smallest number such that PZ? > (. By the Chapman-Kolmogorov equation,
there exist paths from i to j of length m. Such a path from i to j (it is of shortest length) does not
return to ¢ before time m. Since 7 is not accessible from j, such a path cannot return to ¢ either
after time m. If z is the chain starting from i, {x,, = j} = {&m = j,xm-1 & {i,4},..., 21 &
{i,j}) and

Pi(T; = 00) 2 Pi(zy = jy Tm—1 # Jy -, T1 # J) = P} >0,

So j is transient. 0

Definition 7.4.8 A recurrent state i is positive recurrent, if E;T; = E(T;|zo = 1) < oo.

The standard argument for the existence of a recurrent state in a finite state space (or in a
finite minimal class) is where does it go otherwise? The rigorous proof goes like the following.
Let [i] be a minimal class. If ¢ is transient, every state in [i] is transient by Corollary and
P;(z,, = i, finitely often ) = 1. Then there exists M such that

1
Ay = {w: zp(w) =14, at most M times }, Pi(Ap) > 7

If w € Ay, the chain progresses to the next state j in [i] and never returns. The same argument
applies to j for the set of w € Ajps. Then in finite time, with positive probability the chain never
returns to any element of [i], but this contradicts that [i] is closed (minimal).

Example 7.4.2 Let g, &, &1,&2,. .. be independent r.v.’s with &, taking values in {1,2,3,...},
and define x,+1 =z, + &, on X = Z. Then x, moves to the rights on Z, it cannot give charge
at 0 since it moves away at one step. Similarly it cannot charge any state i € Z. Note that (z,,)
is a transient walk.

Example 7.4.3 (Simple Random Walk on Z) Consider for example the simple random walk on
Z. This process is constructed by choosing a sequence {,,} of i.i.d. random variables taking the
values {£1} with equal probabilities. One then writes g = 0 and z,+1 = x,, +&,. A probability
measure 7 on Z is given by a sequence of positive numbers 7, such that Y > 7, = 1. The
invariance condition for 7 shows that one should have
S Tn41 + Tn—1 ’
2
for every n € Z. A moment of reflection shows that the only positive solution to with
the convention my = 1 is given by the constant solution m, = 1 for every n (exercise: prove it).

(7.7)

In fact, this is the only solution. Since there are infinitely many values of n, this can not be
normalised as to give a probability measure.
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Intuitively, this phenomenon can be understood by the fact that the random walk tends to make
larger and larger excursions away from the origin.

Lemma 7.4.9 Recall nj = > 7" | 1,,—; is the occupation time of the site j. Then,

B T<oo)
Z P;(Tj < 00)

Proof.
ZP;;% = Ei(n;) = ZR‘(W;‘ > k)= ZIE”i(T]’C < 00
n=1 k=1 k=1
= Z]P%(Tj < oo)IPj(Tffl < o)

=D Bi(Tj < 00)(Py(T; < 00))*!

_ BT <o0)
- 1-Pi(T) < o0)

In line 2 and line 3 we have applied Lemma If Pj(T; < 00) = 1, then 332 | Pt =oc0. [

Theorem 7.4.10 If a state j is transient, then

o0
Z.PZZL<OO and lim P;=0, VYieX

n—oo Y
Proof. For any i € X, by Lemma
(T < 00)

Since Pj(Tj < 00) < 1 because j is transient, then ) 7, Pl; < oco. Hence limy, o0 P} = 0. O

Remark 7.4.11 We can give a more elementary proof the following fact, which might be more
illuminating: any invariant probability measure assigns zero probability to a transient state.
Proof. Suppose 7 is an invariant probability measure. Suppose that iy is transient and with
7(ip) > 0. Owning to Y 72, m(k) = 1, there exists Ny such that

[e.9]

S wk) < %w(io).

k=Nop
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Since lim,,_ P =0, V4 (by Theorem [7.4.10f), there exists N such that for n > N, P! <

. Jio
3 (ig) for any j < Np. But by invariance (ig) = mP"(ip), so if we take n > N,

No—1

[ee]
()P, + > w(i) PR,

Jj=No

(o) =

jivg

g

-1

x(j) + g (io)
).

(]

<.
N
-

< (2

(=]

=

This is a contradiction. So 7 is not an invariant probability measure. O

Note. If |X| < oo, m(io) = 31X 7(j) P, < maxjex Pl — 0.

Jio

Theorem 7.4.12 If 7 is an invariant probability measure and if w(j) > 0 then j is recurrent.

Proof. We have m = wP" for any n > 1. Hence for any j € X we have

n(j) = _ =P}, (7.8)

lex

Summing the RHS of (7.8]) over n, and using Lemma [7.4.9

. n __ - mn P(CT]<OO)_]P)7T(CT]<OO)
2> TORG =3 w0 P = W = = BT = o)

n=1leX lex n=1 lex

If 7(j) > 0, then
> w(j) = 00 = P;(T; = 00) =0,
n=1

hence j is recurrent. O
Corollary 7.4.13 A transient Markov chain has no invariant probability measure.

Example 7.4.4 Suppose Pjj = v; for j =i +1,...,i+mn, and >, v = 1, over state space
X ={1,2,3,...}. Then the associated Markov chain has no invariant probability measure.

Example 7.4.5 We can make even simpler examples. Let g =0, 11 = @y + €11, Where &,
are uniform distributed random variables with values in {1,2,3,4,...}. Then x, moves to the
right on the integer lattice, and cannot have any invariant measure (It cannot give charge at 0,
for it moves away in one step. Similarly it cannot charge any state.
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Example 7.4.6 Let us consider

()

1 1
2 03
0 0 1

Then states {1} and {2} are transient states, while state {3} is a recurrent state. An invariant
measure g on X = {1,2,3} is always finite. We require u(1) = p(2) = 0, and we can take
1= (0,0,1) to have total mass 1. Then p is an invariant (probability) measure for P.

7.5 Irreducibility and reduced Markov Chains

Let us begin with an example.

Example 7.5.1 (Restricted Chains)
Let us consider

x % ok k%
X % ok k%
P=|x*x % % x x|,
12
000§§
000 35 3

then [4] = {4,5} is a closed communication class. If the chain starts from {4,5}, it stays there.
Hence the chain restricts to a chain on {4,5} with

N[ oI
\/

Example 7.5.2 Let us consider

O NN
O NN

then the communication classes are {1,2} and {3} respectively. We note that (1/2,1/2) is an

1 1
invariant measure for | 2 2 |. Hence
2 2
11
=(=,=,0 =(0,0,1
™ (272) )7 T2 (7 ) )7

are invariant measures for the Markov chain associated to P. Then, with a € [0, 1], we have a
family am + (1 — a)my of invariant measures for P.

Definition 7.5.1
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e A recurrent state ¢ is positive recurrent, if E;T; = E(T;|zg = 1) < oo.
i.e. The return time to 7 has first moment.

e A recurrent state with E;T; = oo is called null-recurrent.

Positive recurrence and null recurrence are class properties.

Example 7.5.3 Let z,, = z,—1 + Y, where Y; are i.i.d.’s with values in {1, —1}. Let p € (0,1)
soP(Y =1) =pand

Plxy=i+1llzg=1)=p, Pr1=i—1zg=14)=1—0p.

If p= %, the chain is recurrent, c.f. Example not positive recurrent. If p £ %, the chain
is transient.

To check whether a state 7 is recurrent, by Corollary we only need to verify that
> ey Pl = 00, But
S ri-3rt =y (U )t
n=1 k=1 k=1

If 4p(1 — p) < 1 we can apply ratio test to see this is convergent. If 4p(1 — p) = 1, this is so
precisely when p = % the is infinite , this can be proved with the help of sterling’s formula:

k! ~ 2rk(k/e)*, then <2kk>pk(1 —p)F ~ 1k (4pq)F = ﬁ, thus every state is recurrent for

S

p=73

Since it is doubly stochastic, (i) = 1 defines an invariant measure. The uniform measure on
Z is an invariant measure, not finite. Since recurrent irreducible chain has at most one invariant
measure, Theorem below, it does not have an invariant probability measure.
=
satisfies the equation: . P;;/u(j) = pu(i), which means p(i — 1)p + pu(i +1)(1 — p) = p(é).

If p # 1, there exists another invariant measure: v(i) = ( One can verify that it

Example 7.5.4 The nearest neighbour random walk on Z¢, which has probability ﬁ to jump
to one of its 2d nearest neighbour, is transient for every d # 1, 2. It is null recurrent for d = 1, 2.

7.6 Construction of invariant measure from recurrent state

Let (z,) be a time homogeneous Markov chain with transition probabilities P. Let i be a
recurrent state. For any j € X, define

71
w(j) = E; (Z 1{xn:j}>- (7.9)

n=0
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This is the expected number of visits to j during an excursion from . Note that p(i) = 1. Since
P; (Tz < OO) =1,

n(j) = E; <Z 1{n<Ti}1{zn:j}> => Pi(xn =4,T, > n). (7.10)

n=0 n=0

Theorem 7.6.1 (Existence of invariant measure) Let i be a recurrent state. Then u given
below, defines an invariant measure.

p() = Pi(wn = j, T > n)
n=0

Proof. We need to show uP = pu.
Case j # i. First we consider j # 1, in this case u(j) = > oo Pi(zy, = 4,T; > n). Then,

o0
u() =D Y Billi > nan = jen1 = kT >n - 1)
keX n=1

D
= ZZP(TZ >n, oy =Jlon—1=kT; >n—1D)Pi(xp_1 =kT; >n—1)
keX n=1

(o]
= Z ZIP’(:Cn =jlan-1 =k, T; >n—1)Pi(xp_1 =k, T; >n—1)
keX n=1

= Z Prjp(k) = (uP)(j).
keXx

Where in the last line we used that {7; > n — 1} € F,,—1 and the definition of u(k).
Case j = i. It now remains to show that (uP)(i) = u(i), where

(uP) (i) =D > Pi(T; > n,2n = k) Pr.

keX n=0
On the other hand, we have

Pi(T;=n+1)= ZR(TZ >N, Tpgl =1, Ty = k)

ki

= Z]P’i(a;nﬂ =ilx, =k, T; > n)Pi(T; > n,z, =k)
ki

=Y PuPiT, >,y =k) = > Pi(T; > n,z, = k) Py
ki kex

Hence
(uP) (i) =Y Pi(Ti =n+1) = Py(T; < 00) = 1 = p(i).
n=0

Puttign the two cases together, we showed puP = pu. O
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Corollary 7.6.2 The invariant measure constructed in Theorem has finite mass if the
state © is positive recurrent.

Proof. By ([7.10), we note that

ST () = ST > ) = BT (7.11)
JjeX n=0

is finite, if ¢ is positive recurrent. O

Lemma 7.6.3 Let i be a recurrent state and p the invariant measure defined at (7.9) Let v be
any other invariant measure, then

(k) > v(i) pi(k), VkeAX. (7.12)

Proof. Note that (i) = 1 and equality holds for k = i. Let L™ be the last visit to i before n,
then we can decompose

n—1
0= U {L"™ =m} U Ay, Ap = {no visits before n}.
m=0
Then
n—1
Pj(n =k) > > Pj(wn =k, L" =m),
m=0
so that, for k # i,
n—1
P;’i; > Z ]P)j(xn = kvxn—l 7& 17 y Tm+1 7& Z'7‘7:‘Tn = Z)
m=0
n—1
= Z P(zy =k, 2n-1 # 1,.. ., Zmi1 # ilzm = )P}
m=0
n—1
= Z Pi(zy—m = k,T; >n —m)Pj.
m=0
Hence,
n—1
v(k) = WP")(k) = > v(4) Y Piln-m =k T >n—m)Pj}
jeX m=0

Pi(2n-m =k, T, >n—m) > _ v(j)Py
m=0 jeX
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n—1
= Z Pi(xn—m =k, T; >n —m)v(i), Vn.
m=0

Where in the last line we used invariance of v. Noting

0 n—1 n
pk) =Y Pilwr=kT >0, D Pla=kTi>1)=Y Pi(xam=kTi>n—m),
=1 m=0 =1
we conclude
(k)

and the proof. 0

Theorem 7.6.4 (Uniquness of invariant measure) If the chain is irreducible and recur-
rent, then the invariant measure is unique up to a multiplication constant.

Proof. Let v be any invariant measure and let ¢ be any recurrent state. Let us consider p defined

as in (7.9). Since u(i) =1,

>0
0 = v(i) — v(i)u(i) = vP" (i) — (i) pP" () = 3 (k) — v(i)(h)) P
kex
Lemma [7.6.3| implies that
(v(k) —v(@)u(k)) Bl Y n,k.
For any k, i, there exists n such that P/, # 0, then we must have
v(k) =v(i)u(k), vk,
concluding the proof. O

Theorem 7.6.5 (Invariant probability measure and positive recurrent) Let (z,,) be an
irreducible THMC.

1. If the tHMC has an invariant probability measure 7, then E;T; < oo for alli (i.e. all states

are positive recurrent) and
1

(i) = BT

(>0).

2. If there exists a positive recurrent state, the THMC has a unique invariant probability
measure and every state is positive recurrent.
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Proof. (1) Suppose 7 is an invariant probability measure, then there exists ¢ with (i) > 0,
this site 4 is recurrent by Theorem [7.4.12] By irreducibility, every site is recurrent. For a
distinguished i, we define a measure u as below

p(j) =Y Pi(zn = j,T; > n)

n=0

This is the construction in Theorem by which we know that p is an invariant measure.
Then summing over j, we have

STu) =" Plan=4,T>n) =Y Pi(T; >n) = BT
n=0

jex j=1n=0

On the other hand, the invariant measure pu is finite by uniqueness (due to Theorem [7.6.4)),
concluding E;T; < oco. Since pu(i) =1,

) 1
(i) = o 1
This procedure can be applied to any ¢ € X, concluding that every state ¢ is positive recurrent.
This procedure can be applied to every state concluding the first part of the theorem.

(2) We assume that i is a positive recurrent state, then p constructed in Theorem is
a finite measure (see also Corollary [7.6.2]). By the previous argument, every state is positive
recurrent.

7.7 The long run probabilities

As usual, let x,, be a THMC with transition probabilities, usually denoted by P, on a countable
state space X. On a finite state space, we can compute P", in principle. In practice this is
horrendous when the size of the state is not so small. We have seen that if lim,, PZTJL exists
for any j, then v(j) = lim, o P} defines an invariant measure.

Exercise 7.7.1 If P}, — 7(j)as n — oo for every i and i (the rate the Markov chain goes to
state 7 from any other state is 7(j)), show that 7 is an invariant probability measure.

Does the converse holds? We are now familiar with invariant measures, could we use this to our
advantages? The answer is yes, if the chain satisfies aset of suitable conditions.
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Firstly, if it has two distinct invariant probability measures, lim,,_, P} could not agree with
both sets of values. We will need to restrict to irreducible Markov chains. For the existence of
a probability measure 7, positive recurrence is called for.

]
We also showed that, if 7 is an invariant probability measure, then 7 (j) = 0 for a transient state

In Theorem [7.4.10, we showed that if j is a transient state, then lim,, ., P"* = 0 for any 1.

js and in this case lim, o Pj; = 7(j) for any i.

How about the recurrent states?

Example 7.7.1 Let P = g) (1) . Since P?® = Id and P?>"*! = P, the two states are both

recurrent. But, P =1, P121”+1 = 0, we have an alternating series, lim,,_,~, P/} does not exist.
. o . 01 . . .
The chain with transition matrix P = 10 of above, is an example of a periodic chain.
To obtain a reasonable limit theorem, we exclude also periodic chains.

The main theorem is then Theorem which states that under the conditions we stated,
Pl — m(j) for every j,i. In fact we will show the probability measure uP", where y is the

initial distribution, converges to m in total variation.

7.7.1 Return Times and Aperiodicity

For every state i, we define the set R(i) of return times to i to be:
R(i)={n>0| P} >0}.

Note that n € R(i) if and only if there exists a path i — 4 (of positive probability) of length
n. If n,m € R(i), then n +m € R(i) which follows from the Chapmann-Kolmogorov equations:
PIt™ =N o PRPM > PRP™ > 0. If R(i) # ¢, then it is of infinite size, i.e. |R(i)| = oc.

Definition 7.7.1 The period of the state ¢ is then defined by

~ ) ged R(i), if R(1) # ¢;
d(e) = { o0, if R(i) = 6.

( R(i) = ¢ can only happen if and only if [i] contains a single state from which the chain leaves
straightaway and never returns, i.e. [i] = {i} and P;; =0.)

Note. The period d(i) may not belong to R(7). It does not even necessarily mean that the
chain will necessarily be able to return at time d(i). See example of incidence graph below
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—(G)—

We have R(i) = {4n,6m,4n + 6m,...,:
n,m > 1} and d(i) = 2. However the chain
does not return at time 2 = d(1).

Definition 7.7.2 If d(i) = 1, we say that state i is aperiodic.
If d(i) > 1, we say that state i is periodic.

Note. If P; > 0, then 1 € R(i), so that i is aperiodic.
Proposition 7.7.3 Ifi and j are any two states with i ~ j, then d(i) = d(j) < oco.

Proof. Since ¢ and j communicate with each other, there exist n and m such that Pj; > 0 and
Pj > 0. This implies that n +m € R(i) N R(j), so that both d(i) and d(j) divide n + m, and

prm > PLPR > 0. If k € R(i) then k +n +m € R(j), as
+m+k k
pITTTE > PRPEP > 0.

g

Then d(j) divides n +m and k + n + m, which implies that d(j)|k, for any k € R(7). Hence
d(j) < d(9).

The same is true with ¢ and j exchanged, i.e. d(i) < d(j), so that one must have d(i) = d(j).
(I

Definition 7.7.4 A THMC (or stochastic matrix P) is aperiodic if d(i) =1 for all i € X.
A THMC (or stochastic matrix P) is periodic of period d > 1 if for any i € X, d(i) = d.

As a consequence of Proposition [7.7.3] any two states in the same communication class have
the same period and we can conclude the following.

Corollary 7.7.5 An irreducible chain is either periodic or aperiodic.

Example 7.7.2 Consider a Markov chain on the the states marked below

@ ()
() (7s)
S Q
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The chain (with 1 = R1,6 = R2,7 = R3,8 = R4) is aperiodic with decomposition {3n,5n}.

Example 7.7.3 The chain with incidence graph below is periodic with period d = 3.

(LG

7.7.2 Ergodic Theorem

Theorem 7.7.6 Assume P be irreducible, aperiodic and positive recurrent. Let w denote its
unique invariant probability measure. Then

11113;02 P} —n(j)| =0, Viex.
JjEX

Proof. Let (zp,n > 0) and (z,,n > 0) be independent time homogeneous Markov processes
on X = N, with transition probabilities P and with initial distribution z¢ ~ p and z{, ~ v
respectively.

Claim 1. The stochastic process 2, := (2, 2},) is a THMC on X? with transition probabil-
ities () and initial distribution p ® v, where

QG = PiPry, Vi, i35, € X.
Let
pa— 1 p— I
T'= inf{en =}

be the coalescing time of the stochastic processes x, and z/,. This is the first time that z,
reaches the diagonal set A = {(7,i) : i € X'}.

Claim 2. We have P(T' < c0) = 1.

Claim 3. ",y [P(z, = j) — P(a7, = j)| < 2P(T > n).

By Claim 2, P(T" > n) — 0 as n — oco. Pick initial condition ¢; to finish the proof:



7.7. THE LONG RUN PROBABILITIES 89

We now go ahead to prove the claims employed in Theorem Claim 3 is proved in
Lemmal7.7.9] Claim 1 is Lemma[7.7.10]and Claim 2 is deduced through Lemma [7.7.11}{7.7.21] in
Lemma [7.7.12)

Definition 7.7.7 By a coupling of two random variables X and Y with state space X we mean
a random variable Z = (X', Y”’) with state space X2 such that

L(X)=L(X") and L(Y)= LY.

(So L(Z) is a coupling of L(X) and L(Y) )

Of course we can speak of a coupling of two stochastic processes.

Set-up for next lemmas. Let (z,,n > 0) and (z],,n > 0) be independent time homoge-
neous Markov processes on X = N, with transition probabilities P and with respectively initial
distributions p and v. The process z, = (zy, ) is known as “Doeblin coupling”.

Lemma 7.7.8 (Coupling lemma )

Let zp, = (xp, !

1) be the Doeblin coupling. Let T = inf,>o{z, = x|} be the coalescing time of

the Markov processes x,, and x),. Define

T, n<T,
Yn = ,
T n>1T.

n’

Then (yn) is a Markov process with initial distributions p = L(xo) and transition probabilities P.

Proof. Let Fp, = o (2, k <n)Vo(z), k <n). Let f € By(X), then we have

Elf (Yn+1)1Fn] = E[f (Yn+1) Lyr<n} | Fal + Bl (Ynt1) {750y [ Fo]
= Lir<n E[f (241) | Fn] + E[f (2n41) | Fn] Lrony
= Lir<myPf(27,) + Lirsny Pf(20)
= 1{T§n}Pf(yn) + 1{T>n}Pf(yn)

= Pf(yn).
In the second line we used the fact that 7> n implies T > n+1 (and on T = n+ 1 x,41 =
T, 1 = Ynt1). We also used a consequence of Exercise (see below). O

Exercise 7.7.2 Let {G,} and {G/,} be independent o-algebras. Suppose that if (x,,) is a THMC
w.r.t. G,, i.e.

E[f(zn+1)|Gn] = Pf(zn), ae. Vf € By(X),Vn > 0.
Then (z,,) is a THMC w.r.t. G, V G, i.e.

E[f(zn41)|Gn V G| = Pf(xy,), a.e.
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Lemma 7.7.9 (Coupling inequality)
Let z, = (xp,x),) be the Doeblin coupling. The following inequality (Claim 3) holds

D |P(wn = §) = P(ay, = j)| < 2P(T > n).

jeEX
Proof. Let j € X,

[P(en = §) — B(&!, = )] = [Blyn = ) — P}, = )| (by Lemma [778)
= |P(yn = j) = P(z}, = j,n < T) — Plyn = j,n > T)|
:‘P(yn:]7n<T) ( n:]7n<T)"

Hence
Z‘Pwn—j Z]P’yn—j,n<T +Z]P’ n=7n<T)
JEX JjEX JEX
< 2P(T > n).
We proved the required inequality. O

Lemma 7.7.10 (The Doeblin coupling)
The Doeblin coupling z, = (xn,z)) is a THMC on X? with transition probabilities Q and initial
distribution p @ v, where

QG = PigPry,  Vi,7, 5,5 € X.

Proof. By the independence of x¢ and z(, L(x¢,x) = p ® v. Similarly, for any j, ;' € X and n,

P<2n+1 = (],j/)’f ) = P(xn-i-l =7J, x;erl = ]/’—Fn) = ]P)<xn+1 = j’wn) : ]P)(x;1+1 = ]/’xiz)
—PanP i _an 4,3

Recall that Py, j is P.j = P(-,{j}) composed with x,, and the others are defined similarly. This
proves that P(z,+1 = (J,5")|Fn) = P(zn+1 = (4,7')|zn) and that (z,) is a THMC with transition
probability Q. O

Exercise 7.7.3 Check that
P(xni1 = Js Tpy1 = J'[Fn) = P(Tns1 = jlon) - Py, = 5']a5,).

Lemma 7.7.11 If P is irreducible, aperiodic, and positive recurrent, then Q is irreducible and
positive recurrent.
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Proof. Firstly, m ® 7 is an invariant probability measure for Q. If @ is irreducible, then @Q is
positive recurrent.
Fact (please verify it):
n _ pnpn
Q(i,i’),(j,j') = ‘Pij‘Pz"j’7 Vn > 1.

We know there exists n,n’ such that Pl >0 and PZ,"”J,-, > (. The question is whether we can find
a number n such that both simultaneously positive.

Owning to Lemma [7.7.21] (see below), for any i € X’ there exists an N such that P} > 0 for

any n > N. By the irreducibility of P, for any ¢, j, there exists m with Pj;" > 0. Then for any
n> N,
PZ*’” > PP >0, Vn > N.

Hence for any ¢,j, Pj; > 0 for every n sufficiently large. By symmetry, P} > 0 for all n
sufficiently large.
To summarise, for any two pairs (i, 5), (¢, j'), we can find a common n with

_PZ]'t > 0, P,Z;le > 0 :> Q?‘l‘,i’),(j,j,) > 0,
proving that @ is irreducible. O

Lemma 7.7.12 (Successful coupling)
Let P be irreducible, aperiodic, and positive recurrent. Then,

P(T < o0) = 1.

Proof. Recall coalescing time T' = inf,>o{z,, = z],}. Let
Ty = inf{n > 1: 2z, = (2, 2),) = (,7)},
then T' < T}; ;1. Since Q is irreducible and recurrent, by Lemma
P. (T <o) =1, Vze X2

Hence

This shows that the Doeblin coupling is successful. O

7.7.3 The total variation distance

Definition 7.7.13 The total variation distance between two probability measures p and v (in
any measurable space) is

| —v|rv =2 sup |u(A) —v(A)],
ACX

where the supremum runs over all measurable subsets of X.
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Remark 7.7.14 This is equivalent to
ln=vliry = sup || f@tdn) = [ g viao)|. (713)
X

feBL(X)
[1flloo=1

where the maximum is run over bounded measurable functions.

It is clear that || — v|7v = 0 if and only if © = v. Furthermore, the total variation distance

between any two probability measures is smaller or equal to two: ||ju — v|ry < 2. If g and v

are singular, there exists a measurable subset & such that p(Xp) = 1 and v(Xp) = 0. Then

|l — vy > 2[|u(Xo) — v(Xp)|| = 2 and so || — v||7y = 2. One sees that p and v are singular

if and only if their total variation distance is the maximum value 2, c.f. Lemma

Lemma 7.7.15 If u,v are probability measures on a discrete space X, then

ln = vllry =Y |u(i) = v(@)] = lln — vl

i€X
Also, |lp = v|rv =2 Z{i:p(i)Zl/(i)}(M(i) —v(i)).
Proof. Let B = {i: u(i) > v(i)}. Then

Do lul)) =@ = Y (u(@) —v(@) + Y (i) — uli)

icX {ieB} {ieBc}

= u(B) = v(B) +v(B°) — u(B) = 2(u(B) = v(B)) < [[p = vizrv.

Since u(B) — v(B) = v(B¢) — u(B°),

{izp(i)zv (i)} {i:u(i)<v(i)} ieX
For any A C X,
[1(A) = v(A)] = [u(AN B) —v(AN B) = (v(AN BY) — (AN BY))|
<max (Ju(ANB) —v(AN B)|,|u(AN B°) —v(AN B°)|)
< max (|u(B) — v(B)], |u(B°) — v(B)])

=|u(B)—v(B)= > (i) —v(i),
{isn(D)=v()}

Hence, ||t — v|rv <D ;cx |1(i) — v(i)|. This completes the proof.

Exercise 7.7.4 Let du = fdz and dv = gdz on R%. Show that

= vlir = [ 1f@) = g(a)l o
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Definition 7.7.16 We say that a sequence {u,} converges in total variation to a limit p if
Jim lpn — pllrv =0

Example 7.7.4 Let u, = 61 on R. Then u,, — dy weakly, but not in the total variation norm.

n

In fact the distance ||u, — dol|7v = 2.

Even though it may look at first sight as if convergence in total variation was equivalent to strong
convergence, by strong convergence we mean lim,,_, tn(A) = pu(A) for every measurable set A,
this is not true as can be seen in Example below.

Example 7.7.5 Let € be the unit interval and define the probability measures
pin(dz) = (1 + sin(2mna)) dz .

Then, u, converges to the Lebesgue measure weakly and strongly, but not in total variation.
(This resut is also called Riemann’s lemma and is well-known in Fourier analysis.)

Example 7.7.6 The sequence N (1/n,1) of normal measures with mean 1/n and variance one
converges to A(0,1) in total variation (and therefore also weakly and strongly).

1—
Example 7.7.7 Let X = {1,2} and let P = ( Ba ) Cjﬁ). Then 7 = (C%B Cﬁﬁ) Let

1o = (1 0). Then pg — 7 = ﬁ(l —1) and ||po — 7|7y = ;—fﬁ Now for e+ 8 # 1, (what
happens if a + 8 = 17)

« Py P
HOPH_W:<MO_7T)P7L: (1 _1) 11 12
a+f Py P

_ Of‘Tﬂ(Pﬁ -p(1 1)

Note P, — P}l =(1—a—pB)". Soifa+ 5 <1,

[P — x|l = (1 — = B)"|wo — w2y — 0.

7.7.4 Convergence Theorem in Total Variation

In sight of the definition of the total variation distance between probability measure, we can see
Y IR =) = 1P ) = 7l
JjEX

If xg ~ p, recall that P(z, = j) = uP"(j) = > ,cx (i) Pj;, and we can reformulate Theorem

ijo
as follows, proving it for X = N.
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Theorem 7.7.17 If x,, is an irreducible, aperiodic and positive recurrent THMC with xg ~ u,
then
|uP" —7||rv = 0, asn— oc. (7.14)

Proof. We have shown in Theorem [7.7.6] that

lim [|[P"(i,-) —7|lTv =0, VieX. (7.15)
n—oo
This is (7.14) in the case u = ¢;, the next lemma shows that ([7.15]) implies (7.14). 0

Lemma 7.7.18 Let p be any distribution, then (7.15)) implies

lim H,uP” - 7THTV =0. (716)
n—r00

Proof. Let us first note that

[e.e]

P =wllrv =D 1> ul@) Py — () u(@)Pf = uli)m(j)
i=1 1 i=1

j=1li= i=

(o]
=1

Given any € > 0, we can choose N such that 72\, pu(i) < §, so that
Z Z\P”—w \< - (7.17)
i=N+1 j=1

Since > 322, [P — w(j)| < X272 1 i + > 721 m(j) = 2. On the other hand, we may choose M
such that for all i <N, 3772, [Pf} — 7(j)| < § for any n > M. Hence

N
ZZM )P = ()] < Yo7 < . (7.18)

Jj=11i=1 i=1

Then ([7.17) and (7.18]) combined give us ([7.16]).

7.7.5 Periodic Chains, Cycles

A set S C N is said to have the additive property if n,m € S implies that n + m € S. The
following result is well-known in number theory (the Chinese remainder theorem):

Lemma 7.7.19 (A number theory lemma) Let S C N with the additive property, and not
empty. Let d = gcd(S). There exists K > 0 such that kd € S for every k > K.
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Proof. By dividing everything by d, we can assume without loss that d = 1. Since ged S = 1,
there exists a finite collection di,...,d, in S such that ged{ds,...,d,} = 1. The Euclidean
algorithm implies that there exist integers ay, ..., a, such that Y 1" ; a;d; = 1. Set M = >, d;.
Then, for k=1,..., M, one has

n

i=1
Since k < M, we can choose Ny such that Ny + ka; > 0 ( No = M max{]ai],...,|an|}). By
additive property of S, this implies that NM + k € S for every k € {0,..., M} and every
N > Ny. Therefore, the claim holds with K = NgM. O

An irreducible TH Markov chain decomposes into disjoint union of cycles. A characterisation
of periodic chains is the following.

Lemma 7.7.20 The period of an irreducible stochastic matriz P is the largest value d > 1 such
that it is possible to write X as a disjoint union of non-empty sets AgU ...l Agq_1 in such a way
that if i € Ay, and P;; > 0, then j € App1. We have identified A, rq with A,,.

Proof. Assume that P has period d. We begin with the element 1 (the choice of the index 1 is
arbitrary), the cycle contains 1 is:

Ay = {j:Plkjd > 0 for some k € N},
Similarly for n =1,...,d — 1, we define A, by
Ap={j|3m=0(PE*" >0 for some k € N} . (7.19)

Claim. {4, } are disjoiunt and X = Ug;}Ak.

Since P is assumed to be irreducible, for any j, there exists n such that Pf; > 0, hence
the union of the A, is all of X. Furthermore, they are disjoint. Otherwise, one could find
j such that it belongs to A,, N A,,. So Plnjﬁkld > 0 and Plnjﬁbd > 0 with k1,ky € N,
ni,ng € {0,1,...,d — 1}. Since P is irreducible, there exists furthermore ¢ such that PJ‘-I1 > 0,
so that ny + kid + ¢ € R(1) and ny + kad 4+ ¢ € R(1). Thus d can divide ny — ny which is only
possible when ny = ny. The fact that these sets have the required property is then immediate.

If such a decomposition exists for p > 1, then if ¢ € A,,, a chain starts from i cannot return to
A, in less than p-steps. Since the chain is irreducible, it must has positive probability to return
to it, so p is a divisor of d and the largest d with this decomposition is the period of the chain.
Note that for this d, P% must be reducible. O

We finally come back to prove the lemma using a well known result in number theory.
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Lemma 7.7.21 Suppose i is aperiodic and recurrent, then AN such that Pj; > 0 for every
n > N.

Proof. Since i is recurrent we have > >, P!» = co and R(i) # ¢. . By the Chinese remainder

theorem, see Lemma [7.7.19| below, 3N such that any n > N belongs to R(7). O

The example given in is aperiodic. However the ex-
ample shown in Figure is periodic with period 3. In this par-
ticular case, one can take Ay = {2}, 41 = {1,3}, and Ay = {4}.
Note that this choice is unique (up to permutations of course).
Note also that even though P is irreducible, P? is not. This is
a general fact for periodic processes. Stochastic matrices such
that the corresponding incidence graph is given by Figure
are of the form

Figure 7.1: Periodic. P =

K O O O
S = O =

o O O
S O = O

for some ¢q € (0,1).

The period does not refer to the minimal time for the chain to return to a particular state,
it is the time for it to return to its own cycle.

Example 7.7.8 Simple Random Walk on Z. Recall Example The chain is periodic of
period 2, with state space decomposed as

Z = {2n} U {2n +1}.

If we let y,, = @2, (where 7, = 3% | €, with € be i.i.d. such that P(€ = +1) = 1/2). Then yj, is
a THMC on even integers {2n} with

P(y, = k:|.7:g:1) = P(xo, = k|xo, ..., Ton—2) = P(x2, = klxon_2) = Pz(yn_l, k).

Example 7.7.9 The chain with incidence graph below is periodic with period d = 3.
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Where 3 = R1,7 = R2,8 = R3. We can decompose state space into
Ao ={1,4,R2="7}, A ={2,5,R3=28}, As=1{3,6}.

The process y,, = x3, is a Markov chain on each A; with restricted t.p. from P3.

The THMC on each cycle is irreducible. Suppose it has an invariant measure when restricted
to Ap, could we use it to construct an invariant measure for P?

7.7.6 Invariant measure for periodic chains

Let us recall the transformation 7' on measures, which in this setting is given by T'u := pP.

Proposition 7.7.22 Suppose that T"u = p for some fixed n. Let i = %2221 T*u. Then i is
an invariant measure for T.

Proof. Let A be a Borel measurable set. Then

n n—1 n
A 1 1 1, 1 1 A
Ta(A) = =3 T p(A) = = > T pu(A) + T p(A) = = > TEp(A) + —Tu(A) = j(A).
k=1 k=1 k=2

O

Remark 7.7.23 If we have a periodic chain with period d, then X = Ag U --- U Ay_1. If there
exits an invariant measure p for the chain on Ag, then i = é Zzzl wP*¥ is an invariant measure
for P.

Exercise 7.7.5 Let X = {1,...,N}. Let P be irreducible of period d. Show that, for n > 1,
the period g of P™ is given by ¢ = d/r, where r is the greatest common divider between d and n.

Define the partition {B;} of {1,..., N} given by B; =, 4;,,, (mod ) Where {A;} is the
partition associated to P by Lemma [7.7.20 Then the THMC with t.p. P" always jumps from
B; to B;11 in one step.

Examples: X = {1,...,6} and P;;;1) = 1. Then the period of P is 6. Note that the chain (y,)
with t.p. P3 has communication classes {1,4}, {2,5}, and {3,6}. Now r = 3, ¢ = 6/3 = 2,
B ={1,3,5} and By = {2,4,6}. Note that the chain y, always jumps from B; to Bs, and also
from Bs to Bj.

Exercise 7.7.6 Let X = {1,...,N}. Consider an irreducible stochastic matrix P and an
arbitrary partition {Bj}?;(l) of {1,..., N} suchthatifi € B,, and j € B, with m # n+1 (mod q),
then P;; = 0. Show that ¢ must be a divider of d and that the partition {B;} is the one associated
by Lemma to the matrix P44,



7.8. ERGODIC THEOREM: THE LAW OF LARGE NUMBERS 98

7.8 FErgodic Theorem: The law of Large Numbers

Let us first recall Kolmogorov’s strong law of large numbers.

Theorem (Strong Law of Large Numbers). Let (&,)n>1 be a family of real-valued inde-
pendent and identically distributed random variables. Suppose E|¢;| < oo and a = EE;, then

1 n
— g & —a a.e.
n

k=1

Its simplest extension to Markov processes states:

Theorem 7.8.1 Let x be an irreducible positive recurrent THMC on X = N. Let m denote its
tnvariant probability measure. Then for any f: X — R integrable,

1 n
lim — = d €.. 7.20
Jim = f () /Xf T, ae (7.20)
k=1
Remark 7.8.2 If f =1, for some state i € N, and p = L(x0), then (7.20) becomes

1 « :
=3 Li(wr) — 7 (i).

k=1
In the case the chain is aperiodic, we have already proven (Theorem [7.7.17) that P"u — m for
any probability measure y, in particular lim, o E,(1i(2y)) = limy, o0 Py (2n = i) = 7(i) and
therefore by the dominated convergence theorem

n n
lim B, (% S i) = nlggo(% S By = 7). (7.21)
k=1 k=1

Remark 7.8.3 It is often asked whether aperiodicity is needed in Theorem is needed.
It is not needed. The proof does not use aperiodicity. In fact, assuming that Theorem
holds for aperiodic irreducible positive recurrent chains, we now deduce it for periodic chains.
Indeed, suppose it is periodic of period d, we may take n = md terms where d is the period (if
n =md+ k, k < d one can take an an approximation). Then P? is aperiodic, irreducible and
positive recurrent on each cycle. In this n = md case,

% > flan) = > f(@kare)-

k=1 =0 k=1

d—1

QU=
3=

Let yg = Zpq . Then
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where po(x) is the invariant measure on the cycle containing x. Now yﬁ = Zkd4¢ is the chain
with initial condition z, on the ¢-th cycle,

md
> o) = [ F)dunta)

k=1

where 1 is the invariant measure of P in the ¢ the cycle. In fact
(1o P)P? = (poP*)P* = poP",

e = poP? where £ = 0,1,...,d — 1. Since p = ézg;é poP?, .c.f Theorem [7.7.22| this then
proves the statement of the law of large numbers.

Proof. Let i € X be a distinguished state, let T':= T; and T* the successive return times to i,
as in ([7.4)) in Section Then it can be shown that

Tk+1
Z flxy), k=1,2... are iid’s.
1=T*+1
Let f > 0. Note first that
Tt T
E| Y Lloo| =Ei|) 1m] = p(j) = = () E(T), (7.22)
I=Tk+1 =1

where p is the same as the one defined in ([7.9)) in Section Moreover, we used uniqueness (up
to multiplication constant) of Theorem and the fact that 3,y pu(j) = Ei(T), recalling

(7.11)). Given (7.22), we then deduce that
T2 T2 T2
E | > fla)| =B D> D fi)la=| =E|D_F0G) > lu=
I=T+1 I=T+1jex jeX I=T+1
= ¥ FGrBAT) = [ fdn BT) < .

jex

By Kolmogorov’s Strong LLN

Tn

1
fE f(xﬂ—)/ fdr-Ei(T)  a.s., (7.23)
n X
=0
and
Tl k41 _ pky _ ool 0y
nh—golo? _nh—{roloﬁ E (T %) =E;,(T" —-T") = E;(T), (7.24)

k=1
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where we used Lemma Now let us consider n(n) = n;(n) := > ;_; 1{z,—, then
T < g < T+

This means that for f > 0,

n Tn(n)

7n(n)
1)2& (1) @ (1 Z as. (7.25)

=0 =0

Since i is recurrent we have n(n) = > 3 1y, —;1 — 00 as n — oo (since state i is visited i.o.
almost surely, see Theorem [7.4.5)), and by (7.23)), both the left and the right hand term converge
to the same limit which leads to

nl;n;(}ﬂ fol /fdw E;(

Take f =1, we see
lim —— = E;(T). (7.26)

n=o0 1)(n)

Finally,
1L Con) 1 &
Ji 23 ften) = Jim TS ) | tar

This holds for any xg = ¢ and f > 0 (The statement holds for each initial point implies it
holds for every initial distribution. Take this to the canonical space, since P, = [ v Pedp. If
the limit holds almost surely under each P;, it holds almost surely under IP,. For the countable
state space, PP, is a convex combination of P,’s. In other words, P,(lim, o ®(z.) = a) =
Sy Pe(limy o0 ®(x.) = a)dp(z) = 0. In fact, P, = >, u(i)P;.) Apply this to f*, f~ > 0 for

general f = f* — f~ to conclude the proof. O
Remark 7.8.4 By (7.24), lim,_s0 2(’::;) = E;(T), together with (7.26)), we see in fact
T7(n)
lim =
n—oo n

Remark 7.8.5 (Average time spent) Take f =15 in (7.23), we have

n
Ti

=1

The ratio % is the average time spent at site j during one excursion.

Alternative Proof for Thm [7.8.1}
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Proof. ** Since any function on X can be written as a finite linear combination of functions
1; def 144, it suffices to consider Theorem [7.8.1f with f = 1;, so that (7.20) becomes:

Jim_ % S 1i(em) = (i), (7.28)

n=1
In order to get ((7.20]), we should get rid of the expectation on the left-hand side.

We take xg = i. Let Tj = O Since {TF*1 — TF k =0,1,2,...} are independent i.i.d.’s with
second moments (Lemma [7. and distributed as T, the first return time to ¢, we apply to it
the law of large numbers,

n

Tn : 1 k+1 k __1 1 0\\ __
Jim =t = g;rgon;(ﬂ — 1) = —(By(T} — T})) = ET, (7.29)

almost surely (so far, we have three notations : T =T; = T! and ET = E;T.)

Since T > n by definition, |7&| < 1. The above converges holds also in L; by the Lebesgue’s
dominated convergence theorem,

ET
lim E nT - 1‘ ~0. (7.30)

n—oo

Since zpn = i, the definition of the times T7" yields the relation

— = Z 1;(z1). (7.31)

Z k=0
We can rewrite this as
n 1 nET
% = BT > Li(zk) + Rn (7.32)
k=1

where the error term R,, — 0. Taking expectation of the right hand side of ([7.32)), taking n — oo
and use the LLN in averaged form (7.21]), one has

1 nET

lim B = lim —— " Pz =) + lim B(R,) = (i) + lim E(R,) = (i),

n—oo T n—oo nET n—00 n—00

and so by (|7 , ﬁ = 7(i), proving part two of the assertion.

To show R,, — 0 a.s. and in L;, we estimate:

nET nET

™
’Rn\=’ % >+ Z_W > 12‘(3716)’

v k=nET Z
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n-ET
1”1;77/

™_n.ET| |1 1
< Tiﬁh ———nETzQ}lf
7

0
T nET -0

almost surely and in L.

To show % Yome 1 1i(xp) converges, we return to 1) and take n — oo using the fact that

nET
T

Example 7.8.1 (Empirical Averages) Let (z,,) be a THMC on & = N, with transition
probability P. Define y,, = (2, Z,11), then y, is a THMC on X2. Then

— 1 and R,, — 0 almost surely, with a bit analysis we obtain the required LLN. O

P(yn+1 = (4,7)|yo = (i0,10)s - -, Y = (in, 1), i = ij4i) = Purbir i
Let

o [Py R0
(7477' )’(jvj ) 0’ Otherwise-

We can restrict y,, to the subspace Y = {(i,4), Py > 0}.
Exercise: If (z,,) is irreducible and recurrent, so is (y,) on Y.
It is useful to observe that

2
Q@wuﬂm=:Q@wnaﬂQ(JM 1) = Lo Pjjr

H’)(M ZQ”) i k)@ ’k ),(5:3") ZP'kPkJ 1’
2
:Pi’jpjj’

Suppose (z,,) is irreducible with invariant probability measure 7. Set 7((i,4')) = 7(i) P;7. Then
7 is invariant for (y,) and (y,) is positive recurrent. Let ¢ : X2 — R be integrable w.r.t. T,
then

m

1 N . .
3l = [ pdi = 3 olid)m)P

n=0 ,i'eX
Take e.g. o(z,y) = 5
Remark 7.8.6 Later when we learnt Birkhoff’s ergodic theorem on the path space, we can

work with L 3™ (2, 2p041) directly.

Application. (MCMC - Markov Chain Monte Carlo) Let 7 a probability measure, we would

like to compute
/ fdm.
X

This is approximated by the construction of a THMC () with invariant measure 7. Then

n

1
PRI | fim.
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The transition probability P = (P;;) is to be determined (i.e. devise appropriate algorithm).
For example choose P with
m(i)Pij = m(j)Pji-

7.9 Reversible Markov Chains

Suppose that 7 is a probability measure and (z,) a time homogeneous Markov chain. Fix a time
m > 0, set &, = Tpm—pn. Then (&,) is a Markov chain, this follows from the equivalence of the
Markov property and the independence of its future and past when conditioned on the present.
However z,, may not be a time-homogeneous Markov chain unless its initial distribution is an
invariant distribution. To have Z to be a copy of z, xy should start from an invariant probability
measure 7, for

P(xy, =i,20 = j) = P(xo =i, 2, = j).
Summing over j, we have P(z,, = i) = P(xg = i), and also we see Zy is distributed as .

We define P by

m(i)Pij = m(j)Pjs.

Since 7(j) # 0, this is well defined and since 7 = 7P, 3;cy Pji = Y e ﬂg:();;’ = 1. Assume
xo ~ m, then
P(anrl = i|xn = ])P(l'n = .7) W(])

]P)(xn = j|$n+1 = Z) = HD(SE = 1/) = TF(Z) ‘le = ]52.7
n =

So () with time reversed is a THMC (&,) with t.p. P.

Theorem 7.9.1 Suppose that (xy,) is an irreducible positive recurrent time homogeneous Markov
chain with stochastic matriz P and with initial distribution the invariant probability measure .
Then (&) is again a time homogeneous Markov chain with initial distribution the invariant
probability measure ™ and with the stochastic matriz P given by

Proof. Note that 7(i) > 0 for every i and &y = x,; is distributed as 7. For Z to be a Markov
process with stochastic matrix P and initial distribution = it is sufficient to compute is distri-
bution,

P(zg =i0,...,Tn =in) = P(xpr =iy, Trr—n = in)
= m(in)P; .. P,

nin—1 * 1110
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7 (in) 7 (i1) :
= i e b
TF(Z'nfl) Inin_1 7(io) 11207T(ZO)
= Pin—lyin e Pio,ilﬂ'(iO)-
In view of Theorem [5.4.7, (&) is a THMC. 0

Theorem 7.9.2 If w(i)P;; = mw(j)Pj; for all i,j, then &, is also a time homogeneous Markov
chain with stochastic matrix P and with initial distribution .

Definition 7.9.3 e The relation
(i) Pyj = w(j)Pji, Vi, j (7.33)
is called detailed balance.

e A Markov chain is said to be reversible if the new Markov chain (z,,_y) is again a time
homogeneous Markov chain with stochastic matrix P and with initial distribution .

Summing over j in , we see that 7 is automatically an invariant measure for P. If this
holds we say the Markov process (x,) is reversible (with respect to 7.) For a reversible chain,
P;; # 0 implies Pj; # 0, so the arrows between any two sites in the incidence graph must be
in both directions. For irreducible chains, we can always rotate the sites, so that the stochastic
matrix has the property: its lower diagonal has non-zero entry everywhere. Then we may want
to multiply the rows by a number so that the the upper triangle equals the lower triangle and
check the resulting matrix is symmetric.

The detailed balance relation allows one to easily ‘guess’ an invariant measure if one believes
that a given process is reversible by using the equality

mi _ By

’7T]' P@

1—
Example 7.9.1 Let us consider a Markov chain on two states {1,2} with P = < 5 “ 1 aﬁ ) .

a

Then 7(1) Pia = m(2) P21 means an(1) = Bm(2). So mis proportional to (5, «). B

Exercise 7.9.1 Let us define (f, g)r = [ fgdm = >, f(i)g(i)m(i). Then P is reversible w.r.t.
if and only if
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7.9.1 Application : Numerical Simulation

Suppose that we want to estimate the average of a function f with respect to a probability mea-
sure 7, which is ) ;. » f(i)7(i). We may choose i.i.d. random variable with common probability
distribution 7. However in many situations, such as in statistical physics, X is very large and
the 7 is only known up to a multiple, e.g. > ;. 7(i) is very large and often involving combi-
natory factors which are difficult to add up and so it is often impossible to compute >, (i)
precisely. Then we might use the Mont Carlo Markov chain method (MCMC). This started with
Metropolis (1953).

The Mont Carlo Markov chain method (MCMC) for computing the average of a function f
with respect to a probability measure 7 is to construct a finite state irreducible Markov chain
with invariant measure 7, then use the law of large numbers for the estimation:

S f@)n(i) = tm ~ 3" Fla).
k=1

4 n—oo M
1€EX

The convergence rate is quite good. If we can construct a Markov chain which is time reversible
then it is sufficient to know m up to a constant. For such processes Pj;m; = Pj;m;, and so the
total mass of the finite invariant measure disappears in the ratio.

This relation is not sufficient to construct the stochastic matrix. However if we start any
irreducible Markov chain ) we may define

Pij =Qij N 77:((‘5))623'1‘, i # 7,

Py =1— Zpij

J#
Then, 7(i)P;j = m(i)Qij A m(§)Qji = m(J)Pji, so that P is reversible w.r.t. m. We write
Pij = Qij — ayj,

where «;; = min (1, :rr((Z)) 8“) is called the acceptance probability (for accepting the state j
ij

proposed by the matrix Q).

This construction does not necessarily produce an irreducible chain (and so in particular there
might be other invariant measures, to which the chain may converge to when a wrong initial
date is used.) To produce non-irreducible chain, we start with @ on a non-oriented graph. Then
there are two standard choices for ), they are known respectively as the Metropolis algorithm
and the Gibbs sampler.

Observe the difference of MCMC versus MC is that we may start from any initial distribution,
when time runs its course we will arrive approximately the invariant probability distribution,
while Monte Carlo method uses the invariant probability distribution as the initial distribution.
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7.9.2 Examples

Example 7.9.2 Let us consider a graph (V, E) with V' the set of vertices and F the set of edges.
We will assume that the graph is undirected (non-oriented) and connected.

If i, j are connected by an edge, we write i ~ j and say they are adjacent vertices. We assume
that there is a weight function w on E, 0 < w(i,j) = w(j,i) < oo if (4,7) is an edge. Let V be
the state space of a Markov chain with transition mechanism given by:

Let w =), w(i). Then

defines a probability measure and the chain is reversible with respect .
It is clear that the chain is irreducible if and only if the graph is connected.

We may also assign a degree to a vertex: d(i) is the number of edges from i, and define

d(i)’

o L if i and j are connected by an edge,
Yo 0, otherwise .

Then 7(j) = % where |E| denotes the number of edges.

Consider a chessboard with only one pieces. Let this piece moves on the otherwise empty
chessboard by at every timestep choosing with equal probability the eligible moves. Then it is
simple to compute the average time it returns to its initial position ¢: it is 3'5'. Then it is a
matter to count the eligible moves. A standard chessboard has 64 squares. A king piece can

move to any one of the square adjacent to it, the graph is connected. A knight’s eligible moves

are: two steps horizontally and one step vertically. Then umber of edges for the knight move to
be 168. (The pawn’s graph is not undirected, the bishop’s graph is not connected.)
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7.10 Finite State Markov Chain

Let us now consider finite state space X = {1,2,..., N}. In view of previous chapter, X" is the
union of disjoint communication classes. The minimal/closed classes consist of recurrent states,
the non-minimal ones consist of transient states.

7.10.1 Characterising aperiodic irreducible chains

This follows from Lemma [7.7.19 and similarly the following proposition.

Proposition 7.10.1 Let X = {1,...,N}. The three following conditions are equivalent:

(a) P is irreducible and aperiodic.

(b) P™ is irreducible for everyn > 1.

(¢) Let 0, = min; j—1. n(P")i;. Then there exists ng > 1 such that 6, > 0.
(Incidentally 6, > 6p, for n > ng.)

Proof. If P is periodic of period d and irreducible, then P? is reducible and (b) trivially im-
plies (a).

(¢) = (a) Suppose there is ng such that min; j—; _n(P™);; = 6y, > 0. Hence P™ has
strictly positive entries, this clearly implies that P is irreducible (since there is always a path
of length ny between any two vertices). Now from the Chapman-Kolmogorov equation, we get
that for all j,k < N,

N N
PRt =N " PR > by, = Ong, Y
1=1 =1

Similarly we see that {0y, }n>1 is increasing, since for all j, k < N

N N
P =S BBz 0> Py =
=1 =1

Hence 6,41 > 6,, thus inductively we see that for all n > ng, P™ has all entries strictly positive.
Therefore ng,ng + 1,--- € R(i) and d(i) = 1, for any i. Hence P is aperiodic and P" is
irreducible for n > ng. We note that for n < ng, (Pk")ij > 0 for some k sufficiently large, then
P" is irreducible. Hence P™ is irreducible for every n > 0. Thus (c) implies (b).

(a) = (c): Suppose P is irreducible and aperiodic. By the number theory Lemma [7.7.19
for all 1 < i < N there exists k; such that kd(i) € R(i) for all k¥ > k;. Let Ny = max;ex{ki}.
Since P is aperiodic, it implies that d(i) = 1 for all 7, and therefore

P'>0, VieX, Vn> N
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Because P is irreducible, then for all 1 < j,i < N there exists m(i,j) € N such that P;n(” ) > 0.
Then
P'n'—i-m(i,j) > PnP m(i,5) > 0.

ij w1y

Let M = maxi<j;<n m(i,j) < oo, and define
ng = No + M.

Since all the entries of P are non-negative, for n > ng

n m(z,5) m(i,5) pn—m(i,j)
Z 2 P b >0

Where for the last inequality we used that Pg(i’j) > 0 and that n — m(i,j) > Ny > k; and thus

pr—miid)

i > 0. Taking minimum over all 7,7 € X' in the above inequality gives us d,, > d,, > 0.

O

Lemma 7.10.2 Let (x,) be an aperiodic and irreducible THMC on a finite state space with t.p.
P. Then for any two states i,j € X,

E;[(T;)*] < oo for any a > 1.

Proof. Let i,j € X, then P;(T; < o0) = 1.

ZnO‘IF’ =0 <Zn P;(T; >n—1). (7.34)

n>0 n>0

Let ng be the number such that d,, = min; jex(F;;°) > 0 (see Proposition [7.10.1), then

. . . P(xnk:l)
P(x,, #zxnk#zgg P(x,, # | Ty = 1) ———-=%
( o(k+1) ’ 0 ) o ( o(k+1) | 0 )P(l'nok?éz)
< E (1—=0py)=F—2—5<1—0,
l;él 0 (xnok#z) 0

Hence

Pj(Ti > no(k‘—{— 1)) < IP'(:L‘no k+1) #Z <o Lang #Z Lng 7é Z)
= P(zy, (k+1) 7 i|Tnok # OPj(Tnok # 4y - -+, Tng # 1)
< (1= 8y )P5(T; > mok) < -+ < (1= %)’ﬁ“-

For any n, there exists some k such that n € [ngk,no(k + 1)]. Then

P;(T; > n — 1) < Pj(T; > nok — 1) < (1 — §,)F.
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Hence, from ((7.34), we can estimate

o0
)21 < 0 (1= 6ng)" <D [no(k + 1)]*(1 = 6ng)"
k=0

n>0
9]
=no™ > k(1 — 0y )F ! < 00,
k=1

hence T; has moments of all order. O

By Proposition [7.10.1] we have:

Lemma 7.10.3 Let X = {1,...,N}. If P is irreducible and aperiodic, show that there exists
n >0 and § > 0 such that nP™ > §||n|1 1 for every vector n € RY with entries n; > 0. Here 1
is the row vector with every entry being 1 and ||n|l1 = >, |ni-

Proof. Simply note that nP"(j) = > ;e n(i) P} > min; jex P} 572 n(1). 0

Lemma 7.10.4 Suppose that P is an irreducible stochastic matrixz. Let T™ = %(P +P24+. +
P™). Then there exists a number ng s.t. T™ has positive entries. There exists 6 > 0 such that

min 7% > .
ij=1,..,N

Thus if n € RY is a vector with non-negative entries, nT™ > 61||n||;1.

Proof. This is Proposition [7.10.1]if P is aperiodic. If P has period d > 1, then P? is aperiodic
and X decomposes into the union of disjoint blocks A4;. On Ay, P? is irreducible and so P™% > ()
for some ng. Also for j € Ap41, P;y; > 0 for some ig € Ay. Thus PnOUlJr1 > P"Ode > 0. This
shows that Pgod—l—PgodH > 0fori,5 € ARUAg41. By induction, this proves min; j—1 . n T{; > ).
(The final part follows again from 7(i) = Zjvzl Tin(j) > 52; 1) = dlnlh.) O

7.10.2 Perron-Frobenius Theorem

In this section we will focus on the Perron-Frobenius theorem. First, let us recall some notions
on square matrices of finite size.

Spectrum of a stochastic matrix. The spectrum of a matrix is the set of its eigenvalues
(and information on their eigenvectors if anything can be deduced). In particular, for a given
stochastic matrix P = (P;j)1<s,j<n, we are interested in finding (non-zero) row vector m € RY
that satisfies equation

P =m. (7.35)
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Then 7 is a left eigenvector of P with eigenvalue 1. Equivalently PT77 = 7T, and 77 is an

eigenvector of PT with corresponding eigenvalue 1. Let us note that under transposition the
determinant is preserved, i.e.

P —\I|=|P - )|

Then PT and P have the same eigenvalues. Let 1 = (1,...,1), then (P17);, = Z;V:1 Py =1,
which implies that P1 = 1. Hence 1 is an eigenvalue also for P, thus (7.35) has a non trivial
solution.

Notation. Let X = {1,..., N} in this section. The L;-norm for (row) vectors in R" is
defined by [|uly = 321, |n(i)]. Write

pre = (L) VO,...,u(N)VO0)
for the positive part of p and similarly p_ for its negative part
pe = ((=r(D) V0, (=p(N)) V 0)).
By 1 > 0, we mean pu_ = 0. Then we have the following

Lemma 7.10.5 1. lufly = s | + a1

2. IF N u(@) =0, then ||pt | = |lp—| = Ll

3. And, if p1 and pg are positive vectors (i.e. all entries are non-negative), then the triangle
inequality becomes equality: ||p1 + pall1 = |lpealln + [|pell1-

Lemma 7.10.6 Let P be a stochastic matriz, then

(1) P preserves the mass of a positive measure: S (uP)(i) = SN | u(i).

(2) Pl < |lpllr - If p € RY is a positive vector, the equality holds.

We can let P act on CV, the above inequality holds for i € CN.

The first statement is obvious. For (2) just observe that,

N N N N N
Pl =Y | Y w6 Pg| < 3037 Puglu@)| = 3 [u)| = lull.
j=1 i=1 i=1 j=1 i=1

We write |u| for the vector with entries |u;| and > (p) for the number Zf\il L

Theorem 7.10.7 (Perron-Frobenius) Let P be an N x N irreducible stochastic matriz where
N is a natural number. Then the following hold.
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(A) The real number 1 is a (left) eigenvalue for P, and there exists exactly one (left) eigenvector
7 (up to multiplication by a constant) with 7P = .
Furthermore, m can be chosen such that all its entries are strictly positive and with Zfil (1)
This unique eigenvector is called the Perron-Frobenius vector of P.

(B) Every eigenvalue of P must satisfy |A\| < 1. If P is furthermore aperiodic, all other eigen-
values satisfy |A| < 1.

2imy
(C) **If P is periodic with period p, there are eigenvalues \j = e v with associated eigenvector

pi(n) = )\;kﬂ'(n) , ifn € A, (7.36)

where T is the Perron-Frobenius vector of P and the sets Ay are the ones associated to P

by Lemma |7.7.20

Since ||uP||; < ||u|]1 for every vector p € CV (see Exercise [7.10.6)), the eigenvalues of P must
all satisfy || < 1.

Proof. Step 1. Since ||uP||; < ||u||1 for every vector u € CV (see Exercise [7.10.6)), the eigen-
values of P must all satisfy |A|] < 1. This can be seen by the fact that uP = Ay, implies
1Pl = [\l Then |A] < 1 since

lnPllv =YY 1u@)P7) <Y @) = llulh.

IEX jEX ieXx

— Proof of (A).
Step 2. Since the vector 1 = %(1, 1,...,1) is an eigenvector with eigenvalue 1 for P”, there
exists an eigenvector with eigenvalue 1 for P, let us call it m. Since P is real, we can choose 7
to be real too. Let us now prove that m can be chosen positive as well.

Step 3. Define the matrix T" = %(P + P2+ ... 4 P"). Clearly T" is again a stochastic matrix
and 7 is an eigenvector of 7" with eigenvalue 1, i.e. 77" = m. If either ||74|; =0 or ||[7_|1 =0,
the proof is complete.

Otherwise define o = min{||m||1,||7—|[1}. Since P is irreducible, by Lemma there exists
n such that T™ has strictly positive entries. This implies 3§ > 0 such that 7, 7™ > dal and
n_T™ > dal. Therefore,

|77 = |7 T" — 7 T"||1 = |74+ T" — dal + dal — n_T"||;
< |7y T™ = badl|y + ||[7-T" — dad |
=l T — 60y + [Ty — St
= ||7T"||1 — 20aN = ||7||1 — 20N .

=1.
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Since 6 > 0, one must have a = 0, which implies that 7 is either entirely positive or entirely
negative (in which case — is entirely positive).

Step 4. From now on, we normalise 7 in such a way that 7 > 0 and it has mass 1: Zf\il (i) = 1.
All entries of 7 are strictly positive since 7 = 77" and hence (again by Lemma |7.10.4)

n(i) =7T"(i) =Y w()Tj =6 Y w(j) >3 >0.

JjEX jeEX

Step 5. The fact that exists only one 7 (up to multiplication by a scalar) such that 7P = 7 is
now easy. Assume that w, 7 satisfy piP = pi and 7P = 7 with nonnegative entries and mass 1.
Then the vector v = m — 7 is also an eigenvector with eigenvalue 1 for P, i.e. vP = v. By the
previous argument, we can assume that v =7 — 7 > 0. But

0="> (i)=Y @(i)=)_(7(i) —7(i)).

ieX eX ieX >0

Hence (i) = 7(i) for all ¢, thus uniqueness holds. This completes the proof of (A).

(The rest of the proof is not given in class and not examinable)

To part (B) and (C), we show that \; = ”" »,p=0,...,p—1, where d = d(i) for some state
i and therefore for all, are the only eigenvalues on the unit 01rcle of CV, centred at 0.

-Consider an eigenvalue with [A| = 1 but A # 1. Let A = ¢ and v = (rleiol, o, TNEON
one of its an eigenvectors. We can choose the phases in such a way that r; > 0, and we normalise
them in such a way that Zfil r; = 1. The relation uP = A\pu, E;vzl vi Py, = eiauk, then translates

into
N

Zeiejrjpjkz — i O+0)y, (7.37)
j=1

U0+0) and summing up yields 3%, _, '@~ P — 1. On the
Jik=1 7=

Multiplying both sides by e~
other hand, we know that r;P;, > 0 and that Z;’Yk:l r;Pj, = 1. (Indeed, let a;j be the real
part of ¢/®%—%—9 we must have Zj,k a;xr;Pjr = 1. Since aj <1, Z;-Vk:l r;Pj, can only be

one if the multiple a;j before a non-zero r;Pj, must be 1.) This implies that
e0i=0k=0) — 1 for every j and k such that r; P, # 0. (7.38)

Combining this with (7.37) in turn implies that » = 7. (then r; # 0 for any j) Indeed for every
k,

N
Z ! (0+0k) 7 Pjg = /00y, i.e. erij =7y,
j=1 j=1

sor=(1...,ry) is the Perron-Frobenius vector .
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n  repeat the previous arguments

~Since P" is a stochastic matrix with eigenvalue \ = e
shows that

e = ¥+ for every j and k such that Pjj. # 0. (7.39)

Since P is irreducible, R(7) contains every integer of the form kp, where k& > K for some K
and so we can take k = j above, and n = Kp and n = (K + 1)p. Then §Kp = 0(mod2m),
0(K + 1)p = 0(mod27) which implies that fp = 0 (mod 27). Thus all possible eigenvalues with

|A| =1 are of the form \; = 2.

— In particular if P is aperiodic, 1 is then the only eigenvalue with modulus 1.

~We find g which satisfies uP = Ap. By multiplying p with a scalar, we can assume that
01 = 0. The relation allow us to assign 6; for A = e in the following way. If k € Ay, Ag
being the cycle containing 1, then we set 0, = 61 = 0. For k € Ay, the next cycle, Py; # 0, we
set €% = ¢= = \~1. Tterating this procedure and moving to the next cycle A, we may define
0, = A\~ (mod27) for every k € A, thus defining every 6. We can verify as follows that this is

an eigenvector associated to A\. Equation (7.37)) can be written as

N
> 00 n () Py = w (k).
j=1

Fix k, on its left hand side, the only non-zero term Pj; are those j in cycle class flowing into
that of k. For example for k =1, 6; =0, §; = A=~ for j € A,_y, this is

> @GP = (1),

jEAp,1

this is the identity for Perron-Frobenius vector, observing that ZjeAp,l M7 (§)Pj = Z;VZI N7 () Pj1.
This is true for all k € Ag. The rest of the relations can be verified similarly. O

We emphasize that an irreducible stochastic matrix P always has left eigenvalue 1, whose

eigenspace is one dimensional .

Since every irreducible Markov chain on a finite state space has an invariant probability

measure, (since 7(7) > 0 for all ¢) we see that

Corollary 7.10.8 An irreducible Markov chain on a finite state space is positive recurrent.

We remark that an application of the Perron-Frobenius theorem is to give a direct proof for
the ergodic theorem (Theorem for a finite state Markov chain. If P is irreducible and
aperiodic, then all eigenvalues of P have modulus strictly smaller than 1, except for the isolated
eigenvalue 1 with eigenvector m. We give another proof below, which explores the fact that
Py > 6|n|[11.
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Exercise 7.10.1 Let P be irreducible and aperiodic and let 7w be its Perron-Frobenius vector.
Prove that, without refereeing to the general theorem for MC on a countable state space, for
any probability measure v € RY , one has lim,,_,,, VP" = .

Proof. 1t follows from Lemma [7.10.3| that there exist values n > 0 and 6 € (0,1) such that
Py > §|n|l11 for every positive vector n. Write a = (7 — v)4 |1 = |[(m — v)_|1 = |7 — v/}
One then has

[Py —mlly = [P (m —v)|L = [[P"(m —v)4 — P*(m —v)_|hh
< |[P(r = v)s a1, + |[Pi(r—v)- = a1
=||P"(m—v)4|h —0Na+||P*"(m—v)_||1 —0N a
< |l(m =v)ll + I = v) [l = N |lm = v1
<1 —=0N)[m =l .

Since v was arbitrary, one gets ||P*"v — ||y < (1 —6)||7 — v||1 by iterating this bound, we then
take k — oo to conclude (observe that ||P™(v — 7)||; decreases with m. ) N

Under the conditions of the theorem, each row of P™ converges to 7 (just take v to be the

jth basis vector). We see that lim, . PJ; = m(i) for every 1.

Exercise 7.10.2 Show that the conclusion of Exercise [7.10.1] also hold if one only assumes that

Zi V; = 1.

7.10.3 The Structure Theorem for Invariant Measures

If m;, i = 1,...,k are invariant probability measures of P and if a; are positive numbers with
Zle a; = 1, then Zle a;m; is an invariant probability measure of P. The measure Zle ;T
is called a convex combination of {u1, ..., ug}.

Theorem 7.10.9 Let P be an arbitrary stochastic matriz. The set of all invariant probability
measures of P consists of all convex linear combinations of the Perron-Frobenius vectors of the
restrictions of P to its recurrent communication classes.

Proof. Any convex linear combinations of the Perron-Frobenius vectors of the restrictions of P
to its recurrent communication classes is an invariant probability measure for P.

For the other way around, let Ag be the collections of sites not in one of the minimal classes,
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and Ay, ..., A denote the minimal classes. The matrix P can be written as
T S1 Sy ... Sk
0o A 0 ... 0
P=10 0 P ... 0]. (7.40)
0 0 0 ... P
Let u = (vo,v1,...,vx) be an invariant probability measure, where vy is a vector corresponds
to the transient states and, for i € {1,...,k}, each v; is a vector corresponding to states in the

closed communications class A;. Then,

T S S ... S
0O A O ... O
,U,PZ(U(), U1, V2,... Uk) 0 0 PQ 0
0 0 0 ... P

= (’UQT, voS1 +v1 P, ..., 005k + UkPk>
Since an invariant probability measure does not charge transient states, vg = 0. Consequently,

(0,1}1P1, . .,UkPk> = (0,v1,...,0k).

Since v; P; = v;, for i = 1,...,k and each P; is irreducible, by Perron-Frobenius theorem, v; is
a multiple of the Perron-Frobenius vectors m; of P;. Then p = (0, aq71,...,0pmk) = Zle Q;;.
Since p is a probability measure, with Y a; = 1 and v; > 0, concluding the proof. 0

7.10.4 Rate of Convergence

Theorem 7.10.10 (Minorisation) Suppose that there exist jo and a number 6 > 0 s.t. P, >
0 for alli. If p is any probability vector in X, then uP™ is a Cauchy sequence. Denote by 7 its
limit, then 7 is invariant. Furthermore, w(jo) > 0 and |pP™ — 7|y < 2(1 —96)™.

Proof. Let n be the row column with a single non-zero entry n;, = 1. If u is a probability
measure on X, uP > o7 following from the assumption that P;;, > 4 for all ¢. Let v be a vector
with >~ v(i) = 0 then vA = 0. Since 2||v||; = ||vT||1 = ||v " |]1, then o+ = Al v

and U~ =
zllvlh 3l
are probability measures.

v TP —don TP -4y

1-946 1-6

Pl = Slwlh(1-9)

1
lvPll = 5lIvll|

1 |

< (1 =9)vlh-
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In the last step we use triangle inequality for the L; norm, and that the L' norm for a probability
measures is 1.

Since both pP™ and p are probability vectors,

> (uP™ (i) — (i) = 0.

1EX
Letting v = uP"™ — p in the previous estimate,

lp P — pP || < [[(uP™ = )P < (1= 6)"{|P™ — pl| = 0.

Thus {©P"} is indeed a Cauchy sequence and has limit 7 which is indeed a probability vector
(use positive preserving of the limit, and that the sum of entries of uP™ is always 1). If 7 is the
limit,
T n T n+1 __
TP = nh_)n(f)lo(up ) P = nll_}IIgo uP" T =T
Similarly
[uP" = mlly = [|pP" = 7P|y < (1 =0)"[|[p — 7lly <2(1 —4)".
Take yi = e;, for any j, Pjj = e;P"(j) — m(j). Since Py, > ¢ for all i, PZ%-O = > 1 P Prjo
0> pex P = 0. By induction Pj} > 0.

jo

w(jo) = Y _m(k) P, =6 (k) =0
k

k

Y

This completes the proof. O

Sub-stochastic matrices

Definition 7.10.11 An N x N matrix P with positive entries such that )", P;; <1 for all j is
a substochastic matrix.

Substochastic matrices are typically obtained when we restrict a stochastic matrix to a subset
of indices.

Example 7.10.1 Consider the stochastic matrix from Example[7.1.5] and its restrictions to the
communication classes {2,4,5,7}, {1,3} and {6}.

$ 020000
1 1

0 03000 11 o

L oot o to 22

3 3 3 1 2 o o i 1

P=10000 5 05|, A=({7] 2= o, 0 5[&=0

000 1000 3 L0 0 0
0000O0T1D0

01 00000
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One has the following:

Lemma 7.10.12 Let P be an irreducible substochastic matriz which is not a stochastic matriz.
Then, uP™ — 0 for every probability measureﬂ u and the convergence is exponential. More
specifically there exists A > 0 such that

1P px < e,
In particular, the eigenvalues of P are all of modulus strictly less than 1 and so 1— P 1is invertible.
Proof. It is sufficient to prove the claim for p positive with norm 1 (unless u = 0). Define

" = %(P +---+ P") as in the proof of the Perron-Frobenius theorem. For a positive vector p,
one has ||pP]|1 < ||n]]1 and one has also

Pl = —(nllnP ™ ) < —([wP?|lr + -+ [|pP ) = [uI™ Py

S|

1
n
for every n > 0. Choose ng such that 7" has positive entries (such an n exists by the irreducibil-
ity of P). Let § = min;; T;}° > 0. Then, pT™ > §|[u[l11. Since P is not a stochastic matrix,

there exists @ > 0 and an index iy such that Zj€X Piyj =1 —a. Let ¢, = (0,...,1,...,0)
denote the unit vector with entries 1 at ¢gth entry and with 0 at other entries. Therefore

P [y < ([T Plly = [|pT7™ (P — Pdesy) + pPdei|ly = [|[nPT™ — dpuPeiy)|li + 8| Peio |l
< [pT™ = e ll1 +6(1 — a)
= [[pT™ Nl = 6 [leiglls +6(1 — @) < (1 = ad) = (1 — ad)|ul:-

Choose and fix a natural number ng such that the above inequality holds, then

k—00)
%

: (
Pt VR < (1 — 8a)*| ]y 0,

which concludes the convergence. The rate of P™ convergence is at least A" where A = (1 —

1
da)m+1 | thus concluding the proof. 0

Recall first the Borel-Cantelli lemma from probability theory:

Lemma 7.10.13 (Borel-Cantelli) Let {A,}n>0 be a sequence of events in a probability space
Q. If Y P(A,) < oo, then the probability that infinitely many of these events happen is 0.
Equivalently this implies that P(N52; U2, Ay) = 0.

Exercise 7.10.3 Let {z,} be a Markov process with transition probabilities P and let ¢ be
from a non-minimal class. Show that without referring to the general theorem on conntabel
state space, that the probability that z,, € [i] for an infinite number of values n is 0.

’
'For any positive measure this is ||u||1e”>", an exponential rate e™* " (some )\') for large n.
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Proof. By the strong Markov property, it is sufficient to prove the theorem for the particular
case when zo = j for a state j € [i]. We take as A,, the event {z,, € [i]}. By the Borel-Cantelli
lemma, the claim follows if we can show that

S Pi(zncli) =3 > (P <oo.

n kel

Denote by P the restriction of P to the indices in [i]. Then P is an irreducible substochastic
matrix and one has (P™)y; = (P™)y; for k,j € [i]. The result follows from Lemma [7.10.12} I

7.10.5 The long run probability for reducible chains

If the chain is reducible and aperiodic we can also work out the probability that the chain
eventually ends in a particular state. For example if 7 is a transient state, this is 0. We know
limy 00 Pp(zn = ) = m(i), in particular, lim, o Pj; = Pj(z, = i) = 7(i) for every state j.
Such limit can also be computed when the chain is redumble

Let 0 stand for a sink (with [0] containing only one single element 0 which is a recurrent
state) and let
B = { the chain eventually ends at site 0}.

Since 0 is a sink,
B = {w : there exists ng s.t. if n > ng z,(w) = i}.

Set f(j) = P;(B). This is the probability that the chain starts from j ends at 0 eventually.
Then

fG) = E](E(the chain eventually ends at site 0]x1))
= E;(f(x1)) = Y f(k)P(z1 = klzo = j)
keX
= Z jkf f)( )

ex

Remark 7.10.14 We note that if 0 is a sink, f(j) = lim; 0 PJy. Indeed, since the chain stays
at 0 when arrived at 0, B,, = {w : z,(w) = 0} is increasing set with limit B = U, B,. Hence
Pl = Pj(Bn) = Pj(B) = f(j)-

If the minimal classes are not singletons, we may amalgamate elements of each minimal
class together and treat such classes as singletons, work out the ratio of the probability flowing
into each of the minimal classes, and then redistribute this probability among their elements
according to the ratio of their Perron-Frobenius vectors. This amalgamating method can be
done because once the chain enters it, it never returns. To the rest of the chains, its exact
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whereabout is not observable and of no relevance. The probability we calculated is then the
probability it enters the minimal classes. The probability lim,, Pﬁ- , where ¢ is in the minimal
class, is then obtained according to the unique invariant probability distribution of the reduced

chain.

In order to conclude this subsection, let us give a formula for the probability that, starting
from a given transient state, the Markov process will eventually end up in a given recurrence
class. Suppose that all recurrent communication classes consist of singletons (called sinks).

In order to somewhat simplify the argument, we assume that the recurrent classes consist of
single points, that the states 1,...q are transient, ¢ + 1,...,q + k are recurrent. Therefore, the

transition matrix P can be written as

T S
P = (0 ]5> : (7.41)

where T is some sub-stochastic matrix and P is a stochastic matrix.

Define now the matrix A;; the probability that the process starting at the transient state 4
will eventually end up in the recurrent state j.

Proposition 7.10.15 The matriz A is given by A = (I —T)~1S.

Proof. The invertibility of (I —T') is an immediate consequence of Lemma [7.10.12] One has

Aij = Z IP’(the process reaches j eventually, z; = k| xzg = 2)
keX
q
ZIP’(the process reaches j eventually | 1 = k, zo = i)Pi(z1 = k) + Pi(z1 = j)
1

>
Il

Il
B

ATk + Sij

>
Il
—

where we used the Markov property to go from the first to the second line. In matrix notation,
this reads A = TA + S, and therefore A = (I —T)18S. O



7.10. FINITE STATE MARKOV CHAIN 120

7.10.6 Examples

Example 7.10.2 Let X = {0,1,2,3,4,5} and let (x,) be the time homogeneous Markov chain
with stochastic matrix

1 00 00 0
L1000
P:oéééoo
0031 2 L0
000 %+ % 2
0000 01

What is the probability that the chain starting from 3 ends at 0?7 Here the minimal classes
are {0} and {5}. Let f(j) be the probability that the chain starting from j ends at 0. Let
f=(f0),f1),...,f(5)T. We solve

f="PFf,
with the boundary conditions f(0) = 1, f(5) = 0 (starting from 5, never ends at 0). Then
f(Q)=1f(0)+ 2f(1) 4+ 2 £(2), ie. 2f(1) = 1+ f(2). Similarly, we work out the equations for
f(2),73), f(4).

2(1) =1+ £(2)
2£(2) = £(1) + £(3)
2/(3) = £(2) + f(4)

7%, %,0). The answer is f(3) = 2.

Solving this we obtain: f = (1, z

We give another example whose proof using this conditioning recursive method (the statement
itself has a number of (quick) proofs).

Example 7.10.3 Simple Random Walk on Z. Let £ be i.i.d. such that P(§ = £1) = 1/2, and
define S, =z + >, &, letting = 0. Define T; = inf{n > 0,5, = i} and we use the notation
]Pz( . ) = P( .. ’x() = Z) Show that ]P’()(Tl < OO) =1.

Proof. For k € Z, let
fr =P(T1 < oo|lxg =k), fr€]0,1].
If xg=1,T1 =0,s0 fi =P(Ty < oolzg = 1) = 1. Note that unless zy = 1:
Th=n — 1700, =n-—1.
Firstly, we have

fe =P(T10601 <oco,x1 =k+1lxzg=k) +P(T106) < co,z1 =k — 1l|xg = k). (7.42)
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Then for k£ # 1, we have

fr = P(Tl o < OO|:L‘0 =k,x1=k+ 1)P($1 =k+ 1‘1’0 = k‘)
+]P(T1 06 < OO|1’0 = k,xl =k— 1)]?(.%1 =k — 1|.CC() = ki)

1 1

= Pk+1(T1 < 00)5 + ]P)k_l(Tl < 00)5
This means that 1 1

szifk+l+§fk—lv fork‘#la

implying that

frvo—fori=for1—fr="=H—fo=1-fo

If fo #1, 1 — fi > 0. Then f; eventually becomes greater than 1 for k large enough, in
contradiction with its definition (7.42)). Hence we have f; = fo = 1. ( fr eventually becomes
less than 0 for —k sufficiently large and we conclude f; =1 for all k).

——End of Lecture 15—
Example: Random walks on finite groups

A very important particular case is that of a random walk on a finite group. Think of card
shuffling: there are only a finite number of possible orders for a deck of card, so this is a Markov
process on a finite set. However, this set has a natural group structure by identifying a deck of
card with an element of the group of permutations and the Markov process respects this group
structure in the following sense. The probability of going from e (the identity) to an element g
of the permutation group is the same as the probability of going from an arbitrary element h to
g - h. This motivates the following definition:

The left translations on G are the maps: h € G — gh € G where g € G.

Definition 7.10.16 Consider a group G and a time homogeneous Markov chain with transition
matrix P on G. We say that the Markov chain is a left-invariant random walk on G if and
only if the left translations preserve the matrix P: i.e. Py, gh, = Phy p, for any g, hi,he € G.
(It is right invariant random walk if Pj,, g n,g = Ph, n, for any g, hy,he € G.)

It is clear that if the group G happens to be abelian, right-invariant and left-invariant random
walks are the same.

Example 7.10.4 Random walk on Z. Let x, = x,_1 + Y, where Y; are i.i.d.’s with values in
Z. Let P be the probability distribution of Y;. Then

P(zn = jlan_1 =) = P(Y, = j — i) = P(j —9).

Then P(z,, = jlxn—1 =1i) = P(z, = j + k|zn—1 = i + k). This is an invariant random walk.
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Exercise 7.10.4 The Markov chain is left invariant if and only if there exists a probability
measure P on G such that P(z,41 = g|z, = h) = P(h~'g). The Markov chain is right
invariant if and only if there exists a probability measure P on G such that P(xpt1 =glan =
h) = P(gh™).

The most common example of a random walk on a finite group is card shuffling. Take a
deck consisting of n cards. Then, the set of all possible states of the deck can be identified in
an obvious way with the symmetric group S, i.e. the group of all possible permutations of n
elements. When identifying a permutation with a bijective map from {1,...,n} into itself, the
composition law on the group is simply the composition of maps.

7.11 A summary

By a Markov chain or a Markov process we mean a time homogeneous Markov chain with a
transition matrix (THMC) unless otherwise stated.

A state i is recurrent if P;(T; < oo) = 1, it is positive recurrent if E;T; < co. The chain is
recurrent or positive recurrent if every state has the property. The following dichotomy hold,

Theorem [7.4.5]

1. j is recurrent iff Pj(x,, = j, infinitely often ) = 1.

2. j is transient iff Pj(z, = j, infinitely often ) = 0.

If the chain is irreducible, then either )", P} = oo for any 4, j and every state is recurrent or
> Pl; < oo for any 4,j and every state is transient (see Lemma .

If the time homogeneous Markov chain on a countable state space is irreducible then all states
are simultaneously recurrent and transient (Corollary ), also all states are simultaneously

positive recurrent or not (Theorems and [7.6.4)).

On a finite state space, the family of transition probabilities P(x,-) is determined by a
stochastic matrix. Every time homogeneous Markov chain on a finite state space has an invariant
probability measure (Theorem and for an irreducible chain there exists precisely one
invariant probability measure. Every recurrent state is positive recurrent (Corollary .
See also Lemma for the existence of the pth moments of the return times for aperiodic
irreducible THMC’s. The set of all invariant probability measures of a stochastic matrix P
consists of all convex linear combinations of the Perron-Frobenius vectors of the restrictions of
P to its recurrent communication classes, see Theore.

On a countable state space, an invariant measure may not have finite mass. If the time homo-
geneous Markov chain has a recurrent state ¢, we can construct an invariant measure (Theorem
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7.6.1)). This measure has finite mass if and only if the site ¢ is positive recurrent. If the chain
is irreducible and recurrent, there is at most one invariant measure (up to a constant multiple,
Theorem. If the chain is irreducible and positive recurrent for one site, then E;T; < oo for
all sites (and there exists a unique invariant probability measure). For an irreducible chain, the
existence of an invariant probability measure is in fact equivalent to that all states are positively

recurrent (Theorem |7.6.5)).

Theorem 7.11.1 1. If P has a recurrent state, it has an invariant measure.

2. If m is an invariant probability measure and if w(j) > 0 then j is recurrent (Theorem

7219,

3. If the chain is irreducible and recurrent, then there exists precisely one invariant measure
(unique up to a multiplication constant). The invariant measure is finite if and only if the
chain is positive recurrent.

4. If P is irreducible with stationary probability measure w, then E;T; < oo for all i and

5. If the chain is irreducible and has a positive recurrent state, there exists an invariant

probability measure by w. Also,

E;(number of visits to j before returning to i) = —==

(i)

at)






Chapter 8

Invariant measures in the general
case

In this chapter we study time-homogeneous Markov processes on a complete separable metric
space X.

Definition 8.0.1 A metric space X is called separable if it has a countable dense subset.

Example 8.0.1 e If X is a discrete space, we may use the following distance function

1, ifx#y
d(m,y)—{ 0 ife=y

to describe its power set as the set of all open sets. Indeed any subset of X is open, close,
and Borel measurable.

e R" with its usual metric (The set of points with rational coordinates is a dense subset)

e X a smooth complete finite dimensional Riemannian manifold M (Hausdorff and second
countable).

e The Wiener space C([0, 1]; R™) with its uniform distance. Also C(]0,1]; M) where M is as
above.

LP(R™) for every n and every p € [1,00) (take functions of the form P(z)e™*I* where P is

a polynomial with rational coefficients).

How do we go about fining the invariant probability measures?

Typically P(x,-) assigns null measure to singleton sets, the communication classes, very
effective for discrete state space, is not suitable as it is. The same story with the concept of

125
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irreducibility based on communication classes. There are other concepts of irreducibility, eg
assume that P, (74) > 0 where T4 is the first return time to a set A which is not too small. The
size of A can be fro example measured by an auxiliary measure. We cannot cover this material
in these lectures. See the book of Myan and Tweedie.

8.1 Weak convergence

One useful construction for invariant measure is by averaging: For x fixed define:
(4) = 137 Pra )
== x, A).
Hon n 2

If 1 has a limit point then this is potentially an invariant measure. What notions of convergence
should one use? For finite state space, a probability measure is identified with a vector in R",
so all notions of convergence is equivalent.

Definition 8.1.1 A sequence pu, of probability measures on a topological space X is said to
converge weakly to a probability measure p if

lim | () pn(dr) = / (@) pu(de) (8.1)

for every bounded and continuous function ¢: X — R.

Note that the speed of the convergence in (8.1)) is allowed to depend on ¢.

Thie following lemma is behind the notion of ‘weak convergence’.

Lemma 8.1.2 [Paratharathy, page 39] Let u,v be measures on a metric space X. If for all
bounded real valued uniformly continuous function f : X — R,

[ tin= [ sav

then p = v.

In fact, the space of probability measures P(X) can be given a topology, called the weak
topology. Recall topology defines the concept of continuity of functions and convergence.

Remark 8.1.3 Suppose that X is a separable complete metric space. Then the topological
space P(X) is metrisable as a separable metric space (e.g. with the Prohorov metric). One can
choose this metric such that P(X) is a separable complete metric space. Also P(X) is compact
if and only if X is.
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If d is the metric that metrizes P(X), then u, to u weakly if and only if d(uy, ) — 0. Also,
weak convergence describes the weak topology. so u, — u means u, — p in the weak topology.

Example 8.1.1 If {z,} is a sequence of elements converging to a limit x, then the sequence
0z, converges weakly to d,. In this sense the notion of weak convergence is a natural extension
of the notion of convergence on the underlying space X.

We say z is in the support of a measure then any of its neighbourhood (open set containing
x) must have positive measure. It is a theorem that the support of a probability measure on
a separable complete metric space has full measure. Then a measure is a Dirac measure if and
only if there is only a single point in t its support.

If X is a separable complete metric space, a sequence of Dirac measures, d,,, , converges weakly
to an measure y, the limit must be a Dirac measure J, and x,, — x. This follows from the fact
that a probability measure i on a separable complete metric space is not a Dirac measure must
have at least two points, say z1 and x2, in its support. If §,, — p and p has two distinct points
x,y in its support, we can choose €, small so that By (y1) and By, (y2) are disjoint. We take
bounded continuous function ¢, (z) that equals 1 on Be(y;) and are supported in By.(y1). Then
[ pe dby,, = 1p (2n) = [ e dp # 0 and so z,, € Be(x1). Similarly we can take . which equals
1 on B¢(x2) and supported on By (y) and z, € B(x2), giving a contradiction.

Example 8.1.2 If X is a discrete state space, any function f : X — R is continuous. Hence
tn — p weakly if and only if p,(A) — u(A) for an subset A of X.

Proposition 8.1.4 Let X = R. Let F(z) = u((—oo,z]) and F,(x) = pn((—o0,z]). Then
tn — o weakly if and only if F,,(x) — F(x) for all x such that F is continuous at x.

This follows from Portmanteau Theorem.

Example 8.1.3 If Y,, are random variables distributed as u, and Y is distributed as pu and
Y, — Y in probability then u, — p weakly (i.e. Y, converges to Y in distribution). The
converse does not hold, take for example Y = ¢ a deterministic function and P(Y;, = £3) = 3.

8.2 Feller and Strong Feller Property

Let P be a transition probability on a space X, we associate to it the operator T" acting on finite
signed measures on X by

(Th)(A) = | Pla.A) ().
We also defined an operator T' : By(X) — By(X), the space of bounded measurable functions
from X to R, by

(T)(x) = B(f(z1) | 20 = 7) = /X £(y) P, dy) .
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We also recall the duality: [, fd(Tu) = [, Tfdu for any f € By and T determines also the
transition probabilities {P(z,-)}.
A probability measure 7 is said to be invariant for P if T'w = 7.

Definition 8.2.1 We say that a homogeneous Markov process with transition operator 7T is
Feller if T'f is continuous whenever f is continuous and bounded. It is strong Feller if T'f is
continuous whenever f is measurable and bounded.

We also extend these terminology to its transition probabilities P and to the transition opera-
tors T'.

Any functions on discrete space is therefore continuous, and any time homogeneous Markov
process is a good process: both Feller property Feller and strong Feller property hold.

The statement that 7' has the Feller property (or equivalently it preserves the space of
bounded continuous functions) holds is equivalent to the statement that P(z,dy) is continuous
in the weak topology, which precisely means for any f bounded and continuous,

lim [ f(y)P(zy,dy) = /f (z,dy)

n—oo

whenever z,, — x.

Example 8.2.1 Let 2 € X, set P(x,dy) = 0z—z,- Then Tf(z) = [, f(y)P(z,dy) = f(x — xo)
is Feller.

Example 8.2.2 (Not Feller) Let P(x, A) be a family of transition probabilities on R given
below
51 ifx>0
Pz, ) = ’
(z,°) { 5o, itz <0.
Then

f(0), ifz <0,
and T'f fails to be continuous at 0 for continuous functions f with f(1) # f(0).

/f Pl dy) = {f(l) if 2 > 0

Example 8.2.3 Let z,, be a random walk on R with x, = z,_1 + Y, and Y,, are i.i.d. random
variables with probability distribution I'. Then

Tf(r) = Bf(z + i) = / £+ y)T(dy).

IFP(Y =1) =3 and P(Y = —1) = &, then Tf(z) = Ef(z+ Y1) = 3 f(x+ 1)+ 3 f(z — 1). Then
T has Feller property, not strong Feller property.

—z|?
If Y is standard Gaussian distributed, then T'f(z) = \/% I8 f(y)e_‘y 2 dy has the strong
Feller property. Indeed this follows from properties of Gaussian densities (parabolic PDE theory)
or by properties of convolutions.
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8.3 Weak convergence and Prokhorov’s theorem

The aim of this section is to give a ‘compactness’ theorem that provides us with a very useful
criteria to check whether a given sequence of probability measures has a convergent subsequence.
In order to state this criteria, let us first introduce the notion of ‘tightness’.

By tightness we mean that the measure is tightly packed into a small space, by ‘small’ we
we mean the total mass can be almost packed into a compact set.

Lemma 8.3.1 If X is a complete separable metric space, and p a probability measure. Then
for every € > 0 there exists a compact set K C X such that u(K) > 1—e.

Proof. Let {r;} be a countable dense subset of X and denote by B(xz,r) the ball of radius r
centred at . Note that since {ry} is a dense set, one has J;~ B(rr,1/n) = & for every n. Fix
€ > 0 and, for every integer n > 0, denote by N,, the smallest integer such that

oY B0 )25

k<Np

Since (J,so B(rx,1/n) = X', the number N, is finite for every n. Define now the set K as

K= U Bre ).

n>0 k<N,

It is clear that pu(K) > 1 —e. Furthermore, K is totally bounded, i.e. for every § > 0 it can be
covered by a finite number of balls of radius d (since it can be covered by N,, balls of radius 1/n).
It is a classical result from topology that in complete separable metric spaces, totally bounded
sets have compact closure. O

Definition 8.3.2 Let M C P(X) be an arbitrary subset of the set of probability measures on
some topological space X. We say that M is (uniformly) tight if, for every e > 0 there exists
a compact set K C X such that u(K) > 1 — ¢ for every p € M.

By Lemma every finite family of probability measures on a complete separable metric
space is tight. One can show that: if {u,} is a tight sequence of probability measures on a com-
plete separable metric space, then there exists a probability measure ¢ on X and a subsequence
n, such that p,, — p weakly.

Theorem 8.3.3 (Prohorov) Let X be a complete separable metric space. Then a family of
probability measures on X is relatively compact if and only if it is tight.

Exercise 8.3.1 If {u,} C P(X) is tight and such that every convergence sub-sequence converges
to the same limit, then the sequence converges.
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Example 8.3.1 Let M be a subset of P(R). Suppose that there exists a non-decreasing function
@ :0,00) = [0,00) such that lim, e ¢(2) = 0o and C' = sup,eps [ o(|z])u(dz) < oo, then M
is tight.

Proof. Observe that

B N o(|=]) 1 -
p(|z| >n) = /mznd“ = /|m|2n D dp < > /len o(|z])dp

< ¢

~ p(n)
The quantity on the right hand side is the same for all © € M, it converges to 0 uniform in
u € M, and tightness follows. 0

Remark 8.3.4 (not examinable) A topological space X is said to be a Polish space, if there
exists a complete metric on X whose metric topology agrees with the topology of X. Since
both ‘relative compact’ and ‘compact sets’ and therefore ‘tightness’ of a family of measures are
topological concepts, Prohorov’s theorem holds If X is a Polish space.

Note that (0,1) is a Polish space although it is not a complete metric space with respect to
the inherited metric from R. The open sets and therefore the topology of (0, 1) is understood to
be that induced by R. Let ¢(x) = tan(nmz — §), then o(z,y) = |o(x) — ¢(y)| defines a complete
metric on (0,1). Its collection of open balls can be charactrerised with that by the distance
function d(z,y) = |z — y|.

Let p, = (5% where z is a given point (0,1). Then {u,} is not tight. However p,, considered
as measures on R, converges weakly to dg. It is not relatively compact as measures on (0,1): it
does not have a subsequence with limit a measure on (0, 1).

8.4 Existence of Invariant Measures

The Prohorov theorem allows us to give a very simple criteria for the existence of an invariant
measure for a given Markov process.

Theorem 8.4.1 (Krylov-Bogoliubov) Let P be a Feller transition probability on a com-
plete separable metric space X. If there exists xg € X such that the sequence of measures
{P"(x0,)}n>0 is tight, then there exists an invariant probability measure for P.

Proof. Fix x¢ as given by the assumptions and let uy be the sequence of probability measures
defined by

pn(A) = =D P'(wo, A) - (82)
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Since our assumption immediately implies that {un}n>1 is tight, there exists at least one
accumulation point 7 and a sequence ny with n; — oo such that p,, — m weakly.

To check T'm = 7, by Lemma we only need to show that [ @d(T'r) = [ ¢@dr for any
© € Cp(X). Since T is Feller, T'p is a continuous function, using

:1:07 /Py7 :rOady) PnJrl(an')J

we see that

/ ed(Tm) = /Tgodw = lim /Tgodunk
X
1 & .
lim — To P"( = lim — pnt
= Jim -~ Z/ o P"(x0,dy) = lim Z/@ (o0, dy)

k—o0 Ty =1

1 1
= lim © (dunk + —P"’“H(wo,dy) — —P(xo, dy)>
ng ng

k—o0 X

1 1
/cpd7r+ lim / © P (g0, dy) — lim / o P(xo,dy) = /godﬂ'.

k—o0 N k—o00 N

We used ¢ is bounded in the last step. Since ¢ was also arbitrary, this in turn implies that
Tm =m, i.e. that 7 is an invariant measure for our system. 0

Krylov-Bogoliubov Theorem holds on Polish spaces.

Example 8.4.1 Consider the Markov process defined on (0, 1) by the recursion relation z,+1 =
zn/2. Note also Tp(x) = E(p(z1)|zo = ) = ¢(3), P(x,dy) = éz. Note that the law of {zn}
is not tight. Since x,41 will eventually does not charge any Borel subset of (0,1), the Markov
chain does not have an invariant measure on the open interval (0, 1), even though it defines a
perfectly valid Feller semigroup on (0, 1) equipped with the topology inherited from R.

As an immediate consequence of Theorem we have that

Corollary 8.4.2 If the space X is compact, then every Feller semigroup on X has an invariant
probability measure.

Proof. On a compact space, every family of probability measures is tight. O

Example 8.4.2 Let X = {1,..., N}, then (by Corollary [8.4.2]) any Markov chain on X has an
invariant probability measure

Example 8.4.3 Let & : X x Y — & be continuous and bounded. Define the Markov chain by
Tnt1 = P(xn, Eny1), with g ~ & iid random variables and {xg, &k, k > 1} independent. Then if
f e Cy(X),

T () = Blf(®(z,6011))] = / f 0 ®(, y)u(dy),
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then T'f is continuous. Hence (z,) is Feller and has an invariant probability measure. An
example is xp41 = sin(zy, + &rt1)-

Example 8.4.4 Consider (z,) a Markov chain on R"™ with initial position zp. Assume P

(equivalently T') is Feller, then there exists an invariant probability measure if any of the following
holds:

1) sup,>q E[[z,|P] < oo for some p > 0.

2) sup,,>o Ellog(|z,| + 1) < oc.

Proof. In these settings we have P"(zo,-) = L(zy), and tightness for 2) follows from belowEI

Elog(|zn| + 1)

P"(x0,(Bup)©) =P(|Jzn| > M) <su — 0, as M — oo,
where B)y is the closed ball of radius M centred at 0. The proof for 1) is similar. 0

Example 8.4.5 (Tightness) Suppose {&,} are iid and independent of zp, with E|zg| < co and
Markov chain x,11 = %xn + &nt1. Assume also E[€;| = a < 1. The chain is Feller (check as
in Example [8.4.4)). The following arguments shows that the probability distribution of {,} is
tight. For alln > 1

1 1/1
E‘$n+1’ S 5E’$n| + E‘gn—i—l‘ S 5 <2E|.’L'n_1| + a> +a

11
=atga+ 1(|xn,g| +a)

< 1 1 1
_a+§a+1a+-~-+2n+l

< 2a + E|zo].

a + E|zo|

Hence sup,,> E|z,| < co and the system has an invariant probability measure. We remark since
we only need to show {P"(xg,-)} is tight for some z(, we can simply start the chain from a fixed
point.

The Lyapunov test function method allows us to use this reasoning for more general systems.

8.4.1 Lyapunov Function test

One simple way of checking that the tightness condition of the Krylov-Bogoliubov theorem
holds is to find a so-called Lyapunov function for the system. A Lyapunov function is allowed

1Using Markov’s inequality with non-negative monotone function u +— log(u + 1).
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to take thev value +00. We clarify what does it mean to integrate a function that might take
the value +00. Let Ay = {z : V(z) < oo}. If p is a measure on X with p(Xp) = 1, we
define [, Vdu = [ x, Vdp, otherwise we set J Vdp = oo. In particular the assumption that
TV (z) <~V (z) + C implies that P(z, Xp) =1 for every = with V(z) < oc.

Lemma 8.4.3 Let P be a transition function on X and let V: X — R4 U {oco} be a Borel
measurable function. Suppose there exist a positive constant v € (0,1) and a constant C > 0
such that
TV(z) <AV(z)+C,
for every x such that V (x) # oo. Then
C

TV (z) <~4"V(x) + T (8.3)

Proof. This is a simple consequence of the Chapman-Kolmogorov equations:

TV (z) = /X V(y) P"(x, dy) = /X TV (y) Pz, dy) = /X /X V(y) P(z,dy) P* (. dz)
< C—i—’y/ V(z) P" z,dz) < ...
X

SC+C’7+...+C7”+7”V(9&)Sv”V(:L‘)—i-ﬁ,

completing the proof. 0

Typically, V(z) = |z|P or V(z) = log|z|, etc... These allow us to control E|z,|P etc. Note
the following:

e If V is bounded EV(x,) < oo provides no information on tightness of the law of {x,}.
To avoid this assume V~1([0,a]) := {y : V(y) < a} is compact.

e We can allow V = 400 where x,, does not visit. But V' should not be +o0c everywhere, i.e.
VI (Ry) # ¢.

Definition 8.4.4 Let X be a complete separable metric space and let P be a transition proba-
bility on X'. A Borel measurable function V': X — Ry U {oo} is called a Lyapunov function
for P if it satisfies the following conditions:

o V'I(R4) # 0.
e For every a € Ry, the set {y : V(y) < a} is compact.

e There exist a positive constant v < 1 and a constant C such that
TV(@) = [ V(o) Plady) <9V @)+
X

for every x such that V(x) # oo.
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With this definition at hand, it is now easy to prove the following results.

Theorem 8.4.5 (Lyapunov function test) If a transition probability P is Feller and admits
a Lyapunov function, then it has an invariant probability measure.

Proof. Let xg € X be any point such that V(xg) # oo, we show that the sequence of measures
{P™(zo,-)} is tight. For every a > 0, let K, = {y|V(y) < a}, a compact set. By the lemma
above,

c
T (o) = [ VP wdy) <9"V(@) +
x -7

Tchebycheff’s inequality shows that

P(eo.dy) < [ V) pr(y, dy) < 277V (@)
{V(y)>a} @ a

P (0, (K,)°) = /
{V(y)>a}
1

C
< —(V —).
< (Vo) + 1_7)
We have used Lemma and the fact that v < 1. The results follows from convergence of
the right hand side, as a — oo, with rate uniform in n. (More precisely, for every £ > 0 we can
now choose a > %(V(wo) + %), then P"(z,K,) > 1 — ¢ for every n > 0.) We can now use
Krylov-Bogoliubov theorem to conclude. O

The proof the previous theorem suggests that a Lyapunov function V for T allows us to
deduce information on its invariant measures. E.g. if V(z) = |z|*> we expect to deduce that 7
has second moment and the second moment bound C/(1 —~), where C and +y are the constants
appearing in . This is indeed the case, as shown by the following proposition:

Proposition 8.4.6 Let P be a transition probability on X and let V: X — R4 be a measurable
function such that there exist constants v € (0,1) and C > 0 with

/X V(y) P(z,dy) <~V (z)+C .

Then, every invariant measure w for P satisfies

c
/XV(x)w(dx) <1

Proof. Let M > 0 be an arbitrary constant. As a shorthand, we will use the notation a A b to
denote the minimum between two numbers a and b. Let Vi)y = V A M. For every n > 0, one
then has the following chain of inequalities:

/XVM(SU)TI'(dl‘):/XVM(SU) (T”W)(dx):/ T" Vi (x) m(dx)

X
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C
-
We have used Jensen’s inequality. Since the function on the right hand side is bounded by M,

< | 6"Varta) + 7))

we can apply the Lebesgue dominated convergence theorem. It yields the bound

/X(V(w) /\M) m(dr) < : )

which holds uniformly in M, and the result follows. O

We complete this section with a couple of inequalities which can be handy for applying Lyapunov
function methods.

Lemma 8.4.7 For any p > 1 and any § > 0 there exists a constant K > 1 such that
1+ zP < K|z|P +144.

Note that if © <0, |z + 1P <1+ |z|P.

Proof. This is clear if x < 0. For p an integer, this can also be obtained by apply Young’s
inequality to terms |z[P'|y|P~*" in the expansion of |z + y|?.

Now we assume = > 0. Let f(x) = |1 + z|P. Let g(z) = K|z|P + 1+ 6. Note that ¢g(0) >
f(0). If f(z) > g(x) for some x, then by the intermediate value theorem there exists a point
where they have equal value. Let zg be the first point they are equal. Then zg > 0. Choose
K = (|W + 1yp). Then f(z) = |x\p<|ﬁ + 1\?) < K|z|P for any = > xo. 0

Young’s inequality: for any «, 8 > 0 with é + % =1,

(ea)®  bP
< —_—.
ab < 5 + BB

8.4.2 Application to a random dynamical system

In this section, let (x,) be a Markov process defined by a recursion relation of the type

Tn+1 = F(xnygn) ) (84)

for {&,} a sequence of independent and identically distributed random variables taking values
in a measurable space ), and all independent of zg, and F: X x ) — X a Borel measurable
function. Then for any V' € By(X),

TV (x) = E[V(F(z,&))]-

An effective criteria for the transition probabilities to be Feller is as follows:
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Theorem 8.4.8 Let (x,) be a Markov process defined by a recursion relation of the type

T+l = F(xnafn) )

for {&.} a sequence of i.i.d. random variables taking values in a measurable space Y and F': X X
Y — X. If the function F(-,&,): X — X is continuous for almost every realisation of & (If A is
the set of y such that x — F(x,y) is continuous, then the property that P(&, € A) =1 does not
depend on n.), then the corresponding transition semigroup is Feller.

Proof. Denote by P the law of & on Y and by p: X — X an arbitrary continuous bounded
function. It follows from the definition of the transition semigroup 7" that

(Te)(z) = E(p(znt1) | 2n = ) = Bo(F(2,&,)) = /ys@(F(:cyy)) P(dy) .

Let now {z,} be a sequence of elements in X’ converging to z. Lebesgue’s dominated convergence
theorem shows that

lim (T) (zn) = lim | @(F(za,y)) P(dy) = / Tim o(F(zn,y)) P(dy)
Yy Yy

_ /y (F(z,y)) Bldy) = (T¢)(2)

which implies that Ty is continuous and therefore that T is Feller. O

If F' is continuous in the first variable for each y, then the Markov process is Feller.

Theorem 8.4.9 Suppose that the function F(-,§,): X — X is continuous for almost every
realisation of &,. If, furthermore, there exists a Borel measurable function V: X — R with
compact sub-level sets and constants v € (0,1) and C > 0 such that

[ V(F@) By < v+ vaex,
Yy
where P is the distribution of &, then the process x has at least one invariant probability measure.

Proof. Indeed,
P(e. 4) = Elo1 € Afoo = 1) = B(F(z0,60) € Aloo = 1) = [ 1a(F(z,)Pldy)
Then P is Feller follows from Theorem [8.4.8l Then the left hand side of the given inequality

is TV and V is a Lyapunov function. The existence of an invariant probability measure now
follows from the Lyapunov function test. O
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8.5 Uniqueness of the invariant measure

In this section, we give a very simple criteria for the uniqueness of the invariant measure, due to
deterministic contraction. We first review some general results regarding coupling of probability
measures and criterion to establish uniqueness

8.5.1 Properties of couplings

Let 71 and 72 be two probability measures on metric space (X, d). Let p a coupling of m; and
7o, i.e. p € P(X?) with (proji).«p = m1 and (proja).pu = ma. Where (proj;) : X x X — X, are
the projections to first and second component respectively (i= 1, 2).

Example 8.5.1 Let m; = N(0,1) and m3 = N(0,1). Let X,Y be independent N (0, 1) random
variables. Then the joint probability distribution of (aX + bY,cX + dY) where a® + b* = 1,
A+d?=1isa coupling of m; and me. This is a two dimensional Gaussian distribution with

1 ac + bd)

covariance matrix
ac + bd 1

Lemma 8.5.1 Define A C X x X to be the diagonal A = {(z,x) : x € X}. If there exists a
coupling p of m and wy such that u(A) =1, then m = my. In particular m = m if

/ 1Ad(z,y) u(dz,dy) =0 (8.5)
XxX

Proof. Let A C X be a Borel measurable set. Then using assumptions

T1(A) = p(A x X) = u((A x X) 1 A)
= u((X x A)NA) = p(X x A) = m(A).

Hence m = ms.
Also note that {(x,y) : 1 Ad(z,y) =0} = A. Then

| indamudedy =0 = u&) = ul{(e.) : 1A dey) =0} = 1.

Hence ({8.5)) implies p(A) =1 and then m; = w9 by above. O

Lemma 8.5.2 Let {u,} be a family of couplings of m1,m9 €€ P(X), then {u,} is tight.

Proof. Since 71, my are probability measures, for any € > 0 there exists compact sets K1, Ko C X
such that

9 e
7T1(K1) >1—§, 7T2(K2) >1—§
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Then we infer tightness of {u,} since for any n:

pn(X2\ Ky % K2) < pin((X\ K1) X X) + pn (X % (X K))
= 7T1(ch) +7T2(K20) <e.

O

Lemma 8.5.3 If u, is a sequence of measures on X converging weakly to a measure u, then
for any continuous map ¢ : X — Y, Qulty, converges to Qs ii.

Proof. Let f:)Y — R be bounded continuous, since f o ¢ is bounded continuous, then

/yfdw*pcn—/Xfwdun%/xfwdu—/yfdcp*u,

SO Vufln —> Picfl- O
Lemma 8.5.4 If {u,} is a family of couplings of w1, ma €€ P(X), then so is any of its accu-

mulation points.

Proof. This due to the fact that (proj;) is continuous and (Proj;).u—m. Suppose limy, o0 ttn, = f
(weakly), then by Lemma [8.5.3] for i = 1,2 and any f : X — R bounded continuous,

/de((proji)*,u):/xfdﬂ'i.

Since measures are determined by bounded continuous functions, we deduce

(proji)sp = mi,

concluding that p is a coupling of 71, ma. O

8.5.2 Uniqueness due to deterministic contraction

Consider now the random dynamical system of previous section. Let z,+1 = F(zp,&,+1) be a
Markov chain, where {&;};>1 are i.i.d random variables. Then we have the following uniqueness
criterion.

In this section, we give a very simple criteria for the uniqueness of the invariant measure,
due to deterministic contraction.

Theorem 8.5.5 If there exists a constant v € (0,1) such that
Ed(F(xagl)’F(y’gl)) S’yd(l‘,y) Vm,yé X> (86)

then the process has at most one invariant probability measure.
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Proof. Let w1 and my be any two invariant probability measures for (8.4). Let z¢ and yo be
two independent X-valued random variables, independent of {¢;} and with laws £(xg) = m and
L(yo) = m2. Then define z,, and y, as follows:

xr1 = F(Il?(],fl), Tn+1 = F<$n7§n+1)7 n > 1;
y1 = F(yo,&1), Ynt1 = F(Yn,&ny1), n>1.

Then L(x,) = 71, L(yn) = m2 for all n > 0, and p, = L((zn,yn)) is a coupling of m; and
mo. By Lemma [8.5.2] and [8:5.4] and Prohorov’s Theorem [8.3.3] there exists a weakly convergent
subsequence fi,, , whose limit ;1 is a coupling of 71 and mo. If

lim [ 1Ad(z,y) dun, =0, (8.7)

k—o0 X

so that, by the boundedness and the continuity of 1 A d(-, ),

/ 1Ad(z,y) du = 0.
X

Then we deduce 71 = m3 by Lemma [8.5.1
Therefore it remains to show (8.7)) to conclude the proof, this is proved in the next Lemma. O

Definition 8.5.6 We say that (z,,y,) is a synchronized coupling if xg, yo are independent, and
Tnt1 = F(xp, &ny1) and ypt1 = F(Yn, {nt1) are defined by iteration (with the same noise &,,).

The following lemma shows that the synchronised coupling (z, y,) having its mass concentrate
more and more on the diagonal.

Lemma 8.5.7 Let p, := L((zn,yn)) be a synchronized coupling. Assume the conditions of

Theorem then,

lim E(1 Ad(zp,y,)) = lim 1 Nd(z,y) duy, = 0.

n—oQ n—oo X

Proof. Note that contraction assumption is about fixed starting point. Here we do not impose
integrability of d(xg,yo), nor on d(zy,y,). This means we have to tread carefully, and hence the
introduction of 1 A d. Let ¢ > 0. Since ¢(t) = 1 A ¢t is concave we can use conditional Jensen’s
inequality and the Markov property to derive the following

E(l A Cd($na yn)) <E E(QO © d(.’L’n, yn) ’xn—la Yn—1 ) <E (P(E(d(xnv yn) ’mn—la yn—l) )
Using x,, = F(2n-1,&n), Yn = F(Yn—1,&n), by independence of &, and (zp—1,yn—1),

E(d(xna yn) |xn717yn71) = E(d(F(xvé_n)a F(yagn))m:
<E(vd(zn-1,Yn-1))-

Tn—1,Y=Yn—1
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where the inequality is nothing but We have the inequality for any a > 0, and any n,
E(l A Cd(l‘n, yn)) <E @(E(d(xnfla ynfl)) ) = E(l Ney d(xnfla ynfl))'
By iteration,
E(1Ad(zn,yn)) < E(l Aey™ d(azo,yo)).
Note now that 1 A v"*d converges pointwise to 0 and is bounded by 1, so that Lebesgue’s
dominated convergence theorem yields

E(1 ANd(zn,yn)) — 0,

proving the Lemma. O

8.6 Uniqueness and minorisation

In this section, we give another simple criteria for the uniqueness of the invariant measure of a
Markov transition operator which is based on completely different mechanisms from the previous
section. The result presented in the previous section only used the contractive properties of the
map F' in order to prove uniqueness. This was very much in the spirit of the Banach fixed point
theorem and can be viewed as a purely ‘deterministic’ effect. The criteria given in this section

is much more probabilistic in nature and can be viewed as a strong form of irreducibility.

The criteria in this section will also be based on Banach’s fixed point theorem, but this time
in the space of probability measures. The ‘right’ distance between probability measures that
makes it work is the total variation distance as introduced at Definition [.7.13] in Section

(73

8.6.1 Properties of the Total Variation

In this subsection we review some definitions and useful properties in sight of the main Theorem
8.6.12] Recall the following

Definition 8.6.1 The total variation distance between two probability measures u, v on 2 is
i = llrv = 2 sup |u(A) = v(A)]
where the supremum runs over all measurable subsets .

Lemma 8.6.2 (Duality Formulation)

=iy = s | [ f@)uin) = [ @)
lflloo=1
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Proof. By the Jordan decomposition theorem,

+ +

p—v=@-v)"—(p-v)

where we can assume that there exists a measurable set B such that (u — v)*(B) = 1 and
(u—v)~(BY) = 1. Let g = 15 — 1p¢, then fro any measurable function f bounded by 1, Thus

sup /fa: p—v)*(de) /f (u—v) da: ‘/ V) (dz)| = 2(u(B)—v(B).

FEB(X)-[| flloo=1

O

Remark 8.6.3 (1) It is also a fact that under very mild conditions on X' (being a complete
separable metric space is more than enough), (10.6) is the same as the seemingly weaker
norm,

ln=vlrv= suw || f@yutdn) =~ [ j@)vian)], (83)

feECH(X)
[flloo=1

where the supremum only runs over continuous bounded functions.

(2) It is also standard to define the total variation distance to be % of our total variation
distance, i.e. ||[p — v|pv =supycy |(A) — v(A)|. Note also,

s | [ s@utan - [ s@wtn) =5 s | [ @) un) - [ @) v

[[flloo=1 Oso(f)=1

where Oso(f) = sup(f) — inf(f).

Another equivalent definition for the total variation is as follows, this will be the one we use
in the formulation. If y and v are two positive measures, we use p << 7 to indicate that p is
absolutely continuous with respect to v.

Definition 8.6.4 Given two (positive) measures ;1 and v on a measurable space . Let n be a
(positive) measure such that u << n and v << 7, define

dp  dv
In=vliey = [ |5 = %] an

8.9
a  dn (8.9)

(Where we denote by 3 d“ and d” their Radon-Nikodym derivatives with respect to 7.)

Remark 8.6.5
1. Given two positive measures 1 and v on a measurable space (), there always exists 1 such
that p << n and v << 7. For example, it is easy to check that both p and v are absolutely
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continuous with respect to p + v.
2. The definition is independent of the choice of n. In fact, since

dp — dp dp+v) dv_ dv d(p+v)
dn  dp+v) dn dn  dp+v) dnp
then
/|_u _/d(u—i—u) v du dn
n dip+v) dp+v)
dp
- d(p+v).
/‘ dip+v) dp+v) (bt )
Hence we can simply define:
dp
;L—VTV:/| — d(p+v). 8.10
=l = [ | 5e% s = e+ ) (5.10)

Remark 8.6.6 Definition means that the total variation distance between p and v is given
by the Lj(n) norm of the corresponding Radon-Nikodym derivatives.

Example 8.6.1 Consider u, v measures on R that have densities w.r.t. the Lebesgue measure,
i.e. du = fdx and dv = gdx. Then

= vllry = /R 1 —gldz = | - glm)

Since, for any two positive numbers, one has |z — y| =  + y — 2min{z, y}, then we have

dp dv| du du_2(du/\du>

8.11
an (8.11)

:d77+d17 dn dn

Notation. If y and v are two positive measures, we denote by u A v the measure obtained by

(nnv)a) = /A i { d(udi v)’ d(udﬂyL V) } s+ )

Lemma 8.6.7 Assuming u,v € P(Q)), we have a useful identity:

I = vlrv =2(1 = pAv(Q)) . (8.12)

Proof. By plugging (8.11]) into the definition (8.10]), we immediately see that
= vllrv = p(Q) +v(Q) = 2u A v(Q) = 2(1 — p A V(D))

as required. 0
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Exercise 8.6.1 Show that if 7 is an positive measure on €2 such that y < 7 and v < n, then

(1A V) (A4) = /Amin{jﬁ;,Z;}dn.

Lemma 8.6.8 The space of probability measures P(X) endowed with the total variation distance
I - llrv is complete.

Proof. Let u, € P(X) be a sequence of probability measures that is Cauchy in the total variation
distance. Let 7 be defined by n = > >, z%un. Then p, << n for each n. By , the
total variation distance is equal to the £' distance between the corresponding Radon-Nikodym

derivatives:

dpn,  dpm dpn  dpm
n — Hm = - dn = B )
[tn — pomllTv /X‘ i | l a " dn 21 ()

Then {py,} is Cauchy in TV if and only if {dc’l‘—n”} is a Cauchy sequence in L'(n). But £1(X,n)

1 _ —
is complete and so dj‘—ﬁ” L, f: X — Ry (with f > 0 a function with unit L!'-norm). Then
tin — i € P(X) in total variation, where fi is given by ji(4) = [, fdn. O
8.6.2 Uniqueness by minorisation
Lemma 8.6.9 Let u,v be two probability measures on X. Let i and U be defined as follows
uw—pAv V—UuAv

7 (8.13)

T AL -
sle=virv’ sl =vov

Then i1 and v are probability measures and the following equality holds

1 o
p—v=gllp—virvp o). (8.14)
Proof. By Lemma [8.6.7) (with © = X') we have

1
sl =vlrv =1=(uAV)(X) = (n—pAV)(X).
Hence i and ¥ are probability measures. The identity is obvious. O

Lemma 8.6.10 Let p, v be two probability measures on X and T a transition operator. Then

1 _ _
1T =Tvlrv = lu—vlrv - ITE = To|rv (8.15)

< |lu—=v|Tv.
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Proof. Applying the operator T to (8.14]) we have
1
Ty~ Tv = J|n—vley(T — 1)
Then (8.15) follows, noting that | Ta — To|1v < 2. 0

Definition 8.6.11 Let n € P(X). We say transition probability P = (P(z,-)) is minorized by
n if there exists a number a > 0 such that

P(z,) > an, Ve e X.
A family of transition probabilities for which the above condition holds is also said to satisfy
the Doeblin’s Condition.)
Note. For a finite state chain this means
P(i,j) > an(j),  Vi,jeX. (8.16)

For example, if we take n = (0,...,1,...0) = §;,, where every entry but the jth vanishes, then
(8.16) < P(i,jo) > « for all 4. This is equivalent to having the jp-th column of P bounded
below by a(1,1,...,1)T. We will show a convergence theorem in the total variation distance (

cf. Proposition [7.10.1} Theorem [7.10.10, Theorem [7.7.17] ).

We are now in a position to formulate the criteria announced at the beginning of this section.

Theorem 8.6.12 Let P be a transition probability on a space X. Assume that P is minorized
by a probability measure n on X, so there exists o > 0 such that P(x,-) > an for every x € X.
Then

(1) P has a unique invariant probability measure .
(2) Furthermore for any p,v € P(X),

1T — T wflpy < (1= o)™ [|w— v|lry.

Proof. For any measure m € P(X),

Tm = / P(z,-)dm > an,
X

it follows that T'm — an is a positive measure with total mass (T'm — an)(X) = 1 — a.. Thus,

Tm — o Tm — «
ITm — Tmllrv < (1 - ) 1 !

<2(1—a).
TV

11—« l—«o
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In sight of the equality in (8.15)), this implies (using m = i, m = v)

1 _ _
1Tn=Tvlrv = Sllp = vilevlTa = Tolrv < A = a)llp = viTv.

Hence T is a strict contraction, By Banach’s fixed point theorem on (P(X),|| - ||Tv) we have
that u — T has a unique fixed point. Finally,

1T — T wllpy < (1= )| = vll7v,

by iteration. O

Taking v to be an invariant measure, so 1”7 = 7, the following lemma follows immediately:

Corollary 8.6.13 Assume the conditions of Theorem|[8.6.19. Let pu be any probability measure,
and m the unique invariant probability measure. Then

1T" = ml|rv < (1 —a)"[|p— 7TV -

Compare the results with Theorem in Section [7.10.4f The minorisation assumption
can be weakened to hold for some integer ny.

Exercise 8.6.2 Assume there exists ng, a € (0,1) and n € P(X) such that
P™(x,-) > an, Vo € Xp.
Show there exists a unique invariant probability measure 7 and there exists a € (0, 1) such that

[T = T"v|[rv < @[ — vy

The proof is almost identical to the earlier theorem. For any m € P(X),

T"om = / Pro(z,)du > an.
X

Write T
"om — «
T"m=an+ (1 —a) L mman
1l—«a
Observe that m := %{;a" is a probability measure. (Thus any two probability measures, becomes

non-singular after an evolution of time ng.) Apply Lemma|[8.6.10] and use the notation there, we obtain

1 B _
70 = Ty = Sl = vy |78 = T7 ey

<A =-a)llp=virv.
TV

=1 =-a)llp=virv-3

2

1|T™pn—an T™v—an
l-a l1-a
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Thus T™° is a contraction. If n,m > ngk where k € N, we use the property that 7" does not increase the

total variation norm (Lemma [3.6.10)),
||Tn'u _ TmV|TV S HTnOan_”OkM _ TnokTm—nOkVHTV

< (1= )H|T 0k — TRy < 2(1 — )t

So T"u is a Cauchy sequence and converges to a probability measure 7, by the completeness of P(X).

Since T is continuous, we see that 7 is an invariant measure. The uniqueness follows from the contraction.

Example 8.6.2 Let {£,} be independent identically distributed real valued random variables
with transition probabilities probability distribution

(- g ()2

r'(A dy, VAeBR).

1
=7 e
where
g(x) = 4cos(x),

SO

— g(=)?
Tf(x) \/ﬂ/ fly dy.
Then the minorisation condition is satisfied. Take ef (y,g(z))z >ply) =e” ‘y+4|2
e” ‘y+24|2 and for y < —4 it bounded from below by e~ e , both are integrable in y. Let us define
p(y) = infye” g = for y € [—4,4], as above for |y| > 4. Let n be the probability measure

with density cp for a normalising constant c¢. Then the minorisation condition is satisfied.

Exercise 8.6.3 Is the family of probability measures csin(z + y)2dy on [0,1] where ¢ is a
normalising constant on [0, 1] minorised by the § measure at 3? Here z runs through [0, 1].

8.6.3 Strong Feller

Definition 8.6.14 Let X be a separable metric space. Then for any probability measure p €
P(X), there exists a closed set A such that A is the smallest closed subset of full measure. This
is the support of pu.

Lemma 8.6.15 The support of a measure on X is the set of points with the property that any
open set containing it has positive measure, i.e. supp(p) = {x € X : u(B(x,e)) > 0,Ve > 0}.

Example 8.6.3 (Measures, support and mutual singularity)

1. Consider =7 | 0z, then supp(p) = {x1,..., 25}

2. If = N(0,1) is a standard normal random variable on R, then supp(u) = R.
8. If = 1o 1y(z)dx + 1 (9,3 (x)dz, then supp(u) = [0,1] U [2,3].
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4. Now consider y = dp and v = 1(g jjdz. Then y and v are mutually singular, since v/((0,1]) = 1
and 0((0,1]) = 0. On the other hand

supp(p) N supp(v) = {0} N[0,1] = {0} # ¢.
Even if p and v are mutually singular, their supports are not disjoint.

Theorem 8.6.16 Let u,v € P(X) be mutually singular invariant probability measures for a
transition operator T. Suppose T has the Strong Feller property. Then

supp(p) N supp(v) = ¢.

Proof. By assumption (pu L v) there exists ' C X Borel measurable such that p(F) = 1 and
v(F) =0. Let ¢ := 1p. Then Ty is continuous by the Strong Feller property, and T'¢ € [0, 1].
Since v(F') =0, ¢ = 1 and invariance of v,

0= /X o) v(dy) = /X o) Tu(dy) = /X To(y) v(dy).

Since Ty > 0, then v({y : To(y) = 0}) =1 (i.e. T = 0 v — a.e., but we do not know
necessarily which elements are in the exceptional sets.). With the assumption T'p is continuous,
coming from the Strong property, we may assert that {y : Tp(y) = 0} is closed and therefore
supp(v) C{y : Te(y) = 0}. If © € supp(v), then Tp(x) = 0 necessarily. Also

12/)(90(21) p(dy) Z/XTsO(y) w(dy).

Which implies T'o(y) = 1 for p-a.e.y. Then for z € supp(n), Te(z) = 1. Hence supp(p) N
supp(v) = ¢. O

Remark 8.6.17

1. Suppose T has the strong Feller property, and we can identify a common point in the
support of every invariant probability measure, then by Part (b) of Theorem there exists
only one invariant probability measure.

2. We will see (cf. Theorem that all ergodic invariant probability measure for a transition
probability are either identical or mutually singular.

Definition 8.6.18 If z € X is a point such that for every neighbourhood A of z and for every
y € X, P(y,A) > 0, we say that z is accessible.

Exercise 8.6.4 Let P be a time homogeneous transition probability on a complete separable
metric space X with an accessible point x. Show that if P is strong, then P can have at most
one invariant probability measure.
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Strong Feller property for transition probabilities with kernels

The strong Feller property holds more generally when the probability distribution of Y has a
density p(z) with respect to the Lebesgue measure, since then T f(z) = [ f(y)p(y — z) = f *p.
First, let us review below Lemma [8.6.19| regarding convolution of functions.

Lemma 8.6.19 Let f : R™ — R be bounded Borel measurable, and g : R* — R be in L'(dz).
Then the convolution

frxg= /_OO fy)g(x —y)dy

s a bounded continuous function.

Proof. (a) First suppose that g € C% is smooth with compact support. For any z € R",
frgla)—fxg(a’) = /f(y)(g(w —y)—g(@’ —y)dy -0, asz’ > (8.17)

Since g(z —y) — g(2’ —y) = 0 when 2’ — z, and [f(y) (9(z — y) — 9(z’' — ¥))| < 2[f]oo|gloc, sO
that the continuity follows from the dominated convergence theorem.

(b) If g € L1(R), it can be approximated by functions g, € C% with compact support, i.e.

Ik Lz, g. Pick x and let 2/ — z, we need to show f * g(a’) = f * g(z).
The difference f * g(z) — f * g(2’) can be split up into 3 terms, such that

|fxg(x) = fxg(@)] < [fxg(@) = f*gu(@)|+]f *gr(@) = f*gu(@')| +]f * gr(z") = fxg(a")] (8.18)

For the first term (recall f * h = h * f by the translation invariance of the Lebesgue measure)

1 *g(z) — f*gu(@)] < / £ — ) lge) — 9@)| dy < |floolr — gl11.

The upper bound does not depend on the points x, and the convergence is uniform in z, and
therefore the third term has the bound also: |f * gp(2') — f * g(")| < |floolgr — g|r1. Hence,
given € > 0, there exists an N such that for £k > N,

If % g(x) — frgr(@)| + |f*ge(a) — f*g(a)] < gs.

For the second term term of inequality (8.18)), we can apply (8.17) to gy such that for some
d=19(e) >0

Fron(@) = frogy@)l <5, le-a|<a

Hence using £ = N in (8.18]), we deduce continuity since for |z — 2/| < § we have

|fxg(x) — fxg(a')| <e.

Hence f * g is continuous. O
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From the Lemma, when T'f = (f * g)(z) is given by convolution, the Strong Feller Property
follows immediately:

Proposition 8.6.20 Let X = R", g : R™ — R, be Borel measurable and in L'(dx) such that

Jrn 9(x) dx =1, with dx = Lebesgue measure (i.e. g(x)dx is a probability measure). Suppose

Tf(x) = / fw)g(z —y) dy.

Then T has the strong Feller property.
Proof. We can normalise g to be have mass 1 and apply the Lemma. O

If T is defined by a density which is not homogeneous, strong Feller property can still proved,
but there is not such a beautiful statement. Below we explore some situations. Let B,(x) stands
for the open ball centred at x with radius a.

Example 8.6.4 Suppose that the transition probabilities have densities with respect to a com-
mon measure u, P(x,dy) = p(x,y)u(dy). We suppose also the following conditions:
(1) For every y, = +— p(z,y) is continuous

(2a) For every z there exists a > 0 such that sup,cp, (,) p(,y) is integrable w.r.t. p.

(Or more generally (2b): for every x, there exists a > 0 such that {p(z,y),z € By(x)} is
uniformly integrable w.r.t. u).

Then the strong Feller property holds for 7T'.

Proof. Let f: X — R be bounded measurable function, and let x, — .

T f(n) — Tuf(a)] < \ [ 1))~ pla ) )|

Since p(xn,y) — p(z,y) and for x, near z, |p(zn,y) — p(z,y)| < Sup,ep,(z)P(*,y) and the
latter in L', by the dominated convergence theorem, we may take the limit n — oo inside the
integration sign. Concerning the alternative assumption (2b), uniformly integrability will allow
us to take the limit inside the integral. O

If a Markov transition function P(z,dy) is continuous in the total variation norm, then the
transition semigroup is strong Feller. The former is stronger, because the convergenece

lim sup|T;14(z) — T3l a(xo))| = lim sup|P(x, A) — P(xg, A)| =0,
A T—T0 A

T—T0
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is uniform in the set A.

There is a theorem which states that the composition of two strong Feller Markov kernels is
continuous in the total variation norm. By the Chapman-Kolmogorov equations, a continuous
time strong Feller Markov semigroup is continuous in total variation norm as soon as the time
is positive. There are counter example of strong Feller Markov processes not continuous in the
total variation norm. See notes by Martin Hairer and notes by Jan Sedler.

8.7 Using P-invariant sets

We have seen the uniqueness of invariant probability measure due to the deterministic con-
traction (8.6). There are situations (we will see one of them immediately) where (8.6),i.
Ed(F(:c,{l),F(y,él)) < ~d(z,y), only holds for  and y in some subset A of X', but where
A has the property of eventually ‘absorbing’ every trajectory. This motivates the following
discussion.

Definition 8.7.1 Let P = (P(x,-),z € X) be a family of transition probabilities on X. A Borel
set A is said to be P-invariant if P(z, A) = 1 for every x € A.

Example 8.7.1 If X is finite, a closed communication class is a P-invariant set.
Remark 8.7.2 If A is a P-invariant set and xg ~ 7, then

Plxg€ Az € A, ...,z € A) = 7(A).
This is a consequence of the Chapman-Kolmogorov equations:

P(zg € Ag,x1 € A1, ...,xq € Ayp)

/ / / P(xp—1,dxn)P(xp—2,dxn_1) -+ P(x1,dx2) P20, dx1)7(d2()
Ao J Ay An_1 JA,

/ / / P(xp—1,Ap)P(xp—2,dxn_1) - P(x1,dz2)P(20,d21)T(dX0)

Ao J A An—1

—PZL’()EAJJEA , Tp— 1€A) :P(J}(]GA)
=7(A).
Where A; = A to keep track of integrals.

Remark 8.7.3 Let P, be the stationary measure on XN and A is a P-invariant set. Let
AN = Ax Ax---x A € B(&XN). Then P, (AN) = n(A).

Example 8.7.2 Let X = R, and define the trasition probabilities as follows

1a(z)d >0
P(z, A) = Jo1a@)de x>0, VA € B(R).
f_llA x)dx x < 0.
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Then both [0, 1] and [—1,0) are P-invariant sets. So are (0,1) and (—1,0) (absolute continuity
of Lebesgue measure). But [—1,0] is not a P-invariant set.

More generally [0,1 + a?] , [-1 — a?,0) are p-invariant sets for all a > 0.

Note. We can also take [0,1] N1 QY, however restrictions to an open and closed set fits in with
our set up easily.

Remark 8.7.4 If A is a P-invariant set, 7 an invariant measure,

p(, Ay (dz) = n(4) + / pla, A)m(dz),

c

7(A) = (Tm)(A) = /

A

m%mmm+/

c

concluding [,. p(x, A)w(dz) = 0and [,. p(x, B)w(dz) = 0for B C Aand n(B) = [, p(x, B)n(dx).

Restrictions of Markov Chain. Given a P-invariant set A C X, so that Vo € A, P(z, A) =1
then {P(x,-),z € A} are transition probabilities on A. Also, for any Borel set B,

P(z,BNA) = P(z,B), when z € A.

If there exists a closed P-invariant set A C X, one can restrict P to A to obtain a Markov
process on the complete separable metric space A, and Krylov-Bugoliubov criterion (Theorem
can be applied. (Moreover one may be able to check for x and y in A to establish
uniqueness of invariant measure 7).

In example above, we can restrict the chain to [0,1], a compact metric space (so that
Krylov-Bugoliubov criterion can be verified).

Lemma 8.7.5 Let A be P-invariant, where P is a t.p. on X.
1. Let 7% € P(A) be a probability measure on A. Define a probability measure © on X by

n(B):=7°(BNA), VBcBX).

If 70 is invariant for P restricted to A, then m is invariant for P on X.
2. Conversely, if © is invariant for P, its restriction ©° on A is invariant for P on A.

Proof. 1. For any for any C € ANB(X)={B:BC A},

@Hmn:AP@cwW@ (8.19)

Similarly for any Borel subset B of X,

n ) = [

X
= (T7°)(B N A).

p@mmmz/

P(z, B)r(dz) = / P(z,BN A)r(dx)
A A

We use the fact that 7(A) = 1 for the second identity, and in the third we used the fact that for
x € A, P(x, A°) = 0 hence P(z,B) = P(z,BNA). Weused BNA C A and (8.19) to pass to the
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last line. It follows that (T7%) (BN A) = 7°(B N A) for all B € B(X) implies that 7 is invariant.
In the other direction, suppose that 7 invariant for P, n#(B) = (I'r)(B) = [, P(z, B)w(dx) for
any B C A, so m(B) = [, P(x, B)n(dz), w|A is invariant P|A. O

An invariant probability measure for P may not restrict to a probability measure on the
invariant set. Indeed A may even has measure zero.

Theorem 8.7.6 Let P (with associated operator T') be a Feller transition probabilities on X .
Suppose that A is a compact P-invariant set, then the restriction of P to A is also Feller.
Consequently, there exists an invariant probability measure for P (on X ).

Proof. Let P° be the restriction of P to A with corresponding transition operator 7. Since A is
compact we only need to show 70 is Feller to conclude the existence of an invariant probability

measure for P°, using Theorem Then, by Lemma there exists an invariant m € P(X)

for P, with 7|4 = 7°.

Tietze’s theorem state that any bounded continuous function on a closed subset of X extends
to a bounded continuous function on the whole space. Let f : A — R be any bounded continuous
function, and f : X — R a bounded continuous extension of f. Then, if T is the transition
operator on A associated to P, given = € A,

TOf(z) = /A f(y) POz, dy) = /A F(y) P, dy) = /X F(y) P dy) = Tf(z).

Where in the second-last equality we used P(z, A) =1 for € A so [,. f(y)P(z,dy) = 0. This
concludes that T° is Feller. O

Motivation. Could we use a P-invariant set for uniqueness? To show the Markov chain on
X has a unique invariant probability measure, one would like to have a criteria that ensures that
every invariant measure for P is in P(A) (i.e. has support in A). Such criteria may be satisfied
if invariant set A C X is sufficiently absorbing, as formalised in Proposition [8.7.8

Given a P-invariant set A, consider the sequence A,, of sets recursively defined by

Ag=A,
Ay ={zeX:P(z,A) >0}, (can enter A = Ay) (8.20)
Ay ={x e X: P(xz, A1) > 0}, (can enter Aj) '

A1 ={zeX : P(z,A,) >0}, n>0.
Observe that Ag C A; since A is invariant. In fact, by induction

ACc A Cc Ay C ...
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Since if we assume that A,,—1 C A,, and by the definition we have P(x, A,_1) > 0, then
P(z,A,) > P(z,Ay—1) >0, Vo € A,. (8.21)
So that for all x € A,,, we must have x € A, 1 by definition.
With these definitions, we have

Lemma 8.7.7 Let A C X be P-invariant. For everyn > 1, for any x € A,, P"(z, A) > 0.

Proof. The statement is true by definition for n = 1. Suppose that it is also true forn =k — 1
and let x be an arbitrary element in Ag. One then has

PF(z, A) :/

Py, A) Pz, dy) > / Py, A) Pz, dy) > 0 .
X

Ak

The last inequality follows from the fact that the function y — P*~1(y, A) is strictly positive
on Aj_1 by construction and P(z, Ax_1) > 0 by the definition of Ay. O

Proposition 8.7.8 Let A be an invariant set for P and let A, be defined as in . Suppose
that U,>o An = X. Then every invariant probability measure 7 for P is in P(A), i.e. is an
invariant probability measure for P on A (i.e. w(A) =1).

Proof. Assume we have m € P(X) with T'm = m. Suppose (for a contradiction) that 7(A) <
1. Since 7(J,>qAn) = m(X) = 1, by the assumption, there must exist ng > 0 such that
7(Ap \ A) > 0. Since T 7 = 7 by the invariance of 7, this implies that

7T(.A):TnOﬂ'(A):/XPnO(SU,.A)T((dl’) Z/AP"O(JU,A)W(da:)—i—/A \AP"O(x,A)W(daz)

=7(A)+ /A y P (z, A)m(dx) > w(A),

(since A is an invariant set and so P"(z, A) = 1 and using (A, \ A) > 0 and P"(z, A) > 0
for every z € A,,), this is a contradiction, so that one must have w(A) = 1. 0

Combining Theorem with deterministic contraction Theorem (Lec 18), we obtain:

Corollary 8.7.9 Suppose that A is a P-invariant set, where P is a transition probability on X
with Feller property. If A is compact, Un20 A, =X and 3y < 1 such that

Ed(F(z,&),F(y,&1)) <~d(z,y) Vz,y € A (8.22)

Then there exists a unique invariant probability measure T € P(X) for P.
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Proof. The restriction P? of P to A is also Feller (by Theorem [8.7.6)). Since A is compact, The-
orem gives the existence of an invariant probability measure for P, then the deterministic
contraction condition (8.22) leads to the uniqueness for P (Theorem [8.5.5). The existence

and uniqueness of invariant probability measure 7 for P on X follows from Lemma and
Proposition [8.7.8| respectively. O

Remark 8.7.10 To determine existence and uniqueness on A one may also use any other
available criterions (e.g. Lyapunov test function method, if A not compact, and minorisation in

place of (8.22)).

8.7.1 ODEs and Random Dynamical Systems

In the next section we construct and consider an example of random dynamical system, for
which we will determine existence and uniqueness of an invariant probability measure, and the
P-invariant set on which is supported (see Proposition. Here we start by reviewing some
ODE settings/results and how one may then construct a Markov Chain.

A Review of ODEs

Let g : R®" =& R" and f : R — R" be measurable functions, later we will consider system of
this form:

{a'c(t) = g(x(t)) + f(t) (8.23)

z(to) = wo
Definition 8.7.11 Given the settings above, by a solution to (8.23)) we mean a continuous
function (z(t),t € (a,b)) such that

a(t) = zo + /t gle)ds+ | f(t)ds (8.24)

0

If ¢ is locally Lipschitz continuous and f is continuous, then % exists and x(t) is continuously

dt
differentiable.

Proposition 8.7.12 Consider the system , the following hold:

1. Maximal solution. If we assume that g is locally Lipschitz continuous and f is locally bounded,
then for every initial point x, there exists a unique mazimal (local) solution.

2. Growth condition. If furthermore 3C such that

(z,9(z)) < C(1+|z]*), VzeR™ (8.25)

Then there is no explosion / equation is complete (i.e. has global + unique solution). The
condition (8.25|) is called one sided linear growth condition.
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3. Flow property. Suppose for every xg = x € R, tg € R, there exists a unique global solution
to integral equation (8.24]). Denote by py, +(x) the solution, then the following semigroup/flow
property holds

Put() = Pst( Pus(z)), foru < s <t. (8.26)

Notation: we will use ¢i(x) := o +(x), and also denote x; = pi(xp).

Proof. Part (1) is covered by Piccard’s theorem (local version).

Part (2). We want to show that |z(¢)|? is finite for any ¢. By the chain rule

d d
%\%(JUO)\Q = 2(pe(w0), Zee(zo))mrr = 2{pe(20), 9(2(20)) + f(2)) R
We integrate both sides of the identity from 0 to ¢ and also denote x; = @i(xg) for simplicity,
we obtain
t t
o ol + 2 [ (o gla)ds +2 [ (f(5).)ds
0 0
t t
<fool +2 [ (14 foP)ds + sup fs)F + [ Jalo)Pds.
0 s<t 0
Re-arrange,

t
2ol? <Jof? + 2t + (2c 4 1) / l2s[2ds + sup £ ()]2.
0 s<t

Hence by Gronwall’s inequality,

j2e[* < (Jwo|* + 2t + sup | f(s)[*)e*H.
s<t

Part (3). The proof for the flow property is standard. O

Exercise 8.7.1 Check that, if we replace f by a random variable £ with values in C'(R,R),
and E|¢|? < oo then for almost surely every ¢ there exists a global solution.

If p(t,z) is a global smooth flow for the ODE, let v; = dp(t, x0)(vo) denotes its derivative in
the direction vy at xg. Then denote df the Jacobian of f, v; solves

dUt = dfxt (’Ut).

One may consider more general ODE systems, we state the following which may be used for

system (8.29)) in Theorem |8.7.14| below.
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Proposition 8.7.13 Let G : Ry X R? = R be continuous and global Lipschitz in space, i.e.
Glt,2) = Gty < Kle—yl,  Va,yeRY  ve
Consider the system

{a’s(t) = G(t,z(t)) (8.27)

x(to) = X0

Then for any initial data o € R, there exists a unique global solution which is differentiable
in time and satisfies (8.27)). In particular z(t) = zo + fti G(s,z(s))ds.

Also, if pi, +(x) denotes the solution starting from x (i.e. @i, (x) = + fti) G(s,z(s))ds), then
for any t > 0 the function x — ¢y, (z) is differentiable.

Indeed, let g € R™ and U an open set containing zy and suppose that for ¢ < §, the solutions
(t, x) are defined for every x € U. Then from

wt@=x+/fw®mwh+ﬂm wmw=y+/fwwy»u+ﬂm
0 0
we see that
t
|wu@—w@wnﬂx—m+1ﬂﬂ¢@x»—fwwy»m5
<o =l + K [ lots.a) = pls.p)lds

Thus, [p(t, x) — ¢(t,y)| < K|z —yleX".
We know go back to our system (8.23)) of interest for later example.

Notation. If g : R™ — R" is a differential function, we denote by (Dg)(x)(v) or (Dg).(v) its

derivative at x in the direction of v. In components, if g = (¢g1,...,9n) where g; : R" — R, then
for any z,v € R",
- 9y
Dgi()(0) = 3 22 ().
=1 7k

Then i
Dyg(z)(v) = (Dg-)(x)(v), ..., (Dgn)(x)(v) = J(x)v,

where J(z) is the Jacobian of g at x:

%(@ gz%(:r)
J(z) =

Ban (1) 9o ()

ox1 Oy

We denote: |Dgl, = supj,|=1 yern |[(D9)z(v)]. Let [Dgle = sup, |Dgls.
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Theorem 8.7.14 Suppose the functions g : R™ — R" and f : R — R" satisfy the following:
f bounded measurable, geCl and |g(z) —g(y)| < K|z —y|, Va,y € R™

Then the solution (8.24) is unique and global. Furthermore, we have (t,x) — (x) continuous
and, for any fized t, x — @i(x) differentiable.
Let

v(t) = (Dpt),, (vo), for xg,vo € R". (8.28)

Then v(t) is the solution to the time dependent linear equation

{o(t) = (D9).,(ze) (0 (1)) , (8.29)

v(0) = vp.

Note, the function (z,v) — (Dg),(v) is continuous (linear in v) and Lipschitz (by Proposition

8.7.13| applied to (8.29))).
Corollary 8.7.15 Assume the conditions of Theorem|[8.7.14) If for all v € R",

((Dg),(v), v) < —c(z)|v]*. (8.30)
Then, letting vi = (Dpt),, (1) (v) (i-e. v(t) in (8.28)), for any starting x,v € R" we have

o] < e o cles@)ds (8.31)

Proof. In view of the equation (8.29) satisfied by v; and assumption(8.30)), we can estimate

d
T loil® = 20v, ) = 2w, (Dg)y, () (1)) < =2e(pr(@)) il
This implies that |vs|? < ™2 I cles(@))ds hence (8.31) follows. 0

Remark 8.7.16 If we also have that for any x € R", ¢(x) > ¢ > 0 with positive constant c.
Then we may use the following to derive contraction of the system

lo1(x) = ee(y)] < [Dptloolo =yl < ez —yl. (8.32)

Example 8.7.3 Consider @(t) = —x(t)+ f(t) (a special case of system above). Then, by looking
at equation (8.28)) in this case, we have

Hence we have the following contraction |p;(z) — ¢i(y)| < etz — 1y .
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Construction of Markov Chains from Random Differential Equations

Let us conclude this section by a complete treatment of an example of random dynamical system.
Settings and notation. We are going to vary f (in (8.23))) along the dynamics, we denote by
©ot(xo, f) the solution to

{:'c(t) g(z(t)) + f(t),
z(0) = .

We assume that for any initial data xg, there exists a unique global solution (in the sense of
Definition [8.7.11f). Let us consider the solution at time ¢ = 1 and denote it by ®:

Then we shall consider {,,} continuous iid stochastic processes, which will be the f contribution
in the ODE at each step, i.e.

{j:(t) (z(t)) + &nlt,w),
z(0) = z.

We extract from it a discrete time dynamics as follows:
Ty = T, 1 = ®(x,&1), ... Ty = P(zp—_1,&). (8.34)

The process (z,,) is a Markov chain.

8.7.2 Example

We will focus on the following example.

Proposition 8.7.17 Let {&,} be a sequence of i.i.d. C([0,1], R)-valued random variables such
that supycpo 1) [€n(t)| < 1 almost surely. Let iz, f) be the solution of the differential equation
on (0,00) of

{ix(t) =~ 2+ 1), (8.35)

z(0) = .
Let ®(z, f) = p1(x, f) and then define (zy,) by setting xog = x, x1 = ®(t,&1) and recursively:
Tnt+l = (I)(l'nygn+1)a n 2> 0.

Then the Markov chain () has a unique invariant probability measure w on (0,00). Further-
more, T satisfies w([3,1]) = 1.
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Preliminaries. We have the existence and uniqueness of a solution to

#(t) = g(x(t)) + f(1),

for g Lipschitz continuous (see 1. in Proposition [8.7.12)).

In our case g(z) = I is not locally Lipschitz on R, but it is on X = (0,00). We need to

check that the evolution is well-defined within X, i.e. we need to show solution ¢(x, f) of
z(t) = % — 2+ f(t) starting with 2(0) = = > 0 remains positive.
Since f > —1, by the comparison theorem for ODEs, it is sufficient to consider

gt)=——3, y(0)=z>0. (8.36)

Then z(t) > y(t) for all £. But the velocity ﬁ —3>0o0n (0,31), hence y(t) > 0 for all time.

Remark 8.7.18 Consider the simpler equation

. 1
2(t) = Fo 1, z2(0)=z>0, (8.37)

which is the equation (8.35]) for z(¢) with f = 1. Note that z(¢) = 1 is a solution (in fact a
stable fixed point). Then one may check that the solution satisfies

2(t) +log|z(t) — 1| = ¢ —t, (8.38)

where ¢ = z(0) + log |1 — 2(0)|, for z(0) # 1. This does not seem to help with understanding of
the solution and our Markov chain asymptotics]

Proof. In our settings f € C([0,1];R), recall that we denote by ¢.(x, f) the solution to

dx 1
E:m—Q—{—f(t), z(0) = x.

So that ¢o(z, f) = = and solves the differential equation. Let ®(z, f) := ¢1(z, f), then our
Markov chain is defined by x,4+1 = ®(xp, &nt1), where & € [—1, 1], a.s. (we omit the dependence
on w) and we define the following extremal (deterministic) maps

b, (x) = P(x,1), d_(x) = P(x,—1).

By comparison we have
Tnt1 € [P_(zn), Py(xy)], a.s. (8.39)

By analysing the equations ({8.36])-(8.37)), for initial data = > 0 we have the following:

*Note however that taking exponential of (8.38)), if z(0) # 1, we obtain the relation |z(t) — 1|e*® = e°~t — 0
as t — oo. This then suggests that we necessarily have |z(t) — 1| =% 0, hence z* = 1 is an attracting fixed

point (unique limit point).
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o i(t) = ﬁ — 1, then z(t) = 1 is an equilibrium solution, and
tllglo i, 1) = tlggoz(t) =1

o y(t) = Wlt) — 3, then y(t) = % is an equilibrium solution, and

. . 1
Jim ez, —1) = lim y(t) = 3.
P-invariance and absorbing property. Fix € > 0 small, let A = [% —¢&,1+¢], we will show
that this is P-invariant. Note the following
1 1

(@,)—l(g—e) <3-6 (@) '(1+e)>1+e
Then we have A C [(®-)"!(3 —¢€),(®+)"*(1 +¢)], which implies that (in view of (8.39)):
1 1
w0 € [(2)7G ~0), (@) 14 S me[z-elte =4

Hence A is P-invariant. Now define a” = (®4)™"(1 +¢) and a” = (®_)""(3 —¢). Recalling
Definition we have A, 41 := {x € X : P(z, A,) > 0}, then iterating the above argument
we have

[a",a] C A, and UJAn =24 =(0,00). (8.40)

This holds for all € sufficiently small. To check this one uses lim,,» ¢ (x, —1) = % and lim,, o0 n(x,1) =
1 and the flow property e.g. ¢a(z,1) = ®4 o 4 (x) . Then, by Proposition any invariant
probability measure 7 has 7([ —¢,1+¢€]) = 1, for any € > 0, hence 7([3,1]) = 1.

Feller and Contraction. Through examining the associated derivative flow, we will establish
deterministic contraction. Let v(¢) denote the derivative of ¢;(x, f) w.r.t. . Then this solves
d 1
—u(t) = —
dt ®) x2(t)

o(t) = exp <_/Ot xjé))

Since ®(x,&;) is differentiable in x, hence continuous in z, the process (z,,) is Feller by Theorem

v(t), v(0) = 1.

The solution is given by

8.4.8l Since A = [%, 1] is compact, there exists an invariant probability measure on A by

Corollary (Krylov-Bogoliubov criterion). Also

D (2, Enyr) = eifol o) < et < 1.
This implies that the map is a contraction

E|@(2, &) — ®(y, )| < €7 |a — g,

Then uniqueness holds on A by Theorem Given P-invariance of A and J,, A, = &, we
see that the Markov chain (x,) on (0, 00) has a unique invariant probability measure. 0



Chapter 9

The Structure Theorem and Ergodic
Theorem (Mastery Material)

A stationary time homogenous Markov chain induces a dynamical system. With Birkhoff’s
ergodic theorem we can state and prove a structure theorem of invariant probability measures.

9.1 Ergodic theory for dynamical systems

In this small section we introduce/recall some core notions of dynamical systems, these will
connect to stationary Markov chains viewed on the canonical path space XN or two-sided path
space X'Z.

Definition 9.1.1 A dynamical system consists of a probability space (€2, F,P) and a measure
preserving measurable map 0: 2 — Q, i.e. a map such that P(§~1(A)) = P(A) for every A € F
(ie. 0,.P=P).

We will denote by E expectations with respect to P as usual. In the following parts we will
be interested in the sets invariant under the transformation 6 on €.

Definition 9.1.2 Given a measurable transformation 6 on (2, F,P), a set with §71(4) = A is
called an invariant set for 6 (or f-invariant). Then the invariant o-algebra Z C F is defined as

IT={A€F : 071 (A) = A}

It is clear that 7 is again a o-algebra. In order to emphasise the invariance with respect to 6,

we may refer an invariant set as a f-invariant set.

161
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Definition 9.1.3 A measurable function f : Q — R is said to be #-invariant (or simply invari-

ant) if fof = f.

Note. Let f =14, then f is invariant iff A is invariant (w.r.t. ), i.e.
Jobl=f < 1a=14 . 90eca} =1p-14-

Exercise 9.1.1 Let f: 2 — R be an F- measurable function. Then f is invariant if and only
if f is measurable with respect to the invariant o-algebra Z.

Definition 9.1.4 Given a dynamical system (2, F,P) and 6. We say 6 is ergodic if any 0-
invariant set has either measure 0 or measure 1. Note that this is a property of the map 6 as
well as of the measure P. We also say P is ergodic (w.r.t. 6).

Proposition 9.1.5 The following statements are equivalent.

1. P is ergodic (0 is ergodic);
2. Fvery invariant integrable function f is almost surely a constant.

3. Fvery invariant bounded function is almost surely a constant.

Proof. From (2) to (3) is trivial. It remains to show (3) = (1), and (1) = (2).

(3) = (1). Assume that (3) holds. Let f = 14 where A is an invariant set. Then 14 in
invariant and 14 =1 or 0 a.e., hence 14 = P(A) € {0,1} and P is ergodic.

(1) = (2). Suppose that P is ergodic, i.e. P(A) =1 or 0 for any A € Z. Let function f be
integrable and invariant, then f is measurable with respect to IE] We prove that f = Ef a.e. .
Note that the following sets

Ay ={weQ|f@) >EBf}, A —{weQ|fw) <Ef}, Aj={weQ|fw) =Ef},

are invariant sets and form a partition of €2. Therefore, by ergodicity, exactly one of them has
measure 1 and the other two must have measure 0. Suppose P(A;) = 1, then

0=/Q(f—Ef)le>=/A+(f—Ef)dP-

Then f — Ef =0 as. on Ay, which is a contradiction. Similarly if P(A_) = 1, we also have
f=Ef ae., hence we must have P(Ap) = 1. 0

1See Exercise 3 of Problem Sheet 8.
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Theorem 9.1.6 (Birkhoff’s Ergodic Theorem) Let (2, F,P,0,7) be as above and let f: Q) —
R be such that E|f| < co. Then,

N—oo

| V-1
lim Z% f(0"w) = B(f|T)
almost surely.

Note that if f is invariant, both sides are equal to f(w).

The limit function E( f \I) in Birkhoff’s ergodic theorem is Z-measurable. Hence ergodicity
of the dynamical system implies that E( f |I) is a.e. a constant. This leads to the following
corollary.

Corollary 9.1.7 If the dynamical system in Theorem s ergodic, then

1 N—-1
ngnooN;%f(G w)=Ef,  as.

9.2 Dynamical Systems induced by Markov chains

9.2.1 Sequence spaces and the shift operator 6

If we have a semi-infinite sequence (ag, a1, asz,...) with a; € X', we define the shift operator
e(ao,(ll,(lg,...) = (al,ag,ag,...). (9.1)

Similarly 6 can be defined on X% in the same way. Note that we may use the inverse §~! instead
of 0.

Examples of invariant sets. Recall Definition of an invariant set, the following are
examples of invariant sets (w.r.t. # or #~! defined above) on sequence spaces X% or AN,

1. Any constant sequence (a,a,a,...) with a € X, is an invariant set.
2. Similarly, for A € B(X), the following are invariant sets in XN and X% respectively,

Ax Ax- cxN, X AXAXAx- C X2

3. The set {a,b,c} € B(X%) is an invariant set, composed of the following sequences:

Q:( ,a,b,c,a,b,c,---),
b:("',b,C,CL,b,C,a,"~)7 CL,b,CeX. (92)
Q:(”'7C7a7b7c7a7b7"')7
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4. Similarly, we can have set-valued sequences, then the following is an invariant set on XN:

{AXBXCXxAXBxCx---} U{BXCXxAXBXxCxAX---} U{CxAXBxCxAXxBX---}.

5. The set {(a,) : AN s.t. a, € B, ¥Yn > N} where B € B(X), is a 0- invariant sub set of X%,

Example 9.2.1 Let (2, F,P) be a probability space. Let (x,) be a Markov chain with state
space X countable and transition matrix P = (Pj;).
a. Let ¢ : XN — R be a bounded invariant function (i.e. ¢ 0 @ = ). Define

Y = o(zo, 21, ...).
By the invariance, for every n > 1,
Y = p(xo, 21,...) = po 0 (xo,x1,...) = p(Tn, Tpt1,-..), Vn.
Let us define f(j) = E(Y|xg = 7). Then
fy) =EEY |z, 21) |x0 = j)) = E(E(p(21, 32, ... ) |20, 71) | 20 = j)
E(E((,D(ﬁl,xg, R ) ‘ ‘rl) ’xo = ])
E(f(z1) |zo = j) = Pf(j).

We have used consecutively the tower property, the invariant property of ¢, and the Markov

property of (x,). This means f = Pf, i.e.
FG) =2 Pirf (k).
k

** In fact, f is a ‘harmonic function’ and f(x,) is a ‘martingale’.
b. Given a measurable set B C X ,we can also take ¢ = 15, where
B = {z.: (x)r>n eventually will be in a set B}.

Example 9.2.2 Now we suppose that X = Cy U Uﬂ/leCk, the sets C}, are disjoint, Cy is the set
of transient states, and CY, for each k # 0, is a minimal communication class. Let B denote the
subset of XN+ whose elements (a,,) has the property that a,, eventually belongs to C;. Then B
is an invariant set, and 1p an invariant function. Let Y = 1p(xg,x1,...). Then as before, we
set f(j) = P(B|xg = j), this is the probability that x,, from j eventually lands in C;. We may
then solve the equations

FG) = Pif(k)
k

subject to the following boundary conditions: f(j) = 1 if 7 € C; and f(j) = 0 if j €
Cy,Co,...,Chy. This system of equations may have more than one solution, if the probabil-
ities that x,, stays all the time in the transient states

9(3) = P(zy, € Cy for all n|zg = j),

are not all zero. We seek for the minimal solution.
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9.2.2 Construction of two sided stationary Markov chains

To obtain a dynamical system on the sequence space (either AN or X%), we need a measure P
which is #-invariant (i.e. 0*P = P).

Example 9.2.3 (Stationary measures on sequence spaces)

1. The stationary measure, P, induced on XN by a Markov chain with transition probabilities
P and with initial distribution an invariant probability measure 7, is f-invariant.

2. Similarly, the stationary measure on P, on X% induced by a family of one step transition
probabilities P and an initial probability distribution 7 invariant for P, is f-invariant. The
measure P is the probability distribution of a two sided stationary Markov process,.

Given a family of transition probability measures and an invariant probability measure 7 for
it, we can construct a two sided Markov chain (z,,n € Z), which defines a probability measure
P, on the space X% of X-valued sequences. Let P = (P(z,:),z € X) denote the transition
probabilities. Let 7 € P(X) with 7 = [, P(x,-)n(dx).

The finite dimensional distribution approach. We construct a probability measure
P, on X% by specifying its finite dimensional distributions and Kolmogorov’s Theorem m
The process (z,n € Z) with P, as its probability distribution is a stationary Markov process
with t.p. P. Let p, , denote the distribution of (x_,,...,z_1,20,21,...,2y) given by

P(zm—1,dzp) -+ P(z0,dz1)P(2-1,dz20) - - - P(2—n,dz_pi1)7(dz_p) = Hzl:__lnP(zk, dzg1)m(dz_y).

Then {1, m} is a consistent family of probability measures. Therefore (through Theorem |4.4.2)
defines P, on X%, and a (stationary) Markov chain (z,,n € Z) with transition probabilities P
and L(zy) = 7 for any n € Z. See section for details.

The time shift approach.
An alternative strategy is to start with a Markov process (z,,n > 0) € X N with invariant
probability measure 7 as initial distribution, and push it back. Let (y,(qm),n > —m), such that

(y&ll),yél),ygl),...) = (xo,x1,2,...), and y(™*D) i obtained from y™ in a similar manner.

Then yﬁm) has a limit, this limit is the required two sided stationary process. Just need to to
check the finite dimensional distributions for these processes are eventually the same.

9.2.3 Proof of two sided Markov chains construction

We begin be defining a probability measures on X* as follows. Given any positive number
n,m > 0, we define a measure Py (earlier denoted for brevity fi,,,) on X"T™*l in the
following way. For x = (z_p, ..., Zm),

/)(’IL+"L+1 flx_p,...,xm) P2 (dx) (9.3)
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n+m+1
—_———

_ / / F@mtse e 2m) P&ty dm) - P(2 s dana1)(dz ).
X X

In addition, we define [, f(zo) P2 (da) =/f , and similarly P™° denotes the inte-
gration w.r.t. to the coordinates (m_n, ey T0) and P0 m denotes integration with respect to the
coordinates (zg, ..., Tpy).
Note that
n+m+1
P(z, € A) / / 14(x—p) P(xm—1,dxy) - P(x—p,dx_pi1)m(dx_p) = / 1a(z_p)m(de_p),
x

SO x, is distributed as 7 for all n.

It’s worth to have in mind that the canonical process on the measurable space X% with its
product o-algebras is the evaluation of an bi-infinite sequence at a specific time n:

(o9, T _1,X0,X1,T2,...,) > Tn.

We view P (dz) as the finite dimensional probability distribution of the two sided Markov
chain, to be constructed.

Theorem 9.2.1 Let P be transition probabilities with invariant w. Then the measures P™™
defined by are consistent and extends by Kolmogorov’s theorem to a measure P on X=.
The corresponding Markov chain is called the two sided Markov chain associated with P and .

Proof. It is an easy, although tedious, exercise to check that the family of measures on X?7+1
defined by (9.3 is consistent, so that it defines a unique measure on X% by Kolmogorov’s

extension theorem Theorem We first recall that 7 is an invariant measure means if
Jx P( m(dy) = m(A). We first demonstrate the consistency on the measure w(dz)P(x,dy)

on X2 on two times: on n,n + 1. Then

/){AP(w,dy)ﬂ(dx)=/XP(x,A)7r(dx):7r<A)7
[ [ Pedyntan) = [ wtao) =i

since P(x,dy) is a probability measure. Similarly,

by invariance

P"H’m()\,’ x I1A;) :/ /HA P(xm, dxms1) P(@m—1,dzy) - P(x_p, dx_pi1)m(dx_p)

_ / / / P, dmsn )P 1, dTon) -+ P2 dtnin) | P&, dz)(dz )
X ntm H'Z_nilmflAi
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= / / P(zp, demi1)P(xm—1,dxm) - P(x_p,dx_pnt1) | m(dz_p)
Apgm \JI71A,;

Prm(xIIA;)

We have used the duality relation for an invariant measure on functions:

[, [ 1wpe e = | s,

P"’m"'l(HAi x X) = / . / P(xm, dxpm+1) P(Xm—1,dxy) - P(x_p, dx_pi1)m(dx_p)
I;A; JX

= / P(zp—1,dzp,) - P(x_p,dx_py1)m(dz_y)
II; A;

Bu induction this family is consistent. 0

We have the following results:

Lemma 9.2.2 The measure P, defined in Theorem defines a stationary Markov process.

Proof. Let (x,,) be the Markov process with probability distribution P.. By the construction,
the finite dimensional projections of P, to the (—n,...,m) coordinates are

Plzp, € Apy...yxm € Ap) = / / P(xm—1,dzy) - P(x_p,dr_pi1)m(dz_y).
—n Am

This relation on the right hand side is the same for the coordinate maps (—n +1,...,m + 1).
So (zn,n € Z) is stationary. N

In fact P, is invariant under both 61 and its inverse 6_1.

The defining equation (9.3)) is in principle the same as the following

n+m-+1

——
/f(x_n, ey T P2 (dx) :/X e /X f(xo, ..., xon)P(xon—1,dxay) ... P(xo,dx1)m(dzg),

The reason we did not use this as the definition is that we will have to relabel these coordinates
for every pair of (n,m) to have them embedded in the bi-infinite sequential space. It is trivial
to see that P&”’m) = Pﬁ?“’m“) = ]P’ng_l’m_l): they are defined by the same relations.
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9.2.4 Stationary Markov chains as dynamical systems

From now on let 6 be the shift operator on X%, i.e. f(x )(n) = z(n + 1), so that
(an)(m) =z(n+m),

and we write # = 0; and #~' = 6_;. As in previous section, we denote by Z the set of all
measurable subsets of X% that are invariant under 6,

I={CeBX?*:07'C=C}.

Also let P = (P(x,-),z € X) be a family of transition probabilities and a probability measure
m € P(X) satisfying m# = [, P(x,-)n(dzx).

By the definition of stationarity, one has:

Lemma 9.2.3 The triple (X%,B(X%),P.,0) defines a dynamical system, and 6 is continuous
(This is called a continuous dynamical system,).

Proof. 1t is clear that € is continuous (with respect to the product topology). The product
topology is the coarsest topology such that each projection map m; : IIX — X is continuous.
We only need to test with open sets of the form 7; * (). Tt is clear that 6~ (r; *(U)) is an open
set. We have already seen that 6 is P -invariant (see Lemma for details). 0

Let d denote the metric on X then o((an), (bn)) = > ooy 2%% is a metric inducing the

product topology.
Remark 9.2.4 Given a family of one step transition probabilities (P(z,-),z € X) with an in-

variant 7 € P(X), working on X% leads to stronger results than on XN. Think along the lines

of Birkhoft’s ergodic Theorem the collection of functions {f : XN — R} contains less
information than the collections {f : X% — R}.

Remember that the measure P, is ergodic if every A € 7 has P;(A) € {0, 1}.

Definition 9.2.5 We say that an invariant measure m of a Markov process with associated
transition semigroup 7" is ergodic if the corresponding measure P is ergodic for 6.

Recall that a measurable subset A of X’ is said to be P-invariant if P(z, A) = 1 for all z € A.
Then the f-invariant set I13°, A has measure

P, (II20A) = m(A). (9.4)

This is the content of Remark[8.7.2] Examining the proof for Remark[8.7.3] we see the statement
holds if the invariance is relaxed to hold for almost surely starting point x from A, the
almost sure property is with respect to an invariant probability measure w. This prompts the
following definition.
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Definition 9.2.6 A measurable subset A of X is said to be m-invariant if P(z, A) = 1 for 7
-a.s. every ¥ € A.

Question. If P, is ergodic, then P, (H;’iofl) € {0,1}. If furthermore A is m-invariant,
m(A) € {0,1}. Howe about the other way around? To understand the structure of invariant

probability measures, we are going to relate shift-invariant subsets of X4 with 7-invariant subsets
of X.

Before closing this section, we state Birkhoff’s ergodic Theorem for the dynamical
system (X%, B(X%),P,,0) (analogous theorem holds also for the chain on XN ) applied to
functions of one time:

Corollary 9.2.7 Let f : X — R be integrable and define f : X2 — R by f((ao,al,...)) =
f(ag). Then f(0"a)) = f(an), so that we have

n

S flar) 0 Ep(flI) Pr-as (9.5)
k=1

If 7 is ergodic (as in Definition , then

SRS

RS nso0
— d P, —a.s. .6
LYoty == [ par a.s (9.6)
k=1
Hence time average (LHS) is approzimately equal to spatial average (RHS).

Just observe that Ep, f = [, f dr.

9.2.5 Birkhoff’s ergodic theorem for Markov Chains

Throughout this section P = (P(x,-),z € X) is a family of transition probabilities with transi-
tion operator Tu(-) = [, P(x,-)pu(dz). Let

Ip={neP(X):Tr =m}.

Let (x,,) denote a stationary THMC on a probability space om (2, F,P) with t.p. P and initial
distribution 7 € Ip.

Let us expand Birkhoff’s ergodic theorem a bit more, which hold for the dynamical system
(X% B(X%),P,,0). In particular we restate Birkhoff’s theorem so the statement will be in terms
of rather than P, a.e. sequences. Let f: X% — R is L'(P,) and define

Bi={acx?. %Zf(eka,) "% B (1) ).
k=1
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Then P, (F) = 1 by Birkoff’s ergodic theorem By definition
P{w:z (w) € E)}) =P (F) =1.

Therefore, for any w € Q2 such that z.(w) € E, the average = 37" ;| f(6¥z (w)) converges (P-a.e.
w). This leads to the following equivalent statement:

Theorem 9.2.8 Let (z,)nez be a stationary Markov process with xo ~ 7, where w is an invari-
ant probability measure. Then the following hold:

1. For any integrable function f : X% — R, setting f = Ep_(f|I), then

%Zf(ekx(w)) n=eo, f(z (W), P-ae. w.
k=1

2. If furthermore w is ergodic, then

1 n
= 0" R AP, P-a.e. w.
DTN R

We can also establish the result with a fixed starting point (depending on the support of 7).

Theorem 9.2.9 Let P = P(x,-) be a transition probability with an invariant probability measure
. Let (xn)nez be a time homogeneous Markov process with t.p. P and initial position o = x.
Then for m-almost every x € X, the following statements hold:

1. For any integrable function f: X% — R,

%Zf(@kx(w)) converges for P-a.e. w.
k=1

2. If furthermore m is ergodic,

1 n
— 0" noee dPr  P-ae. w.
D@ @) = |1 ae.w

Proof. There are many proofs for this, here we illustrate the use of stopping times. First let

xo ~ 7 (then the Markov chain with initial condition z( is stationary). By Theorem we
have

%Zf(@kx.) —  f(z), P-ae w.
k=1

Then by the dominated convergence theorem

B %Zf(ekx,ﬂa(xo) "% B[f(e)o(x)], Pace. w.
k=1
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From this we deduce that for m-almost every z,
1o _
E|— Zf(@kx) | 2o = x] 1o, E(f(z)zo=2z], P-ae w.
n
k=1

This can be seen by testing the conditional expectation in the previous line with functions of
the form ¢(z¢) and turn the expectation into integration with respect to xg. 0

Example 9.2.4 Let P be a transition probability with an ergodic invariant probability measure
7. Let g: X — R in L'(7).

1 n
— Zg(a:k) o7, / g dm P-a.e. w.
"= X

Proof. Define § : X2 — R by setting §((v.)) := g(yo). Then we apply Theorem with
function g. The result follows, by noting [,z § dPr = [, g dn. O

Example 9.2.5 Suppose that a TMMC (z,,) starts with 7, an invariant probability distri-
bution, and with transition probabilities P(x,dy). Let P, denote the invariant distribution
on XN. Then, for a bounded measurable function ¢ : X x X — R fXN 9(y1,y2)dPr =

Jx S 91, y2)P(y1, dy2)m(dyr) (Note Pr(yo € Ao,y1 € A1) = [, P(x,dy)n(dx).) Then one
can work out a law of large numbers for sums of the form

1 n
E Zg(kark-i-l)'
k=1

Proposition 9.2.10 Two ergodic invariant probability measures for a THMC are equal or mu-
tually singular.

Proof. Let m and w9 be two distinct ergodic invariant probability measures. Let f : X — R be

bounded measurable such that [, f dmy # [, f dmy (which exists).
Let (x,) be a Markov chain with initial condition z. For i = 1,2, let

1 n
Ez‘: : == ,1' - == dz P— a.e.}.
{z : zo=2x nl_)rgon;f(xk) /Xf 7T a.e.}

By Corollary the limit exists and equals = fX f dm; for mi-ae. © € X. Then 7 (E;) =1
and mo(E2) = 1. But Ey N Ey = ¢, hence m1(F3) = 0 and 71, e are mutually singular. O

9.3 Structure Theorem

In this section, we introduce a general structure theorem (Theorem [9.3.3]) for Markov processes
that gives us an overview of the set of invariant probability measures. Throughout the section
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P denotes a fixed t.p. with associated transition operator 7' and Ip = {7 € P(X) : T'n = w}.
If 71 and 7y are in Ip, then any of their convex combination is in Ip also (these are measures of
the form tm; + (1 — t)me with ¢ € [0,1]), i.e. Ip is convex. If T' is Feller, then it is a continuous
map from P(X) to P(X) in the topology of weak convergence. Therefore, if 7, is a sequence of
invariant probability measures converging weakly to a limit 7, one has

Tnr=T lim 7, = lim Tw, = lim 7w, =m,
n—oo n—oo n—oo

so that 7 is again an invariant probability measure for P. This shows that if T is Feller, then
the set Ip is closed (in the topology of weak convergence).

Remark 9.3.1 If T is not Feller, it is not true in general that Z(T') is closed. Choose for
example an arbitrary measure pu # dp on Ry, and consider the transition probabilities given by

o, ifx<O
P(x,-)—{ woifx>0.

In this case, §, € Z(T) for every x < 0, but §y & Z(T).

Previously we have defined an invariant set .4 by the property that P(z, A) = 1 for all x,
this extends to the m-invariance for 7 € Ip(X): We say that a measurable set A € B(X) is
m-invariant if P(z, A) = 1 for m-almost every = € A. We will show in Corollary [9.3.12| that 7

is ergodic if and only if any m-invariant set has = measure 0 or 1. This will help us to conclude
the proof of Theorem for which we will also need the following definition:

Definition 9.3.2 A probability measure 7 € Ip is an extremal, of Ip, if 7 cannot be decomposed
as m=tm + (1 —t)mp with ¢ € (0,1) and m; € Ip are distinct.

9.3.1 The statements

The importance of invariant measures can be seen in the following structural theorem, which is
a consequence of Birkhoff’s ergodic theorem:

Theorem 9.3.3 Given a time homogeneous transition probability P, with corresponding tran-
sition operator T'. With Ip denoting the set of probability measures invariant w.r.t. P, set

E={mePX) : Tr=m, 7isergodic } C Ip.
Then the following statements hold.

(a) The set Ip is convex and £ is precisely the set of its extremal points.

(b) Any two ergodic invariant probability measures are either identical or mutually singular.
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(¢) Furthermore, every invariant probability measure m € Ip is a convex combination of ergodic
invariant probability measures, i.e. for every invariant measure u € I, there exists a
probability measure Q,, on &£ such that

) = [ v(4) Q).

Remark 9.3.4 As a consequence, if a Markov process admits more than one invariant measure,
it does admit at least two ergodic (and therefore mutually singular) ones. This leads to the
intuition that, in order to guarantee the uniqueness of its invariant measure, it suffices to show
that a Markov process explores its state space ‘sufficiently thoroughly’.

This structure theorem allows to draw several important conclusions concerning the set of
all invariant probability measures of a given Markov process. For example, we have that

Corollary 9.3.5 If a time homogeneous Markov process has a unique invariant measure 7, then
T is ergodic.

Proof. In this case Ip = {n}, so that 7 is an extremal of Ip. 0

9.3.2 Proof of the Structure Theorem

Let us start by reviewing the symmetric difference of two sets and some basic properties.

Definition 9.3.6 Given two measurable sets A and B, we use the notation A ~ B to signify
that A and B differ by a set of P-measure 0, i.e. P(A A B) = 0. Where

AAB = (A\B)U(B\A) = (AnB% U (BN AY).
Remark 9.3.7 Let us recall properties of the symmetric differences A A B of two sets. Firstly,
AANAB=AUB\ (ANB).
Thus A° A B = A A B. Also, for any collection of sets { Ay, Ba},

(U4a) & (UBa) < U(4a & Ba).
Also if f: Q — € is any measurable function, then
fHAAB)=f1AALB).

Furthermore

(AAB)A(BAC)=AAC.

Finally, we have
P(AAB)=0 = P(A) = P(B),

since we can decompose A = (A\ B)U(B\ (B\ A4)) =(A\B)U(ANB).
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For the proof, we will approximate sets belonging to one particular o-algebra by sets belonging
to another o-algebra. In this context, it is convenient to introduce a notation for the completion
of a o-algebra under a given probability measure. Assuming that it is clear from the context
what the probability measure P is, we define the completion of a o-algebra as follows.

Definition 9.3.8

1. A o-algebra F is complete with respect to probability measure p if whenever B € F and
u(B) =0, then any subset A C B belongs to F.

2. The completion F of a o-algebra F is the smallest o-algebra containing F with the additional
property that if A € F with P(4) = 0 and B C A is any subset of A, then B € F.

Note. Suppose G C F. If D € G, E € F with pu(E) =0, then D\ E € QEI

Notation. We consider (X%, B(X%),P,), both § and ! are measure preserving transforma-
tions on X%. We write P = P, when there is no confusion and we use the following o-algebras
of finite number of projections

Ft = Ve _o(zk) C B(XZ).

Also our invariant sets of reference are T = {A € B(X%) : 6~ A = A}. We start with proving
that sets in B(X%) can be approximated by cylindrical sets.

Lemma 9.3.9 Let A € B(X%), then for any € > 0, there exists N > 0 and A. € FYy, such that

P(AA A <e.

Proof. We want to show that
B(XZ)={AcB(X% :Ve>0,IN>0& A. € FNy withP(A A A.) < ¢} .

Denote the collections of sets on the right hand side by By, which contains all cylindrical sets.
It suffices to show that By is a c-algebra. For this, since By clearly contains ¢ and X% and is
stable under taking complements, it suffices to consider countable unions. For a sequence of
events {A4;};>1 C By, we can by assumption find a sequence NN; and events A; € Fivj'vj such that
P(A; A A)) < e277. Since PP is finite, we can also find J such that, setting A = U;>1 4, one
has P(A A U;<; Aj) < e. We conclude that

e U -x((1o Un)a (U o U )

j<J J<J isJd
<P(AA U Aj) +IP>(U A; A U AY)
J<J j<J i<J

2This is because D\ E = D\ (D N E), and by the definition of completion G.
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<e+P(| (40 4)) <> 2

i<J i<J

Since ;<5 4 C FN for N = max{N; : j < J}, the claim follows. 0

Lemma 9.3.10 For any A € Z, for any | € Z, there exists A; € o(x;) such that A ~ A.

Proof. Let A € Z. By Lemma m given any e > 0 there exists N = N(e) > 0 and A. € FYy
such that P(A A A.) < e. Since

0N AANA)=0"1(A) AT (A) = AN 67 A,)
and P is f-invariant, then
P(ANAOFA) <e, VE>O. (9.7)
For this N and for any fixed k, 6~ Ntk 4, ¢ f,fNJrk C F¢° holds for any e.

Fix k and set ¢,,, = %, then define

DE

n

_ n—(N+k) . 00 _ m 00
=0 As € FP, D_ﬂulD; e Fr. (9.8)
m>1n=

Note that by we have P(A A Dj) < 57, then
P( ((A\Di") | = lim P(A\ Di") < lim 2 =0. (9.9)
n n—oo n

n—oo 2N
n=1

On the other hand for any m,

P(D\A)gp(@pgm \A>ZP<W(A\D;m)>g€’:g;, — P(D\A)=0. (9.10)

n=1 n=1

It remains to show P(A\ D) =0 to have A ~ D, using
o
P(A\D)=P| A\ () UDam = ((A\D;") | =o. (9.11)
m>1n=1 m>1n=1
Hence for any k we found D®*) := D such that
PAAD®)=0 and DWW e Fr. (9.12)
Similarly, using 6~ in place of § we found D(=%) ¢ ]-':fo, with P(A A D(=R) = 0.

Then for any ! such that —k < [ < k, by independence of past/future given present (an
extension of Theorem [3.1.6)), we obtain the following

E[ 14 | o(z) ] =E[ 1% | o(2)) ] = E[1p-01pw |o(21)] = E[1pewlo(@)] E[1pw|o(z)]
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= (E[ 14| o(x) ])*.
Hence E[ 14 | o(z;) ](w) =1 or 0 almost surely. Let
A={weX? : E[14 ]| o(x)) |(w) =1} € o(x). (9.13)

Then E[ 14 | o(2;) ] =14, and also E[ 140 | o(2;) ] = 1 4¢. Then for any E € o(z;) C X%, we
have
P(ANE)=E(E[14]|0(z)]1p) = P(ANE).

In particular P(A N A®) = P(¢) = 0 and similarly P(A N A®) = 0. Hence
ANA = (AnA°) U (AN A%) has measure zero.

Then Ay := A is the o(x)-measurable function which differs from A be a measure zero set. [

This marks end of lecture 23 - Week 10.
Proposition 9.3.11 For any A € Z, there exists A € B(X) such that A ~ Il;cz A

Proof By Lemma [9.3.10 there exists A € o(xg) with A ~ A. Let A € B(X) such that
= {w e X% . zo(w) € A}. Then, by invariance of A and P (w.r.t. 6) P(A A §7"A) =
(0 "(AA A)) =0, so that

IP’( U AAG”A) =0.

Note that 67" A = {w : z,(w) € A}, then for any n we can check

ﬂ@fkfl ={w:20€A v1€A, ..., 5, €A} ~ A
k=0
Hence conclude {x; € A, i € Z} = ;ezA ~ A. O

Given 7 € P(X), recall that A C X is m-invariant if P(x, A) = 1 for m-almost every x € A.

Corollary 9.3.12 Let m be an invariant probability measure for P. Then w is ergodic if and

only if every w-invariant set A is of m-measure 0 or 1.

Proof. (=). If A is m-invariant (cf. (9.4), Remark and Remark [8.7.3) then

Assume P is ergodic so any #-invariant set has measure 0 or 1. Since ---x Ax Ax Ax--- C X%
is f-invariant then Py (ILiczA) € {0,1} and we conclude that 7(A) =0 or 1.

(«<). For any A € Z, by Proposition there exists A € B(X) such that A ~ IT;czA.
If P,(A) = 0 then as a projection of A, w(A) = 0. Otherwise P;(A4) = 1 and A must be -
invariant. Indeed, then P(z; € A) =1 = [, P(z,A)w(dz) = 1 Which implies that P(z,A4) =1
a.e. z. Hence, by assumption 7(A) € {0,1}. Then, applying (9.14), we get Pr(A) =0or 1. O
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Proposition 9.3.13 Let w be an invariant probability measure. Then m is ergodic if and only
if wis an extremal of Ip = {v € P(X) : Tv = v}.

Proof. (=). Suppose 7 is not an extremal, i.e. m = tm + (1 — t)my, where ¢ € (0,1) and
m # m € P(X). Then Pr = tPr, + (1 — t)Pr,. We show by contradiction 7 is not ergodic.
Suppose 7 is ergodic, then for any #-invariant set A,

tPr (A)+ (1 —t)Pr,(A) € {0,1}.

This implies either Pr (A) = Pry(A4) = 0 or Py, (A) = Pr,(A) = 1. Therefore m; and w2 are
ergodic. By Proposition [9.2.10, 71, 72 are mutually singular. Then there exists a measurable
set E such that 71 (E) = 1, m2(E) = 0 which means P, (I;czE) = 1 and Pr,(IL;czE) = 0. In
particular, P;(IliczF) = tPr, ez E) + (1 — t)Pr, (Il;ezFE) = t < 1. This is in contradiction
with 7 ergodic.

(«<=). Suppose 7 is not ergodic. There exists a m-invariant set F' with 0 < n(F) =t < 1 (c.f.

Corollary 9.3.12)). Let my,m € P(X) be defined as

1 1
m(B) = n(BNF), mo(B) = 1—tw(Bch).
Then we can write m = tm; + (1 — t)m2 where m and 7 are probability measures. We will show
that both 71, w9 are invariant measures.

By m-invariance, P(xz, F) = 1 for m-a.e. = € F. By Lemma the restriction of an
invariant measure 7w to a m-invariant invariant set in invariant, the statement in that Lemma
is for restrictions to P-invariant sets (the proof there shows the statement holds for m-invariant
set). On the other hand

ﬂ(Fc):/FP(:U,FC)dW—i—/FcP(a:,FC)dW:/FCP(x,FC)dﬂ.

This implies P(x, F' C) =1, for m-a.e. © € FC. Hence 7y, as the restriction of 7 on invariant set
FC is itself invariant. Therefore both w1, T € Ip. O

The proof of the Structure Theorem is concluded, now we apply Corollary to obtain:

Proposition 9.3.14 Let A C X be a P-invariant set. Let Ag = A and defined recursively
A, ={x € X, P(x,A,—1) > 0}. Suppose

X:[len and AzOBk,
n= k=1

where {By} are disjoint closed sets with each By P-invariant. If the THMC restricts to By
has unique invariant measure Tk, then m, are ergodic and they are the only ergodic invariant
probability measures.
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Proof. Restricting to By, the ergodicity follows from Corollary If 7 € Ip, since X =
Us2, 4, then w(A) = 1 (cf. Proposition . The restriction of 7 on the w-invariant sets
By, is an invariant probability measure for P (see second half of last proof, Proposition .
Since on By, there exists a unique invariant measure, then we can uniquely decompose

m
T = Z?T(Bk)ﬂ'k
k=

1

concluding the proof. O

This marks end of lecture 24 - Week 10.

9.3.3 Proof of Birkhoff’s Ergodic Theorem

This is not covered in the lectures. Before we turn to the proof of Theorem we establish
the following important result:

Theorem 9.3.15 (Maximal Ergodic Theorem) Let (Q, F,P,60) be a dynamical system with
invariant o-algebra and let f: Q — R be such that E|f| < co. Define

N-1

Sn(w) =Y f(0"w), My(w)=max{So(w),S1(w),...,Sn(w)},
n=0

with the convention Sy = 0. Then, f{MN>0} f(w)P(dw) >0 for every N > 1.

Proof. Note that f(w) + Sk(0w) = Sk41(w), and Si(fw) < My (6w), for every 0 < k < N and
every w € ) by definition, and so f(w) + My (0w) > f(w) + Sk(w) = Sk+1(w). Therefore

f(w) > max{S;(w), S2(w),...,Sn(w)} — Mn(0w) .

Furthermore, My (w) = 0OVmax{Si(w),...,Sy(w)} = max{Si(w),...,Sn(w)} on the set { My >
0} and on this set f(w) > My(w) — Mn(0w) so that

/ F(w) P(dw) > / (M (w) — My(0w)) Bdw) > EMy — | My(w)P(dw) ,
{Mn>0} {Mn>0} AN

where Ay = {w| My(w) > 0}. The last inequality follows from the fact that 6 is measure-
preserving with the second-to-last term follows from the fact that My > 0. Since My > 0,
J4 My (w)P(dw) < EMy for every set A so that the expression above is greater or equal to 0,
which is the required result. 0

We can now turn to the Proof of Birkhoff’s Ergodic Theorem.



9.3. STRUCTURE THEOREM 179

Proof. Replacing f by f—E(f|Z), we assume without loss of generality that E( f ]I) =0. Let

s, s,
7 = lim sup —, 7 = lim inf —.
n—oo N - n—oo 1
It is sufficient to show that 77 < 0 almost surely, since this implies (by considering —f instead
of f) that n > 0 and so 7 =1 = 0. It is clear that 7(6w) = 7(w) for every w, so that, for every
€ > 0, one has
A® ={nw) > e} € 1.

Define
fFw) = (flw) =) xas(w)
and define S5, and M3, accordingly. It follows from Theorem [9.3.15 that

/ fo(w)P(dw) >0
{M5,>0}

for every N > 1. The sequence of sets {M5 > 0} = {max{S§(w),S{(w),...,S5(w)} > 0}

increases to the set .

S’
B = {sup S§ > 0} = {sup - > 0}.
N N N
Note that with these definitions we have that

S5 (w) :{ 0 if f(w) < e

N SNT(“’)—E if N(w) > ¢

(9.15)

It follows from 1) that, and 1 = lim sup,,_, ., %,

_ SN _
e 3
B —_{77>5}[1{s1;[p—>5}——{n>5}—A .

Since E|f¢| < E|f| + & < 00, the dominated convergence theorem implies that

lim ff(w)P(dw) = ff(w)P(dw) >0,
N=00 J{Mg >0} Ae

and so
0< [ PP = [ (7)) Paw)
Ae €
— [ f(w)P(dw) — eP(4°)
Ae
_ / CE(f17)(w) P(dw) — (A7) = —P(47)

where we used the fact that A° € 7 to go from the first to the second line, and the assumption
E(f|Z)(w) = 0 in the last line. Therefore, one must have P(A%) = 0 for every £ > 0, which
implies that 7 < 0 almost surely. O
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9.3.4 Example

Let us finish this course with a final example. Consider a sequence &, of i.i.d. random variables
that take the values =1 with equal probabilities and fix some small value € > 0. Define a Markov
process {z,} so that, given x,, x,11 is the solution at time 1 to the differential equation

dx(t)
dt

= sinx(t) + &, sin@ , x(0) =z .

It is a good exercise to check the following facts:

e The measures doi, with k& € Z are invariant (and therefore ergodic because they are
d-measures) for this Markov process.

e For ¢ sufficiently small (how small approximately?), the sets of the form [(2k+3/4)7, (2k+
5/4)7] with k € Z are invariant and there exists a unique (and therefore ergodic) invariant
measure on each of them.

e The invariant measures that were just considered are the only ergodic invariant measures
for this system.

The key is to observe that the points (2k + 1)7 are stable stationary solutions for the ODE
dx(t)
dt

= sinz(t).



Chapter 10

Appendix

10.1 Time reversal on general state space

Given a time homogeneous Markov chain (x,,n > 0) on a general state space X with transition
probability P and a corresponding invariant measure 7, we may start the chain from the initial
distribution m, then z,, is distributed as w for every n > 0. One can say more: the random
function w — (z.(w)) with state space the sequence space X{%YN is stationary. Since the
multi-time marginals determine a probability measure on X{19“N  one can say this probability
measure is stationary. It is convenient to extend this to construct a 2-sided stochastic process
(zn,n € Z) and so it determines a probability measure on the space of bi-infinite sequences X Z
(this is the canonical space for two sided Markov chains) with the property that is invariant
under shifting 6,,. We also like it to be also invariant under time reversal, this is not always

possible, when it does we say the chain is time reversible.

Definition 10.1.1 We define on X% the family {6,,} of shift maps and the time-reversal map
o by
(o)), =k (One)), = hin

Note that one has the group property 6 o 8; = 04, so that the family of maps 6,, induces a
natural action of Z on X%. With these two maps at hand, we give the following definitions:

Definition 10.1.2 A probability measure P on X% is said to define a stationary process if
0rP =P for every n € Z; it is said to define a reversible process if o*P = P.

In other words, a stationary process is one where, statistically speaking, every time is equiv-
alent.

181
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10.1.1 Reversible Process**

A reversible process is one which looks the same whether time flows forward or backward. It
turns out that, for Markov processes, there is an easy criteria that allows to check whether a
given process is reversible or not: it is sufficient to work flip two adjacent coordinates and work
with the two times marginal P® 7 on X2

(P(2)7T) (Ax B) = / P(z,B)w(dx) =P(xzg € A,z1 € B) . (10.1)
A
Observe that (P(Q)Tr) (A x B) is the two time probability distribution of the chain. Let us define
o1 X% = X2 by 0@ (2,y) = (y,2).
With this notation, we have

Theorem 10.1.3 Consider a stationary Markov process (xy,) with transition probabilities P and
mvariant measure .

(1) Suppose that there exist transition probabilities Q such that (0?),(PP7) = Q@ x. Then
the process y, = x_n s also a stationary Markov process, with transition probabilities ()
and invariant measure .

(2) The measure Py defined in Theorem defines a reversible Markov process if and only

if one has (0),(PP7) = PPx, i.e. the two time marginals are invariant under the
flipping map.

Remark 10.1.4 Observe that (0),(P®7) = P@)x is equivalent to: for every measurable
and integrable function f: X? — R,

/X/xf(x’y)P(w’dy)w(dx):/X/Xf(x?@/)P(y,dx)W(dy).

Similarly, (o®)*(P®7) = Q@7 implies that PP 7(A x B) = Q@ 7(B x A) and also 7 is an
invariant probability measure for Q.

Proof. For part (2), it is obvious that the condition is necessary since otherwise the law of
(zo,21) would be different from the law of (z1,z¢) under P.. The sufficiency follows from part
(1). since on can take @ = P. For part (1), note that the assumption (o®)*(P@7) = Q@71 is
just another way of saying that

[ [ spednan = [ [ s@.dn s

for every measurable and integrable function f: X? — R. We apply this to a function on
x7tm+l and flip two consecutive coordinates successively:

fe_p, 1, o m—1,Tm) = f(Tny oo Ty 1) — - = (T i1y - o+, Tt 1, Ty -
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It is then evident that the flipping of 2-coordinates is sufficient to determine the time reversal
on XZ. More precisely we have,

/ F@ns e ) Pa(da)

n+m-+1

—
_ / / F@ s ) Pt d) <+~ P2y dzsn)r(dz )
X X

—_—
- /X /X /X /X F@s s Tm) P&ty ) -+ P@ gt A7 nt2) | P2y d1—n)(d—)

—
:/X/X /X/X F@ s ) P 1,d2n) -+ P21, dn12) | Q21 don)7(day )

n+m+1

——
:/ .. / f(@on, oy Zm) P(Xm—1,dzm) - Q(x1—p, dx ) P(21—n, dzo—p)m(da1—p)
X X

n+m-+1
—/ " / f(@on, o Zm) P(Xm—1,dzm) - Q(x1—p, dx ) Q(T2—n, dx1—p) 7 (dxo_p) .
X X

Proceeding in the same fashion, we finally arrive at

/f(x_n, ooy @) Pr(dx)

n+m+1

—

:// f@op, o 2m) Q@1—n,dr_p) - - Q(Tp, 1) T (dT1r)
x  Jx

_ / F@ s ) (0°Qy) (da) |

where we denoted by Q.. the law of the stationary Markov process with transition probabilities @)
and invariant measure 7. Since this holds for every pairs of (n, m) for which the finite dimensional
distributions are defined, This shows that P, = ¢*Q. and therefore that ¢*P, = Q,, which is
the desired result. 0

Note that in the case where X is countable, the condition ([{10.1)) can be written as the detailed
balance relation

for every pair i, 7. Summing over j in ((10.2)) or choosing B = X" in (10.1]), we see that if there
exists a probability measure 7 such that ([10.1)) holds, then this measure is automatically an
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invariant measure for P. This allows one to easily ‘guess’ an invariant measure if one believes
that a given process is reversible by using the equality
mi _ B

7Tj Pj'

Closer inspection of this equation allows to formulate the following equivalent characterisation
for reversibility:

Lemma 10.1.5 An irreducible Markov process on a finite state space with transition probabili-
ties P is reversible with respect to some measure 7 if and only if one has

Pilinpininfl T Pi3i2Pi2i1 = Pini1Pi1i2 T Pin72in71Pinflin (10'3)

for every n and every sequence of indices i1, ..., iy.

In other words, such a process is reversible if and only if the product of the transition
probabilities over any loop in the incidence graph is independent of the direction in which one
goes through the loop.

Proof. In order to show that the condition is necessary, let us consider the case n = 3. If the
process is reversible, by the detailed balance rerlation one has

P,

Pi3i2PiQi17ri1 - Pi1i3Pi3i2Pili27ri2 - Pilispi213pili27ri3 - Pi3i1Pi2i3Pi1i27ri1 .

Since the process is irreducible, we can divide by 7;, on both sides and get the desired equality.
The proof for arbitrary n works in exactly the same way.

Let us now show that the condition is sufficient. Fix one particular point in the state space,
say the point 1. Since the process is irreducible, we can find for every index 7 a path i1,...,4,
in the incidence graph connecting 1 to i (we set i1 = 1 and i, = 7). We then define a measure

7 on the state space by
P; Pinflin72 . Pi2i1

Pyvin i Py
Note that ([10.3]) ensures that this definition does not depend on the particular path that was
chosen. Since our state space is finite, one can then normalise the resulting measure in order to

nin—1

T =
n—2tn—1

make it a probability measure. Furthermore, one has

Pjiﬂ _ & Piin 1 Pip vin_s Pigil Pjn—ljn Pjn—zjn—1 Pj1j2 (10 4)
Py P Piyin Pisinos Pais Pjujuos Piacija—e Piojr
Since we have i = i, j = j,, and i1 = j1, the path i1,...,4y,, jn,...,j1 forms a closed loop and

the ratio in (10.4) is equal to 1. This shows that the detailed balance relation holds and the
process is indeed reversible with respect to 7w (and therefore that 7 is its invariant measure). [J
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Example 10.1.1 Let o € (0,1) and § > 0 be some fixed constants and let {&,,} be a sequence
of i.i.d. N(0,1) random variables (with values in R). Define a Markov process on R by the
recursion relation,

Tl = ATy + Bgn .

Since ax + B¢ ~ N(ax, 3?),

1 _ (y—ax)?
e 2% dy.

Pz, A) = Plax + B¢ € A) = /

7 A /27132

Since xy4+1 = axy, + BE, is distributed as a Gaussian random variable with expectation 0 (if ),

is Gaussian with mean zero ) and variance aEz?2 + 2. To determine a steady state measure
2 2

we set 02 = Ez2 + 2, then 0% = lfag. It is immediate that ©m = N(O, 1’37) is an invariant

measure for this process (in fact it is the only one). Let xg ~ w. The measure P®@r is given by

_ (y—az)? M)Q V1= a2 _221-a?
P(zg € A,x; € B) P (z,dy)m(dx) = a 262 dzdy.
\/27752 \/27752

Then P(xzg € R,z € B) = m, verifying that 7 is an invariant measure. To summarise,

1— 2\ 1.2 _ 2
(P(2)7r) (dx,dy) = Cexp(—( 2;; )z — y Q;x) ) dx dy
22 +y% — 2ax
:Cexp(— y232 y)dwdy,

for some constant C'. It is clear that this measure is invariant under the transformation z < y,
so that this process is reversible with respect to w. This may appear strange at first sight if
one bases one’s intuition on the behaviour of the deterministic part of the recursion relation
Tptl = Q.

Example 10.1.2 Let L > 0 be fixed and let X be the interval [0, L] with the identification
0~ L (i.e. X is a circle of perimeter L). Let {£,} be again a sequence of i.i.d. N'(0,1) random
variables and define a Markov process on X’ by

Tpt1 = Tp + &, (mod L) .

In this case, an invariant probability measure is given by the multiple of the Lebesgue measure
m(dx) = dz/L, and the transition probabilities are given by

P(x,dy) = C’Zexp( —332—711'/)2)6@
neZz

Since this density is symmetric under the exchange of x and y, the process is reversible with
respect to the Lebesque measure.
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Example 10.1.3 Let (V, E) be a non-oriented connected graph and let 2 be a random walk on
V' defined in the following way. Let us fix a function p: V' — (0,1). If 2, = v € V, then x,,11
is equal to v with probability p(v) and to one of the k, adjacent edges to v with probability
(1 —p(v))/k(v). In this case, the measure w(v) = ck(v)/(1 — p(v)) is invariant and the process
is reversible with respect to this measure.

Finally, let us note that if a Markov process with transition probabilities P is reversible with
respect to some probability measure 7, then the operator T is symmetric when viewed as an
operator on L2(X, 7).

10.2 Metric and topological spaces: a review

To ease into the next section, we briefly review some of the useful facts concerning metric spaces.
This is for self-study only. Let X be a metric space with distance d. A subset U is open if every
point of E is contained in an open ball B(x,r) and B(z,r) C U. A closed set is the complement
of an open set. The closure of a subset A is the intersection of all closed subset of A, it is the
complement of the union of all open subsets of A°. In other words it is the smallest closed set
containing A, and is denoted by A. A sequence x,, is said to converge to z if d(z,,z) — 0.

Definition 10.2.1 (1) A metric space X" is said to be compact if any cover of it by open sets
has a finite sub-covering (The Heine-Borel property).

(b) A subset of a metric space is compact if it is compact as a metric space with the inherited
metric.

(c) It is separable if it has a dense countable subset A (dense means A = X).

(d) A subset E of X is relatively compact if its closure A is compact).

A metric space is discrete if for every point x € X' there exists a ball B(z,r) containing no
other point (thus every singleton set {z} is an open, so is any subset of X'). If a metric space is
discrete, then the discrete distance function (i.e. the distance between any two distinct points
to be 1) defines a metric which is equivalent to the original one. A discrete space is compact
if and only if it is finite. A separable discrete space has no more than a countable number of
points.

Definition 10.2.2 (a) A metric space E (or its subset) is complete if every Cauchy sequence
from it converges to a point in the set. A complete subset of X is closed.

(b) A metric space is totally bounded if for any ¢ > 0, X’ has a finite covering of open balls (or
closed balls) of radius e.
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A closed subset of a complete metric space is complete, a complete subset of a metric space is
closed.

Proposition 10.2.3 Let K be a subset of a metric space (X,d). The following are equivalent.

e [t is compact.

e (Bolzano-Weierstrass property) Every sequence from it has a convergent subsequence, the
limit is necessarily in K.

o [t is complete and totally bounded.

The second property is also called ‘sequential compactness’. A subset E of X is relatively
compact if its closure is a compact set. It is equivalent to the property that every sequence from
it has a convergent subsequence (the limit does not necessarily belong to E).

Definition 10.2.4 A topological space is a set X with a collection of subsets, called a topology.
Every set from the topology is called an open set. The topology must contain X and the empty
set, and closed under arbitrary unions and finite intersections.

e pcT and X €T.
o If {Ag, Ay,..., AN} C T, then N\_ A, € T.
o If ACT, then Uy AET.

A metric space and its open sets defines a topological space. A topological space X’ is metrisable
if there exists a metric on X such that its open sets agree with the topology on X. We can
detect the topology by the convergence of sequences. Are there distinct topologies on a space X
such that any sequence converging in one topology also converge in the other? In general yes.
However, if a space is metrisable, the topology is determined by convergences of sequences (see
Kelley: General Topology), which explains we sometimes only define the concept of convergence,
without explicitly mention the topology. The notion of weak convergence of probability measures
on a complete separable metric space will be directly linked to the ‘weak topology’.

A function between topological spaces is continuous if the pre-images of open sets are open
sets. We would be interested in the continuity of a real valued function f : X — R. On a metric
space this concept of continuity agree with the usual continuity: For any € > 0 there exists § > 0
such that if d(y,z) < 0, |f(y) — f(z)| <e.

10.3 Measures on metric spaces

A metric space is compact if any covering of it by open sets has a sub-covering of finite open sets.
A discrete metric space (whose subsets are all open sets ) is compact if and only if it is finite.



10.3. MEASURES ON METRIC SPACES 188

(e.g. Z and N with the usual distance d(z,y) = |x — y| is not compact.) A subset of a metric
space is compact if it is compact as a metric space with the induced metric. It is relatively
compact if its closure is compact. A metric space is sequentially compact if every sequence of its
elements has a convergent sub-sequence (with limit in the metric space of course). It is totally
bounded if for any ¢ > 0 it has a finite covering by open balls of side e. A metric space is
complete if every Cauchy sequence converges.

It is a theorem that a metric space is compact if and only if it is complete and totally bounded.
A metric space is compact if and only if it is sequentially compact.

A subset of a metric space is relatively compact if it is sequentially compact (the limit may
not need to belong to the subset).

If {x,} is sequentially compact with common limit, then it must converges. Suppose the
limit is Z. If x, % Z, then there exists ¢ > 0 such that for any k, there exists ny > k, with
d(zp,,Z) >> €. No subsequence of {z,, } would converge to z! Hence the contradiction.

10.3.1 Borel measures and approximations

One nice property of the metric space is the fact that any Borel probability measure p on it is
regular: if A is a Borel set then

p(A) = sup{u(F): F C Aand F is closed} = inf{u(U): A C U and U is open}.

Theorem 10.3.1 Let p and v be two probability measures on a metric space such that

[ tin= [ sav

for every bounded uniformly continuous function f on X, then yu = v.

Theorem 10.3.2 Let 1 < p < oo and u a probability measure on a metric space. The set,
Ce(X), of continuous functions with compact support, is dense in L,(X).

Theorem 10.3.3 (Lusin’s Theorem) Let u be a probability measure on a metric space X and
f: X = R is a measurable function that vanishes outside of a set of full measure. Then for any
€ > 0, there exists a continuous function p. with compact support such that @, agree with f on
a set of measure 1 — e. If f is bounded we can choose we with |peloo < | floo-

Theorem 10.3.4 If f is lower semi-continuous and non-negative, e.qg. the indicator function
of an open set, and u a probability measure, then

/fdﬂzsup{/sodu:O§s0§f79060c(X)}~
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10.3.2 On a compact metric space
A linear functional on C'(X) is a linear map L : C(X) — R, it is said to be positive if L(f) >0
whenever f > 0.

Theorem 10.3.5 Let X be a compact metric space and L a positive linear functional on X with
the property that L(1) = 1. Then there ezists a unique Borel probability measure p on X such

that L(f) = [ fdp for all f € C(X).

10.3.3 On a separable metric space
If X is a separable metric space, there exists a countable family of open sets C such that every
open set is the union of sets from C, in particular B(X) = o(C).

Definition 10.3.6 If X is a separable metric space, then for any probability measure on X
there exists a closed set A such that A is the smallest closed set of full measure. Furthermore
A is the set of points with the property that any open set containing it has positive measure.
This set is called the support of u.

The topology of weak convergence on P(X) has the following neighbourhood basis. For any
finite set of continuous functions {¢;,i = 1,...,n}, any n € N and ¢; € Cp(X), and py € P(X),

{u €P(X): ’/‘Pidﬂ_/SDidﬂo

Proposition 10.3.7 Let X be a complete separable metric space. Then we can construct an

< €7v¢i}'

equivalent metric on X such that there exists a sequence of bounded uniformly continuous func-
tions {¢x} with the following property: for any sequence of probability measures iy, [, converges

to p weakly if and only if [ prdpn — [ @rdu for every k.

10.3.4 On a complete separable metric space

If Xy, X are complete separable metric spaces and ¢ : X1 — X5 a one to one measurable map
then the image of a Borel subset of X} by ¢ is a Borel subset of A5.

Theorem 10.3.8 FEvery probability measure on a complete separable metric space is tight.

Proposition 10.3.9 Let P(X) denotes the space of probability measures on a metric space X.

1. The space P(X) with the weak topology, is metrizable as a separable metric space if and
only if X is a separable metric space.
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2. If X is a separable metric space, then P(X) is complete as a topological space if and only
if X is complete.

3. Also, P(X) is compact if and only if X is.

For further reading we refer to the brilliant book by K. R. Parthasarathy.

10.3.5 Measures on C

A special interesting space for those working with stochastic processes with continuous time
and with sample continuous paths is the space of continuous functions with the uniform norm
over a set X is an infinite dimensional space. The unit ball in a metric space is compact if
and only if the space if finite dimensional. A subset of C'(X) is compact if and only if it is
totally bounded and equi-continuous. This follows from the Arzela-Ascoli theorem that states:
if a family of continuous functions are bounded and equi-continuous, then it has a uniformly
convergent sub-sequence.

Definition 10.3.10 A subset A of C(X) is said to be equicontinuous at a point x if for any
€ > 0 there exists a > 0 such that

[f(y) = f(x)] < e
for every f € A and for every y € B,(x).

Proposition 10.3.11 Let X be a separable metric space and i, be any sequence of probability
measures on X. Then u, — p weakly if and only if

/fdun—/fdu’ZO

for every family A C C(X) which is equi-continuous at all points of X and uniformly bounded.

lim sup
n—oo fEA

Proposition 10.3.12 A subset A of C([0,1];R) is relatively compact it is sufficient and neces-
sary that the following two conditions are satisfied:

1. sup,eq |2(0)] < 00

2.

lim sup w,(§) = 0,
6—0 r€EA

where wy(8) = SUp|s_y <4 [2(5) — 2(1)].

Theorem 10.3.13 Let M be a family of probability measures on C([0,1];R). Then M is
compact if and only if the following conditions are satisfied. For any e > 0 there exists a number
M and a function X : Ry — Ry which decreases to zero (M and X\ may depend on €),
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(1) such that
pwlee C:lz(0)| < M)>1—€ VYueM,

(2)
p{z : wy(6) < A() forallo}) >1—¢€ Yue M.

Theorem 10.3.14 Let A be a family of probability measures on C([0,1]; R). Then A is compact
if and only if the following conditions are satisfied.

(1) For any € > 0 there exists a number M such that

pwlzeC:lz(0)|<M)>1—-¢ VueM

(2°) For any € > 0 and § > 0 there exist a number nn > 0 (which may depend on € and §) such
that

u({x twg(n) < 5}) >1—¢€ VYueM.

Let w1, pa, ... be a sequence of measures on a topological space X'. We say that the sequence
converges weakly to a limit y if

i [ f@) palds) = [ @) i) (10.5)
X X

n—oo

for every f € Cp(X). We say that it converges strongly if ((10.5) holds for every f € By(X).

10.4 The total variation norm

We define the total variation norm on the set of finite signed measures to be
lullrvy =2 sup [[u(A)].
AeB(X)

Let ™ and p~ are the measures in its Jordan-Hahn decomposition: p = p* — p~. Define the
measure |u|(A) = uT(A) + p~(A). We also define the norm:

il = 7 (X) + = (X) = |ul(X).

We are primarily interested in the difference between two probability measures which is a signed
finite measure with p(X) = 0. For such measures the two norms are the same.

Proposition 10.4.1 If p is a finite signed measure with p(X) =0, then

llzy = |pl(X).
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Proof. To see this, first note that if 4(X') = 0 then ™ (X) = p=(X). Then letting X = X+ + X~
be the Hahn decomposition of X, we have

il i= ™ (XF) +p= (X7) = 2uT(XT),
and

lpllry = 20" (XT) = ).

On the other hand one has
1

p(A) = pANXT) + p(ANXT) = p (AN XT) = p (AN XT) < (X)) = S,

pA) 2~ (AN XT) 2~ (X7) = Sl

and so 2u(A)| < ||u|| for every measurable set A and ||u||l7v = 2supy |u(A)| < ||p|| concluding
[llrv = [pul(X). 0

Proposition 10.4.2 If i is a finite signed measure, then

Iy = sup | [ f@ (o)
i

, (10.6)

where the maximum is run over bounded measurable functions.

Proof. Firstly take the decompositions = pt —p~ and X = X+ U X~ with = (X)) = 0 and
pt(X~) =0. Then,

swp | [ flahn(an)| = [ (e = L) = @) + 57 (X) = | 7w
ey U ;

Also for any measurable f with ||f]ls < 1,

/ f@)p(de) = [ fla)p"(dz)= [ f(z)p~(dx) S/ 1u+(d96)—/ (=1) p~(dz) = |lpllrv.
X X+ X= X+ -
Similarly,

/ f(@) u(dz) > — v
X

And ‘f){ f(z) u(dm)‘ < ||u||7y for all such f, concluding the proof. N

This also agrees’s with Rudin’s definition:

Proposition 10.4.3 If u is a finite signed measure, then
lullry = sup Y |u(A)|
T Aer

where m is a partition of the o-algebra.
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Proof. Firstly for each 7,

DA = AN XT) = w(ANXT)| < p(XF) + p(X7),
Aem Aen

Then we see the partition {X*, X~} maximise the quantity:

Do A = Xh) + p(X7) = ||pllv.
Ae{x+.x—}

10.5 Examples

Example 10.5.1 The interval [0, 1] equipped with its Borel o-algebra and the Lebesgue measure
is a probability space.

Example 10.5.2 The half-line R, equipped with the measure

P(A) = /A e dy

is a probability space. In such a situation, where the measure has a density with respect to
Lebesgue measure, we will also use the short-hand notation P(dx) = e™* dx.

Example 10.5.3 Given a € (), the measure J, defined by

6a(A):{ 1 ifac A,

0 otherwise.

is a probability measure.

10.6 Proof of Prohorov’s theorem

Theorem 10.6.1 (Prohorov) A sequence of probability measures on a complete separable met-

ric space X 1s relatively compact if and only if it is tight.

In order to prove this theorem, we need the following little lemma, which is a special case of

Tychonoff’s theorem:

Lemma 10.6.2 Let {z,,} be a sequence of elements in [0,1]°°. Then, there exists a subsequence
ng and an element x € [0,1]*° such that limy_,o0 xp, (1) — (i) for every i.
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Proof. Since [0, 1] is compact, there exists a subsequence nj. and a number z(1) € [0, 1] such that
limy o0 2,1 (1) — x(1). Similarly, there exists a subsequence nj of nj and a number z(2) such
that limy, o0 7,2 (2) = 2(2). One can iterate this construction to find a family of subsequences

ni and numbers z(i) such that

® =, is asubsequence of x i1 for every i.
k

e 2 (i . 3
o limy o0 2,1 (1) — z(1) for every i

It now suffices to define ny = n’lz The sequence ny obviously tends to infinity. Furthermore, for
every i, the sequence {zy, (i) }x>; is a subsequence of {acn}-c (1) }k>0 and therefore converges to the
same limit (7). 0

Proof of Prohorov’s theorem. We only give a sketch of the proof and only consider the case
X = R. Let r; be an enumeration of Q and write F;, for the distribution function of p,,
i.e. Fp(z) = pn((—o0,x]). Note that F), is automatically right-continuous since (—oo,z] =
(i>o(—00, z3] for every sequence xj converging to x from above. (It is not left-continuous in
general since if x, is a sequence converging to x from below, one has (J;,. (=00, ] = (=00, x)
which is not the same as (—oo,z]. As a generic counterexample, consider the case p = § and
x = 0.) Note that the right-continuity of F}, and the density of the points r; together imply that
one has F,(z) = inf{F,,(r;) | r; > x} for every x. In other words, the values of F}, at the points
r; are sufficient to determine F,.

Note furthermore that F,(x) € [0,1] for every n and every z since we are considering
probability measures, so that we can associate to every function F;, an element F, in [0, 1]*°
by F,, = F,(r;). Since [0,1]*° is compact, there exists a subsequence Fnk and an element
F e [0,1]°° such that limg . Fnk’i — Fj for every i. Define a function F: R — [0,1] by
F(x) = inf{F; |r; >z} for every € R. Then the function F has the following properties:

1. F' is increasing.
2. F' is right-continuous.

3. limy—y oo F(z) = 0 and lim,_,o, F(z) = 1.

The first and second claims follows immediately from the definition of F. Since the sequence of
measures {u, } is tight by assumption, for every € > 0 there exists R > 0 such that F,,(R) > 1—¢
and F,,(—R) < ¢ for every n. Therefore F' satisfies the same equalities so that the third claim
follows, so that F' is the distribution function of some probability measure pu.

We now show that if F' is continuous at some point z, then one actually has F),, (z) — F(x).
The continuity of F' at x implies that, for every € > 0, we can find rationals r; and r; such that
ri < x < rj and such that F; > F(z) —¢ and Fj < F(z) + . Therefore, there exists N such
that Fy,, ; > F(z) — 2¢ and F,, j < F(z) + 2¢ for every k > N. In particular, the fact that the
functions F;, are increasing implies that |F},, (z) — F(z)| < 2¢ for every k > N and so proves the
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claim.

Denote now by S the set of discontinuities of F'. Since F' is increasing, S is countable. We
just proved that p,, ((a,b]) — p((a,b]) for every interval (a,b] such that a and b do not belong
to S. Fix now an arbitrary continuous function ¢: R — [—1 1] and a value € > 0. We want
to show that there exists an N such that U () pin, (dz) — [ o(z ‘ < Te for every k > N.
Choose R as above and note that the tightness condition implies that

| / )t (d2) / Z )i ()| < 2, (10.7)

for every n. The same bound also holds for the integral against p. Since ¢ is uniformly continous

n [~ R, R, there exists § > 0 such that |p(x) — ¢(y)| < € for every pair (z,y) € [~R, R]? such
that |z —y| < 6. Choose now an arbitrary finite strictly increasing sequence {x, }M_ such that
x9g = —R, zpr = R, |Tpmy1 — x| < 0 for every m, and x,, € S for every m. Define furthermore
the function ¢: on (—R, R] by ¢(z) = x,,, whenever x € (x,, Tpm+1]. Since @ is a finite linear
combination of characteristic functions for intervals of the form considered above, there exists
N such that UfR () pin,, (dx) f » @(z)pu(dz)| < € for every k > N. Putting these bounds
together yields

[ (i)~ [ ptapta)| <| / D)~ [ gl )
+| / p(w)p(dr) - / pld)| + | / )y () = / Z%@Ww(dﬂ\
s~ | -t

<242e4+e4+e+e<Te,

for every k > N, thus concluding the proof. O

10.7 Useful References

e Real Analysis by Royden, Chapter 11 (especially section 3) in the third edition for inte-
gration.

Probability by Leo Breiman, Conditional Expectation is in Chapter 4.

Probability measures on metric spaces, K. R. Parthasarathy.

Foundations of modern probability, O. Kallenberg

Markov Chains and Stochastic Stability by Meyn and Tweedie

Markov Chain by J. Norris
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