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Chapter 1

Preliminaries

For completion and easy reference we include some basic concepts from Measure
Theory. We assume that you are already familiar with most of the text here.

1.1 Sets

Let E be a set. We summarise below operations on subsets of F. If A and B are
two sets, A U B, A N B stand for the union and the intersections of the two sets;
and A° = F — A the complement of A in E and AAB = (A —b) U (B — a) the
symmetric difference of B and A. The two binary operations, the set union and the
set intersection, satisfies the commutative laws, associative laws and distributive
laws for mixed operations. The distributive law reads:

AN(BUC)=(ANB)U(ANC), AU(BNC)=(AUB)N(AUCQ).

Proposition 1.1.1 DeMorgan’s law. For any index set 1
(maGIEo)C = UaEIEccw (UaGIEa)C = UaEIEch

There are concepts of limit superior and limit inferior. If A,, is an increasing
sequence of sets, Ay C Ay C As..., write

lim A, :=U;2 A, ={x € E:x e A,for some n}.

n—oo

If A, is a decreasing sequence of sets, A1 D As D As..., write

lim A, =Ny A, ={x € E:xze€ A,foralln}.

n—oo



If {A,} is a sequence of sets define

limsup 4, = Ny Ui, Ak

n—oo

liminf A, = U_; Mg, Ak.

n—oo

The set lim sup,,_,,, Ay, contains precisely all = such that there is an infinite sub-
sequence of A,, with x € N2, A,,. The set liminf,, . A, contains precisely
all  such that there is a IV such that x € N2 ;| An 4.

1.2 Measurable Spaces
Let €2 be a set.

Definition 1.2.1 An algebra A of a set 2 is a collection of subsets such that
1. 0 e A
2. If A € A, the complement A = )/ A belongs to A.
3. IfA, Ao e A, then Ay UA; € A

Note that (2, as compliment of the empty set belongs to .A. Also finite unions and
intersections of sets from .4 belongs to .A. A og-algebra F requires that countable
unions of sets from J belongs to . Intersection of algebras is an algebra.

Definition 1.2.2 A o-algebra F on () is a collection of subsets of () such that
(1) Ve F
(2) F is closed under complement: if A € F then A¢ € F.
(3) F is closed under countable unions: if A, € F, US?_ A, € F.

The pair (2, F) is a Measurable Space. Elements of F are called Measurable
Sets. They are also called Events.

It follows that F is closed under countable intersections. Note also that non-
emptyness+(2) is the same as (1)+(2). A collection of sets is an algebra if is it
closed under finite unions and taking complements.

Example 1.2.3 e The trivial o-algebra {(, 2} is the smallest o-algebra on €.



e For any set (2, we may consider the set of all subsets of {2. This is the largest
o-algebra on ).

e For a finite set 2 = {1,2,...,n} we typically take F to be the set of all
subsets of ().

o Take Q = {1,2,3,4}. Define F = {{1,2,3}, {4},0,w}.

The intersection of any number of o-algebras {F;,I € A} is a o-algebra
trivially. If A € NyeaF7 then A € Fp for all 1. If A, € NrepaFr clearly
U Ay, € Frforall 1.

Definition 1.2.4 If G is a collection of subsets of §2, the o- algebra generated by G
is the smallest o-algebra that contains all elements of G, and is denoted by o(G).
It is the intersection of all o-algebras of ) that contains G.

Example 1.2.5 Let Q = {1,2,3,4} and G = {{1,2,4},{4}}, show that the
smallest o-algebra generated by G consists of the following sets: 0, , {1,2},
{3}, {4}, {1,2,4}, {3,4} and {1, 2, 3}.

Definition 1.2.6 If (X, d) is a metric space with metric d, the Borel o-algebra is
the o-algebra generated by open balls {x : d(z,z¢) < a}, o € X,a € R. It is
denoted by B(X), and elements of B(X) are called Borel sets of X.

If not otherwise mentioned, this is the o-algebra we will use. Single points and
therefore a countable subset of a metric is always measurable since {xo} = N, {x :
|z — 29| < 1}. For a topological space, the Borel o-algebra is the o-algebra
generated by open sets.

Example 1.2.7 e The Borel o-algebra of R is the o algebra generated by the
open intervals (a, ).

e Let Wy = {0 : [0,1] — R continuous , c(0) = 0} be the set of all continu-
ous functions from [0, 1] to R. Define the distance function to be:

d(Ul,Ug) = Sup ‘01<t) — Ug(t)‘.
te[0,1]

Since the functions are continuous if ) is countable dense subset of [0, 1],

d(o1,02) = sup|o1(t) — oa(t)].
teQ

The collection of sets {o : |o(t;) — oo(ti)| < a,0 <t < --- < t, = 1},

a>00<1t < -+ <t, =1 and partition, og any curve in {2 gives
the topology on (2, which is a 7w-system, and hence determine the Borel o-
algebra.



1.3 Measures

We are interested in functions that gives a value to each set in a given o algebra.
They should have set additive property F(AU B) = F(A) + F(B) if AN B = {.
For it to represent measurements of sets, we assume further conditions:

Definition 1.3.1 A measure on a measurable space (2, F) is a [0, 00| valued func-
tion on F, which assigns to every set from F a value from [0, 00| and has the
following property

1. P(§)=0

2. P(U2,(A) = 202, P(Ay), for all sequences {A;} with A; € F and
A; N Aj = 0 whenever i # j

The triple (2, F, P) is called a measure space.

If A C Bthen P(B) = P(AU(B\A)) = P(A) + P(B\A) > P(A). If {4;}
are not pairwise disjoin then P(U2,(4;) < > 2, P(A;), when P is a positive
finite measure: 0 < P(2) < oo. In fact let C; = Aj, Cy = As — Ay, then
CiUCy =A1UA . SetC3 = Az — Cy = A3z — (A1 UAQ), C,=A4, —Ch_1.
Then U ,C; = U, A; and {C),} are disjoint, P(C,,) < P(A,,) and by property
2). P(UZ, A) = S, P(C) € X%, P(Ay).

Property (2) is called the o-additive property, which implies that if A, is a
non-decreasing sequence of measurable sets A1 C Ay C ...,

lim P(A,) = P(Uy2 A,). (1.1)

n—od
We also write lim,, .o A, = UA,. To see this define C; = A;,C,, = A, —
Cn-1 = A — Ap—1. Similarly if A,, is a non-increasing sequence of measurable
sets A1 DA D ...,

lim P(A,)=P(NS2,A,).

n—oo
Definition 1.3.2 A measure on ) is a probability (measure) if the total mass is
one: () = 1. It is called a o-finite measure if ) is the countable union of
measurable sets of finite measure. Furthermore if Q) is a topological space with the
Borel o-field B(S), the measure is called a Borel measure.

A Borel measure is locally finite if for every point w in 2 there is an open neigh-
bourhood U of w with (U ) finite. It is tight (or inner regular) if 1(A) = Sup{u(K) :
K C A and K is compact} for all A € B. Equivalently for any ¢ > 0 there is K
compact such that ;(K) > 1 — ¢, and it is Radon if it is locally finite and tight. If



Q) is a Polish space, i.e. separable and admits a complete metric, then every locally
finite measure y is tight and hence Radon. Following from this Borel measures are
constructed on R" be defining their values on open balls.

Example 1.3.3 Let (2 consisting of a countable number of elements w; and let F
be a o-algebra. Define a function on m : 2 — R. Set m; = m(w;) € R. Then

P(A) = > m;

Pw; €A
defines a o-finite measure. The total mass is Y .-, m;.

Example 1.3.4 A standard way to construct measure on R" is by introducing a
density function p : R" — R:

Definition 1.3.5 Consider the measure space (S, F, P). We say that a measure or
a o-algebra is complete if, whenever A is a set in F with zero measure, any subset

of Aisin F. If P(QY) = 1, the triple (2, F, P) is called a probability space.

We often work on the completion of F which is the possibly larger o-algebra
containing F and all subsets of zero measure sets.

Standard Assumption. We assume that the measure is a probability measure
and that the o-algebra is complete. In this case if f = ¢ almost surely, that is
they agree on a set of full measure, then they are both measurable or both not
measurable.

Definition 1.3.6 We say that an event A happens almost surely, abbreviated as
as., if P(A) = 1.

Remark 1.3.7 A measure on F is determined by its value on a generating set of
F thatis a 7 system.

Let 111 and po be the two measures. Set
C = {A€a(F): u(A) = ua(A)}.

Then C' contains a 7 system by definition. It contains the empty set. If A; C A,
Ay, As € C, then /.,LZ'(AQ) = ,ui(Al U (A2 —Al)) = Mi(Al) +,ui(A2 - Al). Hence



p1(Az — A1) = pi(A2) — (A1) = pa(A2) — p2(A1) = p2(Az — A1) So
Ag — Ay € C. Next let { A;} be an increasing sequence in C, then

pr(UnZiAn) = lim Uy (Ar) = lim po(Uig 4i) = pe((UnZi4n).
n—oo n—oo
This shows that C' is a o-additive class and hence contains o (F").

Example 1.3.8 The sets in the completion of the Borel o-algebra are said to be
Lebesgue measurable. On R define the measure L of an interval to be the length
of the interval. If A is a Borel set,

L(A) = inf{Z(bj —a;) 1 UjZy(aj,b5) D A}

This determines the Lebesgue Measure. In general let F' be a right continuous
increasing function, there is a unique Borel measure on R, called the Lebesgue-
Stieltjes measure associated to F', such that ur((a,b]) = F(b) — F(a). Further-
more

pr(A) =inf{d (F(b;) — Flay)) : U2 (a;,b;) D A},
i

It is customary to denote | hdF for the intergal [ hdup. If F is the difference
of two right increasing functions, a signed measure can be defined. Integration
with respect to the quadratic variation process of a martingale, c.f. Theorem ??,
Theorem ?? belongs to this category, see Kunita-Watanabe inequality ??.

If 1 is a probability measure on the real line, there is the assocaited distribu-
tion function F'(z) = u((—o0,x]). Then u((a,b]) = F(b) — F(a). Then F is
increasing and right continuous. Also F'(—oco) = 0 and F'(co) = 1, To see right
continuity, take x,, > x converging to z,

lim F(z,) = lim p((—o00,2,]) = (N3 (~00,24]) = F(z)

by the o additive property of p. I If X : 2 — R is a random variable, its distribu-
tion function is that of its probability distribution: F'(z) = P(w : X (w) < z).

Similarly F' : [a,b] — R right continuous and increasing defines a measure
on B([a,b]). If F is absolutely continuous on [a, b] in which case F(z) = f(a) +
faw g(t)dt, with g integrable w.r.t. the Lebesgue measure and f differentiable at
almost surely all points with F’ = g a.s. with respect to the Lebesgue measure. In
this case

/a ' ) up(dr) = / ' () ()



A right continuous increasing function F on [0, c0) has finite total variation,
see Definition We may assume that F'(0) = 0. The measure pp is abso-
lutely continuous with respect to the Lebesque measure if and only if F' is abso-
lutely continuous.

Proposition 1.3.9 (The Borel-Canteli Lemma) Let {A;} be a sequence of mea-
surable sets.

1.

Z P(A,) < oo implies that P(N¥=1 Up=n Am) = 0.
n=1

2. If the sets from { A;} are independent, then

Z P(A,) = implies that PN Upe_n Ap) = 1.
n=1

1.4 The Monotone Class Theorem

Definition 1.4.1 Let ) be a set. A non-empty family of subsets G of 2 is called a
monotone class if limits of monotone sequences in G belong to G.

1. U A, € Gif A, is an increasing sequence in G.
2. M2 Ay, € Gif A, is an decreasing sequence in G

Finite additive property together with monotone class property is equivalent to
the o-additive property. Suppose that A is both an algebra and monotone class, it
is an o algebra. In factif A; € A, let B, = U, A; then UB]"; = UA? | and
By, is increasing. Hence U2, B,, € A. Since U2 A, = US2, B, o-additive
property follows.

A o-algebra is a monotone class. Intersection of monotone classes containing
a common element is a monotone classes.

Theorem 1.4.2 (Monotone Class Theorem) If A is a algebra, then the smallest
monotone class m(.A) of sets containing A is the o algebra o(A) generated by A.

Proof It is sufficient to show that m(.A) is an algebra, in which case it is a o-
algebra and hence contains o(.A). First we show that it is closed under taking
complements. Consider the set

C={Aem(A) : A° € m(A)}.



Then A C C C m(A). We show that C' is also monotone and hence C' must
contain the smallest monotone class that contains A. If A,, increases and belongs
to C, clearly UA,, belong to m(.A) and (UA,,)¢ = NAS € m(A). Similarly if 4,
belongs to C' and decreases then NAJ?; € C. We proved that C' is a monotone
class and hence C' = m(A).

Now we prove that intersection of two set in m(A) isinm(A). Let A € m(A).
Define

CA={Bem(A): AnBem(A)}.

It is easy to check that C'4 is a monotone class. We now prove the assertion in two
steps. If A € Athen A C C4 C m(A) and hence C* = m(A) which means
that for A € Aand B € m(A), AN B € m(A). Hence for B € m(A) then CB
contains A: A C CB c m(A). Since CP is monotone, C® = m(A). Hence for
all A,B € m(A), AN B € m(A).

We have proved that m(.A) is an algebra, and hence a o-algebra. So m(A) D
o (A). On the other hand o (.A) is a monotone class trivially and so contains m(.A).
We proved the assertion that o(.A) = m(A). O

Definition 1.4.3 A collection of subset A is a 7 system if A, B € A implies that
ANBe A

The intersection of 7-systems is a w-system. Note that some people may insist that
the empty set () is in 7 system.

Definition 1.4.4 A family B of subsets of a set ) is a o-additive class also called
a Dynkin system if

1. Qe B
2. If By C By, By, By € Bthen B1\Bs € B.
3. If A, is an increasing sequence in B then U2 | A, € B.

Note that property 1 and 2 imply that o-additive class is closed under taking com-
pliment. A o-additive class is a monotone class. The intersection of o-additive
class is a o-additive class. Under condition 1 and 2, if B is a m-system it is closed
under disjoint union and the following are equivalent.

a) U2, B, € B whenever B, € Band {B,} are pairwise disjoint.

b) By U By € B whenever By and Bj are disjoint and A, is an increasing
sequence in B then U2 | A,, € B.



IfA, e B, A C Ay C...,let By = Ay, By = Ay — Ay, B3 = A3 — By, and
Bpi1 = App1 — Ul B;. Ttis clear that B,, € B and {B,,} are pairwise disjoint
and U | A, = U, B;. We proved that a) implies 3.

Assume b). If B,, are pairwise disjoint sets from B, letting A, = U} | B;.
Then A,, € B and A, is an increasing sequence and Up? A, = U>2 B,,. So b)
implies a).

Remark: If A is both a g-additive class and a 7 system, then it ia an algebra.
IfA,Be A,AUB = (A\ANB)U(B\ANB) € A, hence we have a o algebra.
Clearly the condition 2 € B can be replaced that A is not empty. On the other
hand o-algebra is both a 7 system and a o-additive class.

Theorem 1.4.5 (Dynkin’s Lemma) If A is a w system then the o-additive class
(Dynkin system) generated by A is the o-algebra generated by A.

Proof First 0(A) C B as it is a Dynkin system. Denote by B the o-additive class
generated by the m-system .A. We show that BB is a 7 system. Let A C B, and

CA={BcB:ANB¢eB.

Then C4 is a Dynkin system and for A € A, C* = B. Hence C4 > Afor A € B
and C4 = B. Hence B D o(A). O

The moral of the section is: If we wish to prove a property holds for all sets in a
o algebra we only need to show that the collection of sets with the desired property
contains an algebra and forms a monotone class. Or it should contain a 7 system
and is a Dynkin system.

1.5 Measurable functions

Let f : X — Y be a mapping from one set X to aset Y. For D C X we define
the image of D by f,

f(D)={f(z):z €D} CY.
For A C Y we define the pre-image of A by f,
fllA ={zeX: flz)e A} C X.

A continuous function is a function such that the pre-image of open sets are
open. Measurable functions are functions such that the pre-image of measurable
sets are measurable.



Definition 1.5.1 Given measurable spaces (2, F) and (S, B), a function f : Q —
S is said to be measurable if f~1(B) = {w : f(w) € B} belongs to F for

each B € B. Measurable functions are known as random variables, especially if
S=R.

If f isidentically 1 on a set A and zero everywhere else, it is called the indicator
function of A and denoted by 1 4:

1, ifweA
1"‘(‘“)_{0, ifwd Al

Example 1.5.2 Consider a function f : ¥ — R which only takes a finite number
of values. They have the form,

f(z) = Zalej (2),
j=1

where a; are values f take and A; = {z : f(z) = a;}. Then f is measurable if
and only if A; are measurable sets.

Definition 1.5.3 A simple function is of the form
n
flx) =2 ajla,(a),
j=1

where a; € R and Aj are measurable sets.

Remark 1.5.4 To show that f : (2, ) — (E, B) is measurable, we only need to
prove that f~1(A) € F for any set A from a 7 system G that generates 3. In fact
note that

C={AcB:f 1A eF}
is a o-algebra and o(G) C C' C B.

Example 1.5.5 Let W = C([0,T], R™) be the space of continuous functions from
[0,1] to R™. Tt is a Banach space with the supremum norm:

lgllw == sup [lg(®)]-
t€[0,1]

A sample continuous real valued stochastic process (X, 0 < ¢ < 1) on a
probability space (2, F, P) can be considered as a function, denoted by X, from
(Q,F)to W.

X(w)(t) = Xi(w).

10



For each time ¢, and @ € R", {w : |X;(w) — a| < €} belongs to F as X is
measurable.

We show that the function X : Q, F — W is Borel measurable. Take f € W
and the open ball in the Banach space W centred at f with radius € > 0. Its
pre-image by X is:

{w: sup [Xy(w) = ful<e} = {w: sup | Xy(w)— fu| <€}
0<t<1 0<t;<1,t;€Q
= No<t;<1teiw [ Xy (w) — fu| <€}

Since for each i, {w : | Xy, (w) — fi,| < €} € F, the intersection of the countable
number of such sets belongs to F.

1.5.1 Properties

If {A,, o € I} is a collection of subsets of Y then

F7HAY = ()
f_l (ﬂaGIEa) = ﬂae[f_l(Ea)
f_l (UaGIEa) = Uae[f_l(Ea)'

Proposition 1.5.6 o Iffi: (F) — (E1, A1) and fo: (Q,F) — (B2, A2)
are measurable functions. Define the product o-algebra

./41 ®A2 = O‘{Al X A2 : AeAl,AQ S AQ}
Then h = (f1, f2) : (Q,F) — (E1x, A1 ® Ag) is measurable.

o If f:(X1,B1) — (X2,B2) and g : (X2,B2) — (X3, Bs) are measurable
functions then so f o g : (X1,B1) — (X3, Bs) is measurable.

o If f,g, fn: (X,B) — (R, B(R) are measurable functions, then the follow-
ing functions are measurable: f + g, fg, max(f,g) = %, fr=

max(f,0), f~, limsup f,, liminf f,, SUPy,>1 [, infp>1 fr, imp oo fr.

For 1), define
C={Ac A ®A:h(A)cF}

Then o-algebra C contains sets of the form A; x Ay, A; € B;. The collection of sets
of the form { A1 x Ay} generates A; ® As. For 2) we observe that (fog)~!(A) =
g1/ (A).

For 3), note that " B(R) = B(R") and f + g is the composition of (a,b) €
R? — (a +b) € R, a continuous function with a measurable function (f, g) :
) — R?2. The other algebraic operations are proved similarly.

11



The measurability of sup,, f and inf f,, are seen from {z : inf,>; fu(x) <
a} = Up{z : fu(x) < a} € Fand {x : sup,>1 fu(z) < a} = iz : fulz) <
a} € F. It follows that lim sup,,_,, fn = inf, supy>,, fx is measurable. Now

U:={x: lim fy(z)exists} = {x: limsup f,(z) = liminf f,(z)}

is measurable. Consider the inverse of the diagonal A on R? by Z := (liminf f,,,limsup f,).
Then U = Z~!(A) is measurable. Define f(x) = 0 on U. Then for a < 0,

{z @ lim, o0 frn(z) < a} = {z : limsup,_,o fn(z) < a} and for a > 0,

{z :lim, o0 fr(z) < a} ={z : limsup, fn(z) <a}UU.

Proposition 1.5.7 If f : E — [0, 00| is a positive measurable function, there is a
sequence { f } of simple functions such that

0<h<frs o< . f

and f, — [ pointwise. Furthermore f, — f uniformly on any sets on which f is
bounded. Here both E and [0, 0| are equipped with the relevant Borel o-algebras.

Proof We consider [0, 2"] and (2", c0). Let
Ay ={x: f(x) > 2"},

Let us now consider dyadic partitions of the interval [0,2"]. The advantage of
dyadic partitions are that as n gets bigger, the partition contains all partition points
from the previous partitions. Let us cut each length 1 interval into 2" pieces and
there are (2")% — 1 subintervals of length 27", Let

n L J j+1
Aj—{x.2n<f(x)§ o

}, 0<j<2-1.

We approximate f with value QJ—n on A% and define




If f : E — R is a measurable function, not necessarily positive, let
f=r=f

where ft = max{f(z),0} and f~(z) = max{—f(z),0}. Approximate f~ and
f7 separately to give an approximation for f.

Theorem 1.5.8 For every measurable function f there is a sequence of simple
functions f,, such that for every z,

lim fu(w) = f().

n—oo

If f is bounded, f, can be chosen to be uniformly bounded.

Proposition 1.5.9 The class of functions measurable with respect to a given o
algebra F is the smallest class of functions that contain all simple functions and is
closed under pointwise limits.

Proposition 1.5.10 Let X, Y be a metric spaces and let (X, B(X)) and (Y, B(Y"))
be the measurable spaces with Borel o-algebras. If f : X — Y is continuous then
it is Borel measurable .

Proof A mapping f : X — Y is continuous if the pre-image of an open set is an
open set. Since B(Y') is generated by open sets which forms a 7-system

C:={AcBY): f YA eBX)}
contains all open sets, C' = B(Y'). O
Proposition 1.5.11 Let (2, F) be a measure space. Let E be a 7 system that
generates F. Let C be a class of functions with the following property:
1. If A€ E, thenly € C;
2.1ecC
3. If f,g € Cand k a real number then kf € C, f +¢g € C.

4. (Monotone class property) if [ is bounded and there is f, € A with 0 <
<< fn<-- < Kand f=1lim,_ . fn pointwise then f € C.

Then C contains the set of all bounded F-measurable functions.

13



Proof We first show that 15 € C forall B € F.
J={B e Fl1p €}

Then J D E U {Q,0} and we show that J is a Dynkin system and hence the o-
algebra F. The first two requirement for the Dynkin system following from that C
is a linear space and 15 — 14 = 15_4. The disjoint union property follows from
the monotone class property.

If f is positive and bounded measurable there is an sequence of positive uni-
formly bounded functions f,, converging to f and which are finite linear combina-
tions of F-measurable set. Finally if f is not positive let f = f* — f~ O

Definition 1.5.12 Let f : (2, F) — (S,G) be a measure function. It pulls back
the o-algebra G to a o-algebra on ). This is denoted by o(f) and is called the
o-algebra generated by f . It is

o(f)={f"'(4): 4eg},
Itis clear that { f~'(A) : A € G} is a o-algebra.

Example 1.5.13 If f : (X,B) — (R, B(R) is of the form
f(x) = Za’j]‘Aj ($)7
j=1

where A; are subsets of X. Then o(f) is generated by the finite collection of sets
{A1,..., A}

Proposition 1.5.14 Let (2, F) be a measurable space and X : Q@ — R a mea-
surable function. Let o(X) be the o-algebra generated by X. If Z : Q@ — R is
o (X )-measurable then there is a Borel function F : R — R with Z = F(X).

Proof Proof. Consider the family
U:={Z:Q — Riso(X)-measurable, Z = f(X) for f : R — R Borel measurable }.

It is easy to see that U is a linear space containing 1. We only need to show it is
closed under pointwise convergence.

Let f,(X) € U be a sequence with lim,, .o fr(X(w)) = Y(w). We must
show that Y € U. Define B to be the subset of R where lim,, .o fn(x) exists.
Then B € B(R). Define

fz) = limy, o0 fn(z), iflimy, oo frn(x) exists
1 0, if lim,, . fr(2) does not exist

14



Then f,(X(w)) — f(X(w)) whenw € {w : X(w) € B}. Hence Y(w) =

fF(X(w)). -

1.6 Integration with respect to a measure

Let (E, F, 1) be a measure space. Let
€={f(x) =) ajla,(z): A; € F,a; € R}
j=1

be the set of (measurable) simple functions. We define its integral with respect to
1 as below:

/ fZalej(x) du(z) = ZajM(Aj)-
zeE j=1 j=1

Note that if a; are distinct, then 4; = f~!({a;}).
Observe that if f, g are two simple functions with 0 < f < g a.s.

/E fdu < /E gap.

In particular if f = g a.s. then [ f = [g.

Definition 1.6.1 If f : E — [0, 0] be a positive measurable function, define

/fduz sup /gdu-
ge&:g<f

Theorem 1.6.2 (Monotone Convergence Theorem) If f,, : E — [0,00] is an
increasing sequence of positive functions, lim,, o f(z) exists almost surely and

[t pa)duta) = Jim [ g (e)duta).

n—oo

If f: E — [0,00] is a positive measurable function, there is a sequence of in-
creasing simple functions f,, converging pointwise to f. Thenlim, .o | f(z)dp(x)
is an increasing sequence and has a limit if it is bounded. If this limit exists,

| f@dute) =t [ fulw)duo).
E FE
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Proposition 1.6.3 If f, g are positive measurable, a,b > 0, then

I [(af +bg)dp=a [ fdu+0b[gdp
2. If [ fdpu < oo then f < oo almost surely.
3. [ fdu=0ifand only if f =0 a.s.
Definition 1.6.4 Let f : E — R be a general measurable function. Write f =

[T = f". Ifboth [ ftdu < oo and [ f~ du < oo are finite, we say that f is
integrable with respect to p and the integral is defined to be:

[Efdu—/Eﬁdu—/Efdu-

The set of all integrable functions are denoted by L'(u) and called L' func-
tions. If A is a Borel measurable set, we write [, 14 () f(z)du(z) as following:

[ 4@ due) = [ 1) utdo) = [ £

Proposition 1.6.5 Assume that f,g € L' (p).
1. If f € LY(p), so does |f| € L' (u), and

’/fdu‘ < [1r1dn

2. If f,g € L*(pn), a,b,€ R, then af + bg € L' (n) and

/(af+bg)du:a/fdu+b/gdu.
/fduﬁ/gdu-

4. If A is a measurable set, define fA fdu = [1afdu. Then

/Afduz/Agdu

for all measurable set A implies that f = g almost surely.

3. Iff<g

5 Iff >0and [ fdu = 0then f =0 a.e.
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1.6.1 Integration with respect to the Pushed Forward Measures

Suppose we are given a measure space (X, .4, ) and a function f from X to a
measurable space (Y, B). Then there is the pushed forward (induced) measure
f«(p) on (Y, B) defined as follows: f.(u)(B) = p{z : f(z) € B}.

Lemma 1.6.6 If « is a real-valued function on 'Y, then

/Xaf d,u:/yadf*(u). (1.2)

Let¢p: S — Rand X : ) — R be measurable functions, define

= [ otx() aP) = [ o) X.(u)(ay).
Q S

Definition 1.6.7 If f is a measurable map from X to X, we say p is invariant by

f lf f * (:u) =M
Example 1.6.8 Let J,. be the Dirac measure on R":

0,ifreA
53”(14)_{ 1,ifx & A

Then for any transformation 7' : R” — R", T, () = d7,. The -measure is not
invariant under rotations, unless x = 0, or by translation.

1.6.2 Lebesgue Integrals

Integrals developed in the last section, in the case of i being a Lebesgue measure,
are called Lebesgue integrals.

Let a, b be real numbers. Consider the measure space ([a, b], B([a, b]). Let u
be the the Lebesgue measure on [a, b]. It is determined by its value on set of the
form A = U?"_,(¢;, d;) (‘union of disjoint intervals),

n

wA) = (di — ).

i

Considera =tg < t1 < -+- < t, = b. Let

f(z) = folo(z) + Z L5, (
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Since p({0}) = 0,

1.7 Riemann Integrals and Riemann-Stieltjes Integrals

If a function f : [a,b] — R is Riemann integrable, it is Lebesque integrable and
the two integrals agree. In this and the next section we review Riemann integrals
and Riemann-Stieltjes integrals.

Let f : [a,b] — R be a bounded function. Leta =ty < t; < --- < t, = b
be a partition of [a, b]. Let m; = max{f(x),x € [t;, tix1]}, M; = max{f(x),z €
[ti, tit1]}. If for all partitions A

igf M;(tiz1 —t;) = SlAlp Z m;(tit1 —t;),
;

the common value it called the Riemann integral and f is Riemann integrable. If
so, let Ay, 1 a =1t <t} <--- <t} = bbe asequence of partitions of [a, b] with
mess converging to zero, then

b
[ fado = 1w 3 e - )
a j

Proposition 1.7.1 A bounded function f : [a,b] — R is Riemann integrable if and
only if the set of discontinuity of f has Lebesque measure zero.

Proposition 1.7.2 If a bounded function f : [a,b] — R is Riemann integrable,
then it is Lebesgue measurable and Lebesgue integrable. Furthermore, the inte-
grals have the common value:

b
x)dy = x)dzx.
e /Qf()

—~

b—a)

o Consider

Let A be the dyadic partition of [a, b]: t; =

fn(t) = Zsup{f(x) HEURS [ti’ti+1}}1(ti,ti+1}(t)'

18



Then f, is measurable and converges to f a.e. Check that the integrals agree on
functions of the form: .

> ailia

i=1

where (c;, d;) are disjoint intervals.

Definition 1.7.3 Let f, g : [a,b] — R be bounded functions. We say f is Riemann-
Stieltjes integrable with respect to g if there is a number | such that for all € > 0,
there is § such that for all partitions

Aca=tg<am < - <t,=0

with mesh |A‘ = maxlgign(ti — tifl) <9,
ST HED [ot) — 9(t)] — 1] < e
=0

Here t} is any pointin [t;—1,;]. If so we write lim | o >_; f(t5) (9(tj+1) — g(t;)) =
l and define

b
[ 1) dat) = Yim 3 ) Galty0) = o)
@ J

to be Riemann-Stieltjes integral of f with respect to g.

Take g(z) = x to obtain Riemann integrals.
The Riemann-Stieltjes integral has the remarkable symmetry property:

Proposition 1.7.4 Let f, g : [a,b] — R be bounded functions. Then f is Riemann-
Stieltjes integrable with respect to g if and only if g is Riemann-Stieltjes integrable
with respect to f. If the integrals exist we have

t b
/ fdg + / gdf = F(b)g(b) — f(a)g(a).
0 a

The most commonly used integrators are functions of bounded variations. Func-
tions of bounded variations are differences of increasing functions. See section
[[.12.1] Riemann-Stieljes integrals do not exists if the integrator and the integrand
have the same point of continuity. That f; fdF, fbc fdF exist in Riemann-Stieljes
sense do not necessarily imply that fac fdF is Riemann-Stieljes integrable. The
Lebesque-Stieljes integrals, see Example with respect to a bounded varia-
tion function ¢ has a larger class of integrands.
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Proposition 1.7.5 If g; [a,b] — R is continuous and F : [a,b] — R has bounded

variation then the Riemann-Stieljes integral fab gdF' and f; Fdg exist. If F is
furthermore absolutely continuous and the integral equals to the corresponding

Lebesgue integral:
b b
/ng:/ gF'dx.
a a

1.8 Random variables

Given a probability measure 1 on R, we define its mean to be
o
my, = / x p(dx)
—00

and its variance by

3 = /OO (r— mu)z,u(dx).

—00

1.8.1 Law of a Random Variable

Let (2, F, P) be a probability space and f : (2, F) — (R", B(R")) a measurable
function. Then f induces the pushed forward measure on R, which is denoted by

f«(P).

Definition 1.8.1 Let X : Q) — R be a random variable. The law or the probability
distribution of X is a measure on R" is the pushed forward measure and denoted
by Px:

Px(A) =P(w: X(w) € A).

The distribution function for X is defined to be that for its law:
Fx(z) = Pw: X(w) < x).

If  : R™ — R is a Borel measurable function, ¢(X) is a measurable function.
Its expectation is defined by

E(X) := /Q H(X)dP = /R o(y) Px (dy).

If Fx(x) takes the following special form:
€T

Fx(r) = / p(y)dy

—00
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we say the Px has a density p with respect to the Lebesque measure, in which case

E[6(X)] = / " o(y) ply)dy.

We define the expectation or mean of X to be that of its distribution.

EX = /XdP = /ydPX(dy).
The variance of the random variable is:
var(X) =E(X —EX)? = /(y — EX)%dPx(y);

The covariance of two random variables is cov(X,Y) = E(X —EX)(Y — EY).
Let Py y be the distribution of (X,Y"), a measure on R?, then

cov(X,Y) = /(x —EX)(y — EY)dPxy(z,y).

1.8.2 Multi-variate Random Variables

Let X be an R"-valued random variable with entries X,...,X,,. Its average
is EX = (EXy,...,EX,). Given Y = (Y3,...,Y,)T the covariance matrix
between X and Y is a n X n matrix who entries are: cov(X;, Yj),

cov(X,Y)=E(X - EX)(Y —-EY)T
where 7" means transpose of the matrix. The variance of X is defined as:
var(X,X) = E(X - EX)(X —EX)?
Note that u” X is a real valued random variable for u € R™ and so
var(u’X) = E@@'X —Eu'X)? =E@w'X - Eu' X)(u"X — Eu' X)T
= Eu' (X —EX)(XT - EX")u = u"var(X)u

The symmetric matrix var(X) can be considered as a linear operator, called
the covariance operator:

cov(X)(u,v) = ul var(X)v.

A random variable X = (X',..., X™) determines a probability distribution,
that is a measure on R"™, B(R"): for A; Borel subsets of R",

Px(HglzlAi) = P({w : Xl(w) S Al, S ,Xn(w) € An})
If X is one dimensional, define F'x(z) = P(X < x), the distribution function of
X. Then Fx determines the Borel measure { Px(A), A € B}.
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1.8.3 Characteristic Functions
The Fourier transform of an L' function on R is f fRn (z)dz,

(27r
where A € R" and inverse transform is f x)dx. The

choice of the constants 2 e and the sign in the exponentlal are by convention.
X

The characteristic functlon of a Borel probability measure on R" is is the com-
plex valued function on R™:

A = / ().

This is the Fourier transform of the measure consider to be a distribution, in the
dual of continuous functions vanishing at infinity. From Fourier analysis it is easy
to see Bochner’s theorem:

Theorem 1.8.2 If two probability measures on R"™ have the same Fourier trans-
form they coincide.

The characteristic function of random variable X with values in R" is that of
its distribution. ,
bx () = BelMX) = BehX

Theorem 1.8.3 A family of real random variables (Y1, ...,Y}) are independent
if and only if their joint characteristic function is the product of their marginal
characteristic functions:

vy (AL -5 k) =TTy, (Ag).

1.8.4 Characteristic Functions of Gaussian measures

Definition 1.8.4 A Borel measure on R is determined by

=L [
= (& 20 xX.
a 2ro Ja

This measure is called the normal distribution or Gaussian measure on R with
mean m and variance o* and denoted by N (a, o?).

The function e 202 is the den31ty for the Gaussian measure N (a, 02). Note that

1 e —(z )
e dm =1,
2o J—

1 0 —(z—a)? 1 R —(z—a)?
/ xe 22 dx =a, 2%e 202 dx = o>

2o 2o
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Definition 1.8.5 A measure on R" is Gaussian if for each linear functional | on
R", the pushed forward measure 1, (11) is Gaussian on R.

Let z,a € R™ and (,) denotes the Euclidean inner product. A non-degenerate
Gaussian measure on R" is absolutely continuous with respect to the Lebesque
measure and has density

1 Le'e-a)-a)
(2m)" det C

where C' is a positive definite symmetric n x n matrix. Let x = (z1,...,2zy),
dr = dxq...dx,, then

fdp = (z—a),(z— a))dx'

- m/ / T

Definition 1.8.6 A random variable is a Gaussian random variable if its distribu-
tion is a Gaussian measure.

Proposition 1.8.7 Suppose that (X,Y') is Gaussian random variable. Then they
are independent iff they are uncorrelated, that is E(X — EX)(Y —EY) = 0.

This is not so if they are only individually Gaussian without being jointly Gaussian.

Example 1.8.8 Take a Gaussian random variable X with mean zero. Let Z be a
Bernolli random variable taking values {1, —1} and define Y = ZX. Then

2

Ec? =Ee™ 1, + Ee 1,y =e 2,

so Y is a Gaussian random variable. EY = E(XZ1;,_1;) + E(XZ14__)) =
E(X1(z—1}) ~E(X1z—_1}) =EXP(Z =1) —~EXP(Z = —1) = 0.
cov(X,Y)=E(X?2)=EX*)P(Z=1)-EX?P(Z=-1)=0.

But X and Y are far from independent. This means the pair (X, Y") is not jointly
Gaussian.

Lemma 1.8.9 For o a complex number,

1 xr a xr a 2
(2m)~% AL ) a(m ) g — oo+ (CAN)

vdetC Jrn
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In particular, taking o« = 1, the characteristic function of a Gaussian measure

centred at a is
B(\) = EeiNX) — ei(a,A)—%(C)\7/\).

Proof First assume o € R, then the left hand side (L.H.S) of the required equality
equals

1/ exp~2(C 7 (@—aly), a—aCy) o5 (Cy) polay) gy

v/ (2m)"detC
1

I S SR (e ) / 5O ) gy
(2m)"detC

2
e(ay)+5 (Cyy)

n

by translation invariance of the Lebesgue measures. The result holds for o € C
since both sides of the equality are analytic functions of o and they agree on R.
O

Note also that if the R? valued (X,Y) is a Gaussian random variable then X
and Y are independent if and only if cov(X,Y) = 0.
The characteristic function of N (a,o?) on R! is eaN=39" N ¢ R,

1.9 LP? spaces

Let (E, B, 1) be a measure space. Two functions f,g : € — R are considered to
be in the same equivalent class if f = g almost surely. For 1 < p < oo, denote by
LP(E, B, i) the LP space:

LP(E,B,u) ={f: E — R : measurable, /E\f(x)\p du(z) < oo}

Note that [ |f[Pdp = 0 if and only if | f| = 0 almost surely. That L? is a vector
space is clear from the elementary inequality |a + b|P < Cplal? + Cp|b|P. Define
£, = (f | f(@)Pdu(z)) ». Let L be the set of bounded measurable functions
with | f|z.. = inf{a : u(|f(z)] > a) > 0}. Then LP spaces are Banach space. If
there is only one measure involved, the notation LP(E, B) maybe used. Similarly
the notations LP(F) and L? are also used for simplicity.

Hoélder’s inequality (Cauchy-Schwartz if p = ¢ = 2).

/Ifg\dué </|f|”du>; (/Iglqdu>;7 }17+(11:1.
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If p is a finite measure, by Holder inequality, if p < g we have LP? C L9. There is
also the Minkowski Inequality, p > 1,

If+9llz, <z, + llgllz,-

A function ¢ : R — R is convex if ¢(>_ pixi) < >, pid(x;). If ¢ is twice
differentiable f is convex if and only if ¢” > 0. Example of convex functions are:
¢(x) = aP forp > 1, ¢(z) = e”.

Theorem 1.9.1 (Jensen’s Inequality) If ¢ is a convex function then for all inte-
grable functions [ and 1 a probability measure

" ( / fdu> < [ otran
[ saui< [ 171dn

Proposition 1.9.3 (Chebychevs inequality) If X is an LP random variable then
fora >0,

Proposition 1.9.2

and

1
P(IX| > a) < ~E|X]P.
a

Theorem 1.9.4 If f € L'. For any ¢ > 0 there is a simple function ¢ such that
Jlf—¢l<e

We say that simple functions are dense in L' or an L' function can be approximated
by simple functions in the L' norm.

Theorem 1.9.5 (The monotone convergence theorem) If f, are non-decreasing
sequence converging to f almost surely, and f,; < g and g is integrable then

/ lim f,duy = lim /fdu.

n—oo n—oo

Proof This is shown when f,; > 0. Otherwise take g, = f,, +¢g. Then g,, > 0 and
{gn} is a non-decreasing sequence. O

Theorem 1.9.6 (Dominated Convergence Theorem) If |f,| < g where g is an
integrable function, and f, — f a.e. then f is integrable

lim /fndu:/ lim f,du.
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Theorem 1.9.7 (Fatou’s lemma) If f,, is bounded below by an integrable function
then

/lim inf f,, dp < lim inf/fnd,u

1.10 Convergence of Functions

1.10.1 Notions of convergence of Functions

Definition 1.10.1 Let (E, B, i) be a measure space. Let f,, be a sequence of mea-
surable functions.

e f, converges to f almost surely if there is a set Qg with () = 0

lm fow) = f@), Vg

n—oo
o The sequence f, is said to converge to f in measure if for any § > 0

lim P(f, — f] > 5) =0.

e [P convergence

/]fn _ f]PdP — 0.

Example 1.10.2 1. (Example of a sequence which converges in probability
but not almost surely) Let A,, be measurable sets. The indicator functions
14, — 0 in probability if and only if u(A,) — 0. Just note that for any
§>0,{w:14,(w) >0} = A,.

Define a sequence of sets A;, = [%, %] for all n and all j. Define the
sequence of sets Ag 1,402, A12,...,Aopn,- s At  An—im,.... The

Lebesque measure of the set goes to zero. But at any point, it had values 0
and 1 infinitely often, and the sequence of functions given by the indicator
functions is nowhere convergent.

2. A convergent sequence of functions which does not converge in L'. Take
fn = 1 pq1)- Then fr, — 0. But [g |fp — flde = 1.

Take g, = nlyj 1. Then g, — 0 and fol lgn — gldx = 1.

Heuristically if f,, — f and the mass of f,, escapes to ‘infinity’, then f, may
not converge to f in L', or f becomes unbounded, which also amounts to an escape
of mas
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Proposition 1.10.3 Let A,, be measurable sets. The indicator functions 14, — 0
in probability if and only if 1(A,,) — 0.

Just note that forany § > 0, {w : 14, (w) > 0} = Aj.

1.11 Convergence Theorems

Theorem 1.11.1 (Egoroff’s Theorem) Suppose that u(E) < oo. Let f, be a se-
quence of functions converging to f almost surely. Then for any € > 0 there is
a set Ec C E with u(ES) < e such that f,, converges to f uniformly on E.. In
particular f,, converges to f in measure.

Proof Let
Uy = Ugsmiz : [fi(z) — f(2)] = -}

Then z ¢ U means that | f(z) — f(z)| < L when k > m.

SHES

lim U2 = 02y Ugom {5 |fela) — F(@)] = ~},

m— oo n

has measure zero from the almost sure convergence of fi. Hence lim,,, oo u(U})") =
0. Choose m(n, €) so that ,u(U,T(n’E)) < egr. Let U, = u;o:lUﬁl("’ﬁ) whose mass
is smaller than e. The compliment of the set is Np>1 Ng>m(n,e) 17 1 [fe(®) —
f(z)] < 2}. Onthis set, | fx(z) — f(z)| > L when k > m(n,e). O

Proposition 1.11.2 1. If fn, converges to f in LP, p > 1, it converges to f in
measure.

2. If fr, converges to f in measure there is a subsequence of f, which converges
almost surely.

3. fn converges to f in measure if and only if every subsequence has a further
subsequence that converges a.s.

1.11.1 Uniform Integrability

Forp > 1,let LP = LP(Q), F, uu) be the equivalence class of real valued functions
with E|f|P < oo.

Lemma 1.11.3 Assume that ;1() < oo. Take f € L. The following holds.
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1. Given any € > 0 there is 0 > 0 such that if 1(A) < 6 then

/A [ fldu < e.

2. Given any € > 0 there is C > 0 such that

/ | fldu < e.
1>

Proof Suppose that there is ¢y > 0 such that there is Ay with u(Ag) < 2% and
fAk | fldu > €o. Then

€0 <liminf/ |fldp < /limsuplAk|f]d,u.
A

k—o0

But p(limsup 14, ) = 0 by the Borel Cantelli lemma and the right hand side equals
ZEero0.

Note that pu({|f| > C}) < & [ |f|dp is a small set and hence part 2 follows.

O

Definition 1.11.4 A family of real-valued functions (fo,c € I), where I is an
index set, is uniformly integrable (u.i.) if for any € > 0 there is C > 0 such that for

all o
| aldu<e
{Ifal>C}

Note that if sup,, E|fo|P < oo for some p > 1, the family is uniformly inte-
grable.

Proposition 1.11.5 Let p be a finite measure. A family of real-valued functions
(fa,« € I) is uniformly integrable (u.i.) if and only if

1. supyer [ |faldp < oo

2. The family f, is uniformly absolutely continuous: Given ¢ > 0 there is a
d > 0 such that if a measurable set A has p(A) < 6 then for all o € 1

/ | faldp <e.
A
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Proof Suppose that u.i. holds. For any 0 < € < 1, take C such that f| ful>C | faldp <
€/2,

€
swp [Ufaldu [ (faldnsuw [ |l <5+ i) < .
o fal2C a J|fa|<C

since () < co. Also

« «

sup [ |faldu < sup/ | fal d,u—l—sup/ |fal < +C’,u(A) —0
a Ja An{|fa|>C} AN{|fa|<C}

as u(A) — 0.
Assume that X is uniformly absolutely continuous and is L' bounded, sup,, u(|fa| > C) <
supa [ | fa|dp is mall when C is large. By choosing C' large we see that f|f |>C | foldp
1s as small as we want.

Proposition 1.11.6 Let f,,, f € L.

a) Suppose that f, — f in measure and f, is uniformly integrable. Then

S 1fn = fldp — 0.

b) Suppose that [ |f, — f|ldp — 0 and p(QY) < oo. Then f, — [ in measure
and fy, is uniformly integrable.

Proof Proof of a). For any € > 0 choose C' > 1 so that

swp [t [ |fldu<e
n J{|fn|2C} {IfI>C}

Choose N such thatif n > N, u(|fn — f| > €) < 55

’h—fuﬂé$m/‘ ﬁ—fWM+</ +/ )mmm
nJ|fn—fl<e {lfn=FfI>e}n{|fn|>C} {Ifn=FfI>e3n{|fn|<C}

+</ +/ yﬂw
{lfn=FfI>e3n{|fI>C} {Ifn—=rfI>e}n{|fI<C}

§€+€+28up/ Cdu
n J{|fa—f|>€}

<2e+2Cu{|fn — f| > €}) < 3e.

Hence [ |f, — f|ldp — 0. Finally | [ fpdp — [ fdu| < [|fn — fldp — 0.
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Proof of b). Note that

[ tald < [ 1o~ fidu+ [ 1f1dn

Since y is finite, by Lemma|l1.11.3} { f,,} is uniformly absolutely continuous. Also
fn is L' bounded. The uniform integrability of {f,} follows.
O

1.12 Functions

1.12.1 Functions of Bounded Variation

Let A :a =ty <z < -+ <t, = bbe a partition of [a,b]. Define A =
maxi<;<n(t; — ti—1), called the mesh of A. Denote by P([a,b]) the set of all
partitions on |a, b].

For g : [a,b] — R, define g* = > i Ug(ty) — g(ti—1)}-

Definition 1.12.1 The total variation of a function g on [a, b] is defined by

grv(fa,b]) = sup  g*.
AeP([ab))

Definition 1.12.2 1. If grv ([a, b]) is finite we say g is of bounded variation on
[a, b].

2. Define gy (t) := grv([a,t]), the total variation function associated to g.

3. Consider a function g : [a,00] — R. We say g is a function of bounded
variation on [0, 00) if lim;_,oo g7v (t) exists and is finite.

Since stochastic processes are in general defined for positive times, we are only
interested in functions defined on the positive half line.

The total variation function associated to g is right continuous if g is. Note
that f could have finite total variation on each [a, b] without having a finite total
variation on R (e.g. f(z) = sinx). The function z sin(1) does not have bounded
total variation over any interval containing 0.

Exercise 1.12.1 1. Letc = (a,b)and A :a =tg <21 < --- < t, =ba
partition. Construct a new partition by adding the point ¢ in: A" = A U {c}.
Show that g&" > g®. Show that for ¢ € (a, b),

grv(la,b]) = grv([a, c]) + grv ([c, b]).
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2. Show that g7y () is an increasing function.

3. If g : [a, b] — R has finite total variation. Define § : [a,00) — R by

o (x) ifx € [a,l]
g(z) = { §<b> ifz > b

Show that limy_, . g7y (t) is finite.

Exercise 1.12.2 1. If f : [0,00) — R is an increasing function,
frv(z) = f(z) — f(0).

2. If f is locally Lipschitz continuous, then f is of bounded variation on any
finite time interval.

3. Let g be a Lebesgue integrable function on [a, b] define f(z) = [ g(t)dt.
Then f is of bounded variation.

4. The set of bounded variation functions on [a, b] forms a vector space.

Proposition 1.12.3 A function g : [a,b) — R of bounded variation is the differ-
ence of two bounded increasing functions.

This is called the Jordan Decomposition of g:

o(2) = slorv(a) + (@) - lorv(z) - g(a)]

Exercise 1.12.3 Show that gy (z) + g(z) is an increasing function.

1.12.2 Monotone Functions and Regularity

Proposition 1.12.4 If f : R — R is an increasing function, it has left and right
limits at every point. It has a countable number of points of discontinuity. It has
derivative at almost every point.

We usually take a right continuous version of an increasing function:
fla) = lim f(a).
y—a+

Left and right limits follow from the Monotone convergence Theorem. Th count-
ability comes from the following consideration. We only need to consider f an
interval [a, b] of length 1. Let x; be points of discontinuity in [a, b], then

Zf(wﬁ') — f(zi—) < f(b) — f(a).
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There are only a finite number of z; with jumps f(z;+) — f(z;—) of size greater

or equal to % The union of all such points with m in/N contains all points of

discontinuity.
1.12.3 Regularity of BV Functions
Proposition 1.12.5 Suppose that g : [a,b] — R is of bounded variation. Then
e g has left and right limits at every point;
e g has a countable number of points of discontinuity;
e g is differentiable almost surely everywhere;
o In the case of g is defined on [0, 00), limy_ 4 g7v () exist.
e [n the case that g : R — R, lim,_,_ grv((—00,x)) exists.

Hence we often choose a right continuous version of such a function which is also
differentiable almost surely everywhere.

1.12.4 Measures Induced by and Integration w.r.t. BV Functions

A right continuous increasing function g : [0,00) — R defines a Borel mea-
sure on [0, 00), which we denote by f,. It is determined by, for g > a > 0,
pg((a,b]) = g(b)—g(a). This measure /14 is called the Lebesgue-Stieltjes measure
corresponding to g, see Example We may assume that g(0) = 0. Similarly
if g : [a,b] — R is of bounded variation and right continuous it induces a measure
on [a, b]. It is customary to denote the integral with respect to this measure by

/Ot fdg = /Ot Fdy

If g is a right continuous functions of bounded variation instead of an increasing
function, a signed measure is defined via the Jordan decomposition of BV functions
as the difference of two increasing functions. For relation between integrals with
respect to Lebesgue-Stieltjes measures and Riemann-Stieltjes integrals see section

L7

Exercise 1.12.4 Let g : [0, 1] be of bounded variation. Suppose that g is not right
continuous but left continuous. Could one define a measure u? If A1 C Ay C ...,
does it hold that lim,, o0 pt(Ay) = p(US2 ;1 Ap)?

Hint: Consider how to give a reasonable value to 1([c, b]).
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Proposition 1.12.6 The measure |14 is singular with respect to the Lebesgue mea-
sure iff g = 0 almost surely. The measure |4 is absolutely continuous with respect
to the Lebesque measure iff g(z) = [ g’ (t)dt.

In the absolutely continuous case py(A) = [ RAGEA u is the Lebesgue mea-
sure on the line, CZ“’( t) = ¢'(t). Hence f fdg = ff

Example 1.12.7 Take C(x) to be the Cantor function (see Appendix ??). It is an
increasing function and constant on each interval of the complement of the cantor
set. And C' = 0 a.e.. It defines a measure that is singular with respect to the
Lebesgue measure.

Exercise 1.12.5 Show that if f : [a,b] — R is positive Borel measurable and g an
increasing function then f fsdgs > 01is of bounded variation.

1.12.5 Absolutely Continuous and BV Functions

Definition 1.12.8 A function f : R — R is absolutely continuous if for any € > 0
there is § > 0 such that for any finite number of disjoint intervals (a1,b1), . . ., (an, by)
with > 7%, (bj — aj) < 0 we have

n
D 1) = fla) <e
j=1
Absolutely continuous functions are uniformly continuous (by taking n = 1). They
are also of bounded variation on any finite interval [a, b]. Take € = 1, thereis § > 0

such that
Z |f(bj) — flaj)| <1,

if Z;‘L:1(bj —aj) < 6. Now we divide let k = 21’77“ be an integer. Then for each
partition with A sufficiently small, we have

Do @r) = flag,)| < ke
j=1

Proposition 1.12.9 e Ifg:[0,00) — R is Lebesgue integrable define f(x) =
fo t)dt. Then f is of bounded variation and is absolutely continuous.
Furthermore f' = g almost surely.

e Ifg:[0,00) — R is of bounded variation, g(O) =0 and g is absolutely
continuous then g' is Lebesque integrable and g(x fo
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