November 20, 2009 21:34 WSPC - Proceedings Trim Size: 9in x 6in  Spectral-Hyperbolic

A Spectral Gap for the Brownian Bridge measure on hyperbolic spaces
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1. Introduction

Let N be a finite or infinite dimensional manifold, x a probability measure, d
an differential operator with domain a subspace of the the L? space of functions
which restricted to differentiable functions is the usual differentiation operator.
Let d* be its L? adjoint with respect to this measure. We ask whether the operator
L = —d*d has a spectral gap. If V is the gradient operator associated to d through
Riesz representation theorem, in the case that we have a Hilbert space structure,
this is equivalent to a Poincaré inequality [ (f —f)*u(dz) < 5= [ [V fPu(dz),
where f ranges through an admissible set of real valued functions on a space V.
If N is a compact closed Riemannian manifold, dx the volume measure and V the

Riemannian gradient operator, the best constant in the Poincaré inequality is given
S ldf1?da
J N fidx
smooth functions of zero mean and is the spectral gap for the Laplacian operator,

by taking infimum of the Raleigh quotient over the set of non-constant
its first non-trivial eigenvalue. The operator concerned is given by the gradient
operator and depend on the measure . Poincaré inequality does not hold for R™
with Lebesgue measure, it does hold for the Gaussian measure. For the standard
normalised Gaussian measure and V the gradient operator in Malliavin calculus,
the Poincaré constant is 1 and the corresponding eigenfunction of the Laplacian
is the Hermitian polynomial x /2. If h is a smooth function y a measure which is
absolutely continuous with respect to the Lebesgue measure with density e 2",
for any f in the domain of d,

/ df P () = — / (. AF) (@)ulde) — 2 / F(df. dh)pu(da).
N N N

The corresponding Poincaré inequality is then related to the Bismut-Witten Lapla-
cian A" := A + 2Ly on L?(M, e 2"dx), which is unitarily equivalent to
0" = A + (|dh|*> + Ah) on L?(M,dz). The spectral property of A", hence
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the validity of the Poincaré inequality for u is determined by the spectral property
of the Schrédinger operator (0" on L2(M; dz).

Let M be a smooth finite dimensional Riemannian manifold which is stochas-
tically complete. Fix a number 7" > 0. The path space on M based at z is:

CooM ={0:]0,T] - M,0(0) = x| o is continuous}.
For yy € M, we define the subspaces
CaoyoM ={0 €CoyM | 0(T) = yo}, LsyM = {0 € Co,uM | o0(T) = x0}.

In this article our state space would be the loop space L,,M endowed with
the Brownian Bridge measure. In the case of the Wiener space, the Brownian
Bridge measure (19,9 is the law of the Brownian bridge starting and ending at 0,
one of whose realisation is B; — %BT. It can also be realised as solution to the
time-inhomogeneous stochastic differential equation dx; = dB; — 7 dt. The
Brownian bridge measure is a Radon Gaussian measure and Gaussian measure
theory applies to give the required the Poincaré inequality. In fact the stronger

Logarithmic Sobolev inequality holds:

2
/f2 log E{f|2u(dfv) < 2/|Vf|2u(d:r)-

This however may not hold in general. In fact as noted by L. Gross’ Poincaré
inequalities do not hold on the Lie group S! due to the lack of connectedness of
the loop space. Following that A. Eberle’ gave an example of a compact simply
connected Riemannian manifold on which the Poincaré inequality does not hold .

There are two standard arguments to prove the spectral gap theo-
rem. The first argument applies to a compact state manifold N where
inffeHly‘f‘L2:1’f F=0 fM |V f|?dx is attained, by a non-constant function, due
to the Rellich-Kondrachov compact embedding theorem of H'? into LP. The
other approach is the dynamic one which applies to Gaussian measures, due to
the commutation relation. Namely we consider a Markov process with semigroup
P,, a finite invariant measure e¢**dz (finiteness holds if inf lol=1 1 Rice (v, v) —
2Hess,(h)(v,v)} is strongly stochastically positive’), and generator $A + Vh.
Suppose that [dP; f| < J|df], then

t—o0

M M
t a t
=— lim/ / — (P, f)*ds du = lim/ / (dPsf)? dp ds
t—oo for Jo Os t=<Jo Jm

-/ h [ appauas <> [ k) an

/ (f = f)du = / (f*=7%) dp= lim [ (f*—(Pif)*)(z)du(z)
M
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In particular there is a Poincaré inequality if the Bakry-Emery condition Ric, —
2Hess;(h) > p > 0holds. The dynamic argument can be modified leading to the
beautiful Clark-Ocone formula approach,’? However none of these approaches
seems to work well for the Brownian bridge measure on a general path space.
The main problem comes down to estimates on the heat kernel. However we do
have one positive result for non-flat spaces: if M is the hyperbolic space we have
indeed a spectral gap.” But it remains an open question whether the Logarithmic
Sobolev inequality holds.

2. The Spectral Gap Theorem
A. Denote by Cyl the set of smooth sylindrical functions on C,, M,

Cyl, = {F|F(0) = f(0sy,...,04), f €CX(MF),0 <51 <--- < s, <t<T}.

The Brownian bridge measure iz, 4, is defined through integration of F' € C'yl,
pr(osn) [ @00 b (0)
Cog M

- f(x17 sy xn)psl (3707 I1) .. ~ps"—sn,1 (xn—la xn)pT—sn, (xnv yO)Hyzldxi-
M"L

This cylindrical measure extends to a real measure if for some constants 5 > 0

and 6 > 0,

//d(y’z)ﬁps('%'Ovy)ptfs(yaZ)prt(ZvyO)dde < C|t* S‘1+6. (1)
Pr(z0,y0)

Throughout this article we shall assume the hear kernel satisfies the above inequal-
ity? and a number of assumptions, all of which hold true on the hyperbolic space,’
we shall assume. See’ for detail.

We now define the gradient operator. Take the levi-Civita connection V, whose
parallel translation along a path o is denoted by //.. Define the tangent sub-space
H, ={//sks : k € Lg"l(TmM)}, to T,C,, M which we call the Bismut tangent
space with Hilbert space norm induced from the Cameron Martin space. We iden-
tify T, M with R™. Let 1 be a probability measure on C, M including measures
which concentrates on a subspace e.g. the loop space. The differential operator
d, which restricts to differential functions is the usual exterior derivative from the
space of L? functions to the space of L? H-valued 1-forms, is closable whenever
Driver’s integration by parts formula holds,” which we assume hold true. We de-
fine D'? = ]Dl’z(CmO M) to be the closure of smooth cylindrical function Cyl,,
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t < T under this graph norm:

\/ [ Vi @ntin) + [ o))
Cog M

and this is the domain of the corresponding gradient defined by: df (V) =
(Vf V).
B. In Aida’ it was shown that for M the standard hyperbolic space, of constant

negative curvature —1.

f2

[ Pl i) < [ CONT () @
CopH™ og | f[7- CooH™

for C(v) = C1(n)+C2(n) supgc;<; d* (¢, Yo)- To obtain thisPoincaré inequality

with modified Dirichlet form, he first proved an integration by parts formula from

which a Clark-Ocone formula of the form:

t
E#zo,yo{F|gt}:E#Io,yoF+/ <Hs(’y),dWs>,
0

where W; is the martingale part of the anti-development of the Brownian bridge
and

H(s,7) = Bom {L(3) V() ()]G}

almost surely with respect to the product measure dt ® fis,,,,. Here G; is the
filtration generated by F; and the end point of the Brownian bridge. Unlike the
case for Gaussian measures or for the Brownian motion measures, the function L
in the Clark-Ocone formula is not a deterministic function, which underlines why
the Clark-Ocone approach itself is not good enough to give the required inequality.

Theorem 2.1. Let M = H", the hyperbolic space of constant curvature —1.
Then Poincaré inequality holds for the Brownian bridge measure [iz, z,.

The proof of the theorem is based on Lemmas ?? and ??, (??) and that
Cag M

C. The Laplace Beltrami operator on a complete Riemannian manifold may
not have a spectral gap. But it has always a local spectral gap, by restriction to
an exhausting relatively compact open sets U,. The constant A\; may blow up
as n goes to infinity. Once a blowing up rate for local Poincaré inequalities are
obtained, we arrived at ‘weak Poincaré inequalities’ and in the case of Entropy
the ‘weak Logarithmic Sobolev inequalities’:
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Var(f) < a(s) / IV Py + sl 12,
Ent () < 5(s) / IV P+ s 12

Here Varf denoted the variance E(f — Ef)? of a function f and Ent(f) its
entropy E f log Eif by Ent(f), o and 3 are non-decreasing functions from (0, co)
to R,. We first state the following estimate:

Lemma 2.1. Let i be any probability measure on C,, M with the property that
there exists a positive function u € IDV? such that Aida’s type inequality holds:

Ent(f?) < / WPV fPdu,  VfeD"N Ly 3)

Assume furthermore that |Vu| < a and [ ec“zdu < oo for some C,a > 0. Then
for all functions f in D N Lo

Ent(2) < A(s) [ [V1Pdu+ sl 1P @
where 3(s) = C|log s| for s < ro where C and r( are constants.

D. Functional inequalities describes how the L? norms of a function is con-
trolled by the homogeneous H1 norm and possibly the L, norm in the case of
weak type inequalities. They describe the concentration phenomenon of the mea-
sure. On the other hand concentration inequalities are related with isoperimetric
inequalities. For example let h = inf4 m where the infimum is
taken over all open subsets of N. Then h? < 4); by Cheeger.” On the other hand
if K is the lower bound of the Ricci curvature, \; < C(vVKh + h?),? See also,’”
and.’

For finite dimensional spaces it was shown in’ and’ one can pass from capacity
type of inequalities to weak Logarithmic Sobolev inequalities and vice versa with
great precision. Although they did not phrase the theorem in terms of Malliavin
calculus, most of their results work in infinite dimensional spaces and in particular
the following lemma will transforms our estimates on the blowing up rate of the

logarithmic Sobolev inequality into a spectral gap result .

Lemma 2.2. Iffor all f bounded measurable functions in ID*! (Cyy M), the weak
logarithmic Sobolev inequality holds for 0 < s < ry, some given ro > 0,

Ent(f?) <5(s)/|w|2du+s|f\io
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where 3(s) = C'log % for some constant C' > 0, Then Poincaré inequality

var(f) <a [ [9fPd

holds for some constant o« > 0.

Acknowledgement. This research is supported by the EPSRC( EP/E058124/1).
We would like to thank Martin Hairer for stimulating discussions and for drawing
our attention to some references.

References

1.

10.

11.

12.

13.

14.

15.

Aida, S. Uniform positivity improving property, Sobolev inequalities, and spectral
gaps. J. Funct. Anal., 158(1):152-185, 1998.

Aida, S. Logarithmic derivatives of heat kernels and logarithmic Sobolev inequalities
with unbounded diffusion coefficients on loop spaces. J. Funct. Anal., 174(2):430—
471, 2000.

Aida, S. and Masuda, T. and Shigekawa 1. Logarithmic Sobolev inequalities and ex-
ponential integrability. J. Funct. Anal., 126(1):83-101, 1994.

. Barthe, F. and Cattiaux, P. and Roberto, C. Concentration for independent random

variables with heavy tails. AMRX Appl. Math. Res. Express, (2):39-60, 2005.

Buser, P. A note on the isoperimetric constant. Ann. Sci. Ecole Norm. Sup. (4),
15(2):213-230, 1982.

Capitaine, M. and Hsu, E. P. and Ledoux, M. Martingale representation and a simple
proof of logarithmic Sobolev inequalities on path spaces. Electron. Comm. Probab. 2
(1997), 71-81

Cattiaux, P. and Gentil, I. and and Guillin, A. Weak logarithmic sobolev inequalities
and entropic convergence. Prob. The.Rel. Fields, 139:563-603, 2007.

. Cheeger, J. . A lower bound for the smallest eigenvalue of the Laplacian. In Problems

in analysis (Papers dedicated to Salomon Bochner, 1969), pages 195-199. Princeton
Univ. Press, Princeton, N. J., 1970.

Chen, X. and Li, X.-M. and Wu, B. A Poincaré Inequality on Loop Spaces. 2009.
Preprint.

Driver, B.K. Integration by parts and quasi-invariance for heat kernel measures on loop
groups. J. Funct. Anal. 149, no. 2, 470-547, 1997.

Ebeler, A., Absence of spectral gaps on a class of loop spaces. J. Math. Pures Appl.
(9), 81(10):915-955, 2002.

Elworthy, K. D. and Li, X.-M. It6 maps and analysis on path spaces. Math. Z. 257
(2007), no. 3, 643-706.

S. Fang, Inégalité du type de Poincar sur lespace des chemins riemanniens, C. R. Acad.
Sci. Paris Sér. I Math. 318 (1994) 257260.

Gross, L. Logarithmic Sobolev inequalities on loop groups. J. Funct. Anal.,
102(2):268-313, 1991.

Ledoux, M.; A simple analytic proof of an inequality by P. Buser. Proc. Amer. Math.
Soc., 121(3):951-959, 1994.



November 20, 2009 21:34 WSPC - Proceedings Trim Size: 9in x 6in  Spectral-Hyperbolic

16.

17.

18.

19.

20.

Ledoux, M.; Isoperimetry and gaussian analysis. In Ecole d’été de Probabilits de St-
Flour 1994. Lecture Notes in Math. 1648, pages 165-294, 1996.

Ledoux, M.; and Talagrand, M.. Probability in Banach spaces: isoperimetry and pro-
cesses. Springer, 1991.

Li, X.-M.. On extensions of Myers’ theorem. Bull. London Math. Soc., 27(4):392-396,
1995.

Mathieu, P. Quand I’inegalite log-sobolev implique 1'inegalite de trou spectral. In
Séminaire de Probabiliteés, Vol. XXXII,Lecture Notes in Math. , Vol. 1686, pages 30—
35. Springer-Verlag, Berlin, 1998.

Rockner, M. and Wang, F.-Y.. Weak Poincaré inequalities and L2—convergence rates
of Markov semigroups. J. Funct. Anal., 185(2):564-603, 2001.



