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Abstract

Herewe look at the existenceof solution 
o ws of stochastic di�erential equa-

tions on noncompactmanifolds and the properties of the solutions in terms

of the geometry and topology of the underlying manifold itself. We obtain

someresults on "strong p-completeness"given conditions on the derivative


o w, and thus given suitable conditions on the coe�cien ts of the stochastic

di�erential equations. In particular a smooth 
o w of Brownian motion ex-

ists on submanifoldsof Rn whosesecondfundamental forms are bounded.

Another classof results we obtain is on homotopy vanishing given strong

moment stabilit y. We also have results on obstructions to moment stabilit y

by cohomology. Also we obtain formulae for d(e
1
2 t4 h

� ) for di�erential form �

in terms of a martingale and the form itself, not just its derivative, extending

Bismut's formula.
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Chapter 1

In tro duction and preliminaries

1.1 In tro duction

Let f 
 ; F ; F t ; Pg be a �ltered probability spacesatisfying the usual condi-

tions including right continuity. Let M be a n dimensionalsmooth manifold.

Considerthe following stochastic di�erential equation(s.d.e.)on M :

dxt = X (xt ) � dBt + A(xt )dt: (1.1)

HereB t is a Rm valuedBrownian motion(F t -adapted),X is C2 from Rm � M

to the tangent bundle TM with X (x): Rm ! TxM a linear map for each x

in M , and A is a C1 vector �eld on M .

By � we meanthe Stratonovich integral.

Let u be a random variable independent of F 0. Denote by Ft (u) the

solution starting from u, with � (u) the explosion time. By a solution we

meana maximal solution which is samplecontinuousunlessotherwisestated.

Under our assumptionson coe�cien ts the solution to equation 1:1 is unique

in the senseof that if (x t ; � ) and (yt ; � ) are two solutions with sameinitial

point, then they are versionsof oneanother, i.e. � = � almostly surely, and
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xt = yt almostly surely for all t on t < � .

Furthermore the solutionsto the stochastic di�erential equation( 1:1) are

di�usion processes,i.e. f Ft (x); t � 0g is a path continuous strong Markov

processfor each x. In fact most of the interesting di�usions can be given

in this way. The importance of a di�usion processis largely related to its

semigroupPt (given by Pt f (x) = Ef (Ft (x)) � t<� (x) ), and the corresponding

in�nitesimal generatorA (which we discussin detail in chapter 4), or to the

considerationof ( 1:1) as a random perturbation of the dynamical system

given by the vector �eld A.

The pair ((X ; A); (B t ; t)), often simpli�ed as(X ; A), is calleda stochastic

dynamical system(s.d.s.).

The thesiscontains two themes.The �rst considersfundamental problems

of stochastic di�erential equations: completenessand strong completeness.

The main theme of the secondpart is to relate geometricaland topological

properties of manifolds to the di�usion processeson it. The �rst furnishesa

start for the second.And both make good useof the fact that integrability

conditionson the derivative 
o wsgivevery strongconditionson the manifolds

as well as on the di�usion themselves. We have nonexplosion,strong p-

completenessresults, homotopy and cohomologyvanishing results assuming

this type of condition.

As we shall seepropertiesof di�usions are directly related to thoseof the

manifolds. An immediatedemonstrationof the connectionbetweendi�usion

processesand geometry is given by the well known fact: the nonexplosion

of a Brownian motion (which exists naturally on a Riemannianmanifold) is

equivalent to the uniquenessof solutionsof the heat equations,which relates

to the behaviour at in�nit y of the associated probability semigroupasshown

in chapter 4.

Beforegoinginto detail, we would alsolike to point out that the existence
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of a continuous
o w is of basicimportancein the study of ergodic properties.

The �rst three chapters of the thesisare preliminary. Of thesechapter 1

is to establishnotation and contains quoted results, chapter 2 and chapter

3 deal with results which are essentially known (especially in special cases)

but not found anywhere in suitable form. Much of the treatment in chap-

ter 2, in which we discusscarefully the Bismut-Witten Laplacian 4 h and

its associated semigroups,was arrived at together with D. Elworthy and S.

Rosenberg. In chapter 3 we look at the invariant measurefor an h-Brownian

motion and its ergodic properties.

Inspired by the idea of uniform covers, we introduce the weak uniform

cover method in chapter 4, which allowsusto look at many di�erent problems

from the samepoint of view including the explosionproblem, the behaviour

at in�nit y of di�usion processesand probability semigroups,along with the

geometryof the underlying manifold at in�nit y. As an examplewe conclude

that linear growth givesthe C0 property and have a result on the nonexplo-

sion of s.d.e. on an open set of Rn . The results on nonexplosionare usedin

chapter 5 to obtain strong completeness.

In chapter 5, the conceptof strong p-completenessis introduced due to

the complexity of strong completeness.A stochastic di�erential equation is

said to be strongly p-complete if it has a version which is smooth on any

given smooth singular p-simplex. It is called strongly complete if there is a

smooth 
o w of the solution on the wholemanifold. We start with a theorem

on strong 1-completenesswhich is applied to get dPt f = � Pt (df ) in chapter

6. Here � Pt (df ) = Edf (TFt � t<� ), and TFt is the derivative 
o w(c.f. section

1.2). Strong1-completenessis neededin chapter 7 to get homotopy vanishing

results and is also used in chapter 8. Later we give a theorem on strong

p-completeness,in particular the existenceof a continuous 
o w and 
o ws

of di�eomorphisms. Strong p-completenessleads naturally to cohomology
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vanishing given strong moment stabilit y (seepage 118). These theorems

are originally given in terms of integrability conditions on TFt , but those

conditions can also be checked in terms of the bounds on the coe�cien ts

of the stochastic di�erential equations. Seesection 5.3. In particular, as a

simpleexample,there is a smooth 
o w of Brownian motionson a submanifold

of Rn whosesecondfundamental form is bounded.

In chapter 6, we look at the probability semigroupfor 1-forms, the heat

semigroupfor 1-forms,and the di�erentiation of the probability semigroups

for functions and ask a basic and yet important question: doesdPt f equals

� Pt (df )? This questionis answeredfrom di�erent approaches,but all require

conditions on TFt . We usethis knowledgeof the semigroupsextensively in

the next two chapters. Following from the discussions,we get a result on

the Lp boundednessand contractivit y of heat semigroupsfor forms. As a

corollary, we give a cohomologyvanishing result.

Proceedingto chapter 7, the interplay betweendi�usion processesand ge-

ometric and topology properties of the underlying manifold becomesclearer.

The main theoremshere are on the vanishing of the �rst homotopy group

� 1(M ) given conditions on the regularity of the di�usions and strong mo-

ment stabilit y, i.e. the supremum over a compact set of the pth norm of the

derivative 
o w decays exponentially fast. In particular we concludethat a

certain classof manifold cannot have a strongly moment stable s.d.s. if its

fundamental group is not trivial. We also look brie
y at the vanishing of

harmonic 1-formsand cohomologyvanishing.

Finally in chapter 8, we get a formula for d(Pt f ) for elliptic systemsin

terms of f (x t ) and a martingale, extending the formula given in [26]. We

also obtain a similar type of formula for q forms. In particular we have an

explicit formula for the gradient of the logarithm of the heat kernelextending

Bismut's formula.

8



Bibliographical notes are scattered in every chapter. But we would like

to refer to [31] and [27] for generalreferences.Seealso [45].
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Flo w chart
various criteria

?

chapter 4 strong 1-complete

E sups� t jTFsj < 1 + complete � � � � � � � �:

X X X X X X X Xzchap 6

chap 5

dPt f = � Pt (df )
A = 1

2 4 h

HHHHHHHHHHHY

dPt = � Pt and EjTxFt j� t<� < 1

�
�

�
�

�
�

�
�

��7

chap 7

Gradient BM+sup s� t supx2 M E
�
jTFsj2+ � � t<�

�
< 1

R1
0 supx2 K E(jTFsj� s<� )ds < 1 + dPt = � Pt -

chap 7
�nite h-volume

R1
0 supx2 K EjTFsjds < 1
supx2 K EjTFsj1+ � < 1

+ strong 1-complete -
Chap 7

� 1(M ) = f 0g

E(sups� t jTFsjp+ � ) < 1 + complete -
Chap 5

strong p-completeness

?

chap 7

+ strong pth moment stable

boundedclosedp-forms are exact

Rt
0 EjTFsj2ds < 1
dPt f = � Pt (df )

complete
-chapter 8 r logph

t (�; y0)(x0) = E
n

1
t

Rt
0(TFs)� (X dBs)jxt = y0

o

The arrows here denote implications in the indicated chapter.
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1.2 Probabilistic set-up

Bro wnian motions and Bro wnian systems

A path continuousstrongMarkov processon a Riemannianmanifold is called

a Brownian motion (BM) if its generatoris 1
24 , where4 denotesthe Laplace-

Beltrami operator. It is calleda Brownian motion with drift Z if its generator

is 1
24 + Z . Here Z is a C1 smooth vector �eld on M . The drift Z is called

a gradient drift if Z = r h for somefunction h : M ! R. We will always

assumeh is C1 smooth for simplicity. But in many caseswe only needit to

be C2.

A stochastic dynamical system(X ; A) is called a Brownian system(with

drift Z ) if its solution is a Brownian motion (with drift Z ). Equivalently

X (x) : Rm ! TxM is an orthogonal projection for each x 2 M . i.e. X � X =

I d and Z = AX =: A + 1
2tracer X (X (�))( �).

In the text, we often useh-Brownian systemfor a Brownian systemwith

drift r h, and h-Brownian motion for a Brownian motion with drift r h.

Gradien t Bro wnian 
o w

Let f : M ! Rm be an isometric immersion. De�ne X (x) : Rm ! TxM as

follows:

X (x)(e) = r < f (�); e > (x); e 2 Rm :

A stochastic dynamical system(X ; A) with X sode�ned is called a gradient

Brownian system(with drift). When A = 0, its solution 
o w is called a

gradient Brownian 
ow . It is calleda h-gradient Brownian systemif A = r h.

For such a system,we can always choose,for each x 2 M , an orthonormal

basis(o.n.b.) f e1; : : : ; emg of Rm , such that for all v 2 TxM and i = 1; : : : ; m:

either

r X (v)(ei ) = 0
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or

X (x)(ei ) = 0:

Here r X (� )(ei ) denotesfor the covariant derivative of X (ei ). In particular

we have
mX

i =1

r X i (X i ) = 0: (1.2)

Here X i (x) = X (x)(ei ). See[31] or [25] for the proof.

The deriv ativ e 
o w

Let M t (x) = f ! : t < � (x; ! )g. Denote by TFt the solution 
o w to the

following covariant stochastic di�erential equation:

Dvt = r X (vt ) � dBt + r A(vt )dt: (1.3)

It is in fact the derivative of Ft in measurein the following senseas shown

in [31]: let f : M ! R be a C1 map and � : [0; 1] ! M a smooth curve with

� (0) = x, and _� (0) = v. Then for any � > 0:

lim
r ! 0

Pf ! 2 M t (x) : j
f (Ft (� (r )) � f (Ft (x))

r
� df (TFt (v)) j > � g = 0:

By convention f (Ft (� (r )) ; ! ) = 0 if ! 62M t (� (r )). Let x0 2 M , and let

v0 2 Tx0 M . We write x t = Ft (x0), vt = TFt (v0) for simplicity. Clearly TF� is

a solution to the stochastic di�erential equation on the tangent bundle TM

corresponding to equation 1.3. Furthermore it has the sameexplosiontime

as x � according to [26]. In a trivialisation we may not distinguish between

the derivative 
o w and its principal part, if there is no confusioncaused.
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It ô form ula for forms

First, we recall It ô formula for one forms from [26]: Let T be a stopping

time with T < � , then

� (vt^ T ) = � (v0) +
Rt^ T

0 r � (X (xs)dBs) (vs)

+
Rt^ T

0 � (r X (vs)dBs) +
Rt^ T

0 L � (vs) ds:
(1.4)

Here L is the di�erential operator on 1-forms associated with a s.d.s.

(X ; A) de�ned as follows (for Levi-Civita connection):

(L � )x(v) = 1
2tracer 2� (X (x)( �); X (x)( �))( v)

+ 1
2 � (traceR(X (x)( �); v)X (x)( �))

+ LA X + tracer � (X (x)( �))r X (v)( �):

(1.5)

If A = 1
24 + LZ and � is closed,then as shown in [26]:

L � =
1
2

4 1 + LZ :

For higher order forms, there is a similar formula from [26];we quotehere

the formula for gradient systems.But �rst we needsomenotation (see[1]):

Let A be a linear map from a vector spaceE to E. We de�ne (d�) qA from

E � : : : � E to E � : : : � E as follows:

(d�) qA(v1; : : : ; vq) =
qX

j =1

(v1; : : : ; Av j ; : : : ; vq):

Let v0 = (v1
0; : : : ; vq

0), wherevi
0 2 Tx0 M . Denote by vt the q vector induced

by TFt :

vt = (TFt (v1
0); TFt (v2

0); : : : ; TFt (v
q
0)) :
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Here is It ô formula for gradient Brownian systemsfor q forms as given

in [26]:

 (vt ) =  (v0) +
Rt

0 r  (X (xs)dBs)(vs)

+
Rt

0  ((d�) q(r X (�)(dBs)(vs)) +
Rt

0
1
24 h;q( )(vs)ds:

(1.6)

Momen t exp onents: For p 2 R, K � M compact, we have moment

exponents� K (p):

� K (p) = lim
t !1

sup
x2 K

1
t

logEjTxFt jp

and point moment exponents � x (p):

� x (p) = lim
t !1

1
t

logEjTxFt jp:

We will say a 
o w is moment stable if � x(1) < 0 for each x, and strongly

moment stable if � K (1) < 0 for each compact set K . It is called strongly

pth -momentstableif � K (p) < 0 for each compactsubsetK of M . For discus-

sionson various exponents and related problems, seeArnold[2], Baxendale

and Stroock [7], Carverhill, Chappel and Elworthy [11], Chappel[12], and

Elworthy [26] [25].

In varian t measure: A � -�nite measurem on M is called an invariant

measurefor F�, if the following holds for all t > 0 and L 1 functions f :
Z

M
Pt f (x)m(dx) =

Z

M
f (x)m(dx):

Some notation: Let dx be the Riemannian volume element on M . Then

M is said to have �nite volume if Vol(M ) =
R

M dx < 1 . Similarly M is

said to have �nite h-volumeif h-Vol(M ) =
R

M e2h dx < 1 . e.g. Rn has�nite

volume for 1
(2� )n= 2 e2h the Gaussiandensity given by h(x) = � 1

4 jxj2.
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1.3 Un bounded operators on Hilb ert space

Let H be a Hilbert space. An operator T on H is a linear map from a

subspaceof H to H. The subspaceis called its domain, which we denoteby

D(T). We also denoteby ker(T) the kernel of T, and I m(T) ( or Ran(T))

the image of T in H . A closed operator T is an operator with its graph

�( T) = f (�; T� ) : � 2 D(T)g a closedsubspaceof H � H . An operator S

is called an extension of T if �( S) � �( T), i.e. D(S) � D(T) and S = T

on D(T). If T hasa closedextension,it is closable. In this casethe smallest

extensionof it is called its closure, which we denoteas �T.

Prop osition 1.3.1 [59][p.250]. If T is closable,�( �T) = �( T), i.e. D( �T)

contains precisely those� such that: there exist f � ng � D(T) with � n ! �

in H and T� n ! � ; in H , some� 2 H (and then �T� = � ).

An interesting classof operatorsare operatorswith densedomain, called

denselyde�ned operators. Let T be such an operator, there is a well de�ned

adjoint operator T � de�ned by:

D(T � ) = f � 2 H :< T ; � > = <  ; � >; some� 2 H; all  2 D(T)g:

For such � and � we set: T � � = � .

Notice that if S � T, then T � � S� . If T � T � , T is called a symmetric

operator. There are also the following properties of adjoint operators:

Theorem 1.3.2 [59][p.253]. AssumeD(T) is densein H , then:

1. T � is closed, and T �� is symmetric.

2. T is closableif and only if D(T � ) is dense,in which case �T = T �� .

3. If T is closable, then ( �T)� = T � .
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A symmetric operator is self -adj oint if T = T � . It is essentially self-

adjont if its closureis self-adjoint, equivalently if it hasonly oneself-adjoint

extension.

Here is another test for essential self-adjointness:

Theorem 1.3.3 [59] [p.257]. Let T be a symmetric operator on a Hilbert

space. Then the following are equivalent:

1. T is essentially self-adjoint.

2. ker(T � � i ) = f 0g.

3. Ran(T � i ) are dense.

The Friedric hs extension : Let T be a positive symmetric operator. Let "

be its quadratic form (bilinear form) de�ned as follows:

"(�;  ) =: < �; T >; for �;  2 D(T):

Let j� j2" = j� j2 + "(�; � ). A quadratic form is closed if f � ng is a sequence

in D(T) with limn!1 � n = � and lim n!1 " (� n ; � m ) = 0, then it follows

� 2 D(T) and � n convergesto � in j j" norm. The closure of " is the least

extensionof " which is closed.The closureof " is in fact the quadratic form

of a unique self adjoint operator T̂ , which is a positive extensionof T and is

called the Friedrichs extensionof T.

Theorem 1.3.4 (Von Neumanntheorem)[69] Let T be a closed denselyde-

�ne d operator, then T � T and TT � are self-adjoint.

Furthermore, If T is symmetric and T 2 is denselyde�ned, then T � T is

the Friedrichs extensionof T2. See[59] [p.181]

Given operators S and T, we may de�ne new operators S + T, and ST.

For this, S + T is de�ned on D(S) \ D(T), on which (S + T)� =: S� + T� ,

while D(ST) = f � : � 2 D(T); T� 2 D(S)g, and (ST)� =: S(T� ).
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Theorem 1.3.5 (sp ectral theorem-functional calculus form) [59]

Let A be a self-adjoint operator on H. Then there is a uniquemap �̂ from

the bounded Borel functions on R into L(H) so that

1. �̂ is an algebraic *-homomorphism.

2. �̂ is norm continuous, that is, jj �̂ (h)jj L (H ) � jj hjj 1 .

3. Let f hng be a sequence of bounded Borel functions with limn!1 hn (x)

converging to x for each x and jhn (x)j � jxj for all x and n. Then, for

any  2 D(A), limn!1 �̂ (hn ) = A .

4. If hn (x) ! h(x) pointwise and if the sequence jjhn jj 1 is bounded, then

�̂ (hn ) ! �̂ (h) strongly.

5. If A = � , �̂ (h) = h(� ) .

6. If h � 0, then �̂ (h) � 0.

1.4 Semigroups and Generators

De�nition 1.4.1 A family of operators f Ttg on a Banach space (X ; j � j) is

called a one parameter semigroup (of classC0) if they satisfy the following:

(not to be confused with the C0 semigroup later in chapter 4.)

1. Tt+ s = TtTs; t � 0; s � 0.

2. T0 = I .

3. For each t0 � 0, f 2 X ,

lim
t ! t0

jTt f � Tt0 f j = 0:

17



For such a semigroup,all Tt are bounded operators with jTt j � M e� t , for

0 � t < 1 and someconstants M > 0, � < 1 .

The third condition in the de�nition is equivalent to each of the following

if Tt satis�es the semigroupproperty (1) and (2) in the de�nition above:[17],

[59]

1. It is weakly continuous at 0: w � lim t ! 0 Tt f = f , each f 2 X . i.e. for

any � 2 X � , the dual space,lim t ! 0 � (Tt f ) = � (f ):

2. The map (t; f ) 7! Tt f from [0; 1 ) � X ! X is jointly continuous.

Denote by D(A ) = f f : lim t ! 0
Tt f � f

t existsg. Let A f = lim t ! 0
Tt f � f

t , if

f 2 D(A ). The operator A on X is called the in�nitesimal generator, which

enjoys the following properties:

Theorem 1.4.1 [17] Let Tt be a semigroup of class C0, A its generator.

Then the following hold:

1. The operator A is closed and denselyde�ned.

2. Tt f D(A )g � D(A ).

3. If f 2 D(A ), Tt f is continuously di�er entiableon [0; 1 ) and satis�es:

@(Tt f )
@t

= A(Tt f ) = Tt (A f ):

4. Furthermore if a function g : [0; a] ! Dom(A) satisi�es

@gt

@t
= Agt

for all t 2 [0; a], then ga = Tag0.

De�nition 1.4.2 A contraction semigroup is a semigroup of classC0 with

jTt j � 1 for all t � 0.
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Theorem 1.4.2 (The Reisz-Thorin in terp olation theorem) [18]

Let 1 � p0; p1; q0; q1 � 1 . Let T be a linear operator from L p0 \ Lp1 to

Lq0 + Lq1 which satis�es:

jTf jqi � M i jf jpi

for all f and i = 1; 2: Let 0 < t < 1 and de�ne p, q by:

1
p

=
t
p1

+
1 � t

p0
:

1
q

=
t
q1

+
1 � t

q0
:

Then jTt f jq � (M 1)t � (M0)1� t jf jp for all f 2 LP0 \ Lp1 .

In particular if T is a bounded operator both on L 2 and L1 : then T

extendsto a operator on L p, for 2 < p < 1 . Furthermore if T is both an L 2

and L1 contraction, it is an L p contraction for all such p (restricting to L 2

functions).

Finally we quote the following theoremon dual semigroupsfrom [17]:

Theorem 1.4.3 [17] If A is a generator of a one parameter semigroup Pt

on a re
exive Banachspace X , then P �
t is a oneparametersemigroup on X �

with generator A � .

1.5 Di�eren tial forms

Let M be a Riemannianmanifold with Levi-Civita connectionr and a pos-

itiv e measure� given by e2h(x)dx, for a smooth function h on M , where

dx denotesthe volume element determined by the metric. Denote by Ap

the spaceof di�erentiable p forms. Let � be a p-form; there is an element

� # (x) 2 ^ pTxM such that for any x 2 M , and v 2 ^ pTxM , � (x)(v) =

< � # ; v > x . For two p-forms � and  , we de�ne:

< �;  > x= < � # (x);  # (x) > x ;
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< �;  > =
Z

M
< �;  > x e2h(x)dx:

Let L2(Ap; � ) be the completion of f � 2 Ap : j� j2 = < �; � >< 1g ,

and L2(A) =
L

L2(Ap), where
L

denotesdirect sums. Then L 2(A) is a

Hilbert spacewith the inner product de�ned above (forms of di�erent order

are consideredorthogonal). Those forms in L 2 are called L2 forms. Let

C1
K (Ap) be the spaceof smooth p forms with compactsupport, and C1

K the

spaceof smooth functions with compactsupport. There is the usualexterior

di�erential operator d on C1
K with adjoint � h, here � h is the formal adjoint

of d for � :

d : C1
K (Ap) ! C1

K (Ap+1 );

� h : C1
K (Ap) ! C1

K (Ap� 1):

Denoteby d� the adjoint of d in L 2(Ap; � ) and � � the L2 adjoint of operator

� , sothat d� = � h, (� h)� = d whenrestricted to C1
K . Notice that C1

K is dense

in L2, so all the operators concernedhave densedomain.

Denoteby (^ pTxM )� the dual spaceof the antisymmetric tensor tangent

bundle of order p on R1. Let (^ TxM )� =
L

(^ pTxM )� . For each e 2 TxM ,

there is the annihilation operator i e : (^ p+1 TxM )� ! (^ pTxM )� given by:

ie(� )(v1; : : : ; vp) = � (e1; v1; : : : ; vp):

Here we have identi�ed (^ pTxM )� with antisymmetric multilinear forms.

Let Y be a vector �eld on M with St the corresponding solution 
o w.

There is the interior product of � by Y given by:

iY � (v1; : : : ; vp� 1) = � (Y(x); v1; : : : ; vp� 1)

for vi 2 TxM . If  is a 1-form, we write i  � for i  # � . Here # denotesthe

adjoint. There is also the Lie derivative L Y of � in direction Y:

LY � (v1; : : : ; vp) =
d
dt

(TSt (v1); : : : ; TSt (vp)) j t=0 :
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Here vi 2 TxM . They are related by the following formula [1]:

LY � = d(iY � ) + iY (d� ):

Take an orthonormal basise1; : : : ; en of TxM , the formal adjoint � of the

exterior di�erential operator on L 2(M ; dx) is given by:

(� � )x = �
nX

1

iek (r ek � ):

For a function f on M ,

� (f � ) = f � � � i r f �:

Also for � 2 D(� ),  2 C1
K ,

Z
< d�;  > e2h dx =

Z
< �; � (e2h ) > dx =

Z
< �; �  � 2i r h > e2h dx:

Thus � h = � � 2i r h. Similar arguments show that: � h = e� 2h � e2h and

� h(f � ) = f � h � � i r f �: (1.7)

Let 4 be the Hodge-Laplace operator on forms de�ned as:

4 = � (d + � )2;

and 4 h the Bismut-Witten Laplacian de�ned by:

4 h = � (d + � h)2:

Clearly 4 h = 4 + 2L r h. The restricted operators on q forms are denoteby

4 q and 4 h;q respectively. If q = 0, we simply write 4 and 4 h.

Div ergence theorem Let Y be a vector �eld. De�ne the divergenceof Y

to be: divY = tracer Y. It is the formal adjoint of �r on L 2(M ; dx). The

h-divergenceof Y is given by:
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divhY = e� 2hdiv(e2hY): (1.8)

This is the formal adjoint of �r in L 2(M ; e2hdx):
Z

f (divhY)e2h dx = �
Z

< Y; r f > e2h dx:

The divergencetheorem holds for h-divergences,i.e. let U be a precompact

open set in M with piecewisesmooth boundary, then:

Z

U
divhYe2h dx =

Z

@U
< Y; � > e2h dS: (1.9)

Where � is the unit outer normal vector to @U, and dS the Riemannian

surfaceareaelement(corresponding to dx). The equationcanbe proved from

equation 1.8 and from the usual divergencetheoremwith h = 0.

1.6 Parab olic regularit y etc.

Recall that h is a smooth function on M . Let P h
t � be a L2 solution to the

following equation on q forms:
8
<

:

@
@t u(x; t) =

�
1
24 h

�
u(x; t)

u(x; 0) = �

Then Ph
t � is in fact a classicalsolution(i.e. C2 in x and C1 in t). Fur-

thermore it is smooth if � and h are. See[56] and [24].

The following theorem is given by Strichartz for the Laplacian, but it is

easyto seeit is true for 1
24 h (de�ned on page 21, c.f. theorem 2:1:4). Let

e
1
2 t4 h

be the heat semigroupde�ned by functional analysis.

Theorem 1.6.1 [62] There is a heat kernel ph
t (x; y) satisfying:

1. The function ph
t (x; y) is smooth on R+ � M � M , symmetric in x and

y, and is strictly positive for t > 0.
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2.
R

M ph
t (x; y)e2h(x)dx � 1 for all x and t > 0, and

e
1
2 t4 h

f (x) =
Z

ph
t (x; y)f (y)e2h(y) dy (1.10)

for all f 2 L 2.

3. je
1
2 t4 h

f jp � jf jp, for all t > 0, and f 2 L 2 \ Lp, 1 � p � 1 with

lim t ! 0 je
1
2 t4 h

f � f jp = 0, for p 6= 1 , and

4. @
@t e

1
2 t4 h

f = 1
24 he

1
2 t4 h

f for all f 2 L 2 and t > 0 , and theseproper-

ties continue to hold for all f 2 L p, 1 � p � 1 if we de�ne e
1
2 t4 h

f

by equation 1.10. Moreover we haveuniquenessof the semigroup for

1 < p < 1 in the following sense: if Qt is any strongly continuous

contractive semigroup on L p for �xed p such that Qt f is a solution to
@
@t = 1

24 h, then Qt f = e
1
2 t4 h

f .
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Chapter 2

On the Bism ut-Witten

Laplacian and its semigroups

Main result: From the essential self-adjointnessof d+ � h, we get the Hodge

decomposition theoremand a result on dPh
t = Ph

t d, which we useextensively

later. Theseresults are generallyconsideredwell known, but there doesnot

appear to be a suitable referencewhich givesthesein exactly the context we

want, especially for the Bismut-Witten Laplacian 4 h. This problem arose

when I was trying to work out dPh
t = Ph

t d, and occurred again when D.

Elworthy and S. Rosenberg were working on their paper [35]. This chapter

is the result of discussionsamongthe three of us, part of the result is in fact

usedin [35].

2.1 The self-adjoin tness of weigh ted Lapla-

cians

Cherno� [14] has proved that d + � h and all its powers are essentially self-

adjoint on C1
K (with h = 0, but exactly the sameproof gives the result for

h 6= 0 making useof the h-divergencetheoremstatedon page 22asseenlater
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in the context). In particular the Hodge-Laplacianoperator 4 h = � (d+ � h)2

is essentially self-adjoint. From this weobtain d + � h = �d+ � h and the Hodge-

Kodaira decomposition, and therefore: d� = �� h and (� h)� = �d. Consequently

we get: 4 h = � ( �d� h + � h �d). Thus all the operations on 4 h are exactly as

for 4 . We will give Cherno� 's proof for the self-adjointness,adapted to our

context.

First we introduce the terminology. Let L be a �rst order di�erential

operator on the complexi�ed cotangent bundle (^ Tx M )�
C. Consider @

@t = L,

which is called a symmetric hyperbolic system if L � + L is a zero order

operator, i.e. it is given locally by multiplication by a matrix valuedfunction

of x. The symbol � for L is a linear map from (^ TxM )�
C ! (^ TxM )�

C for

each x 2 M and v 2 T �
x M :

� (v)(e) = L(f � )(x) � f L� (x): (2.1)

Here f 2 C1 (M ) with df (x) = v, and � : M ! (^ TM ) � is a smooth form

on M with � (x) = e. The local velocity of propagation c associated to L is

de�ned as a function on M :

c(x) = sup
v

fjj � (v)(x)jj : v 2 T �
x M ; jjvjj = 1g:

We aremainly interestedin the following operator L = i (d+ � h) for the proof

of the next two theorems. It indeedgives rise to a hyperbolic systemsince

L + L � = 0, and hassymbol: � (v)(e) = v ^ e � i v# e. Here v# is de�ned by:

v(w) = < v# ; w > for w 2 TxM . The local velocity for L is constantly 1,

from the following:

For each �xed v 6= 0, we may write e into the sum of two orthogonal

parts: e = e0 + e1 satisfying: v ^ e0 = 0, and jv ^ e1j = jvjje1j, by letting e0

be the component of e along v. So i v# e1 = 0. Thus

j� (v)j = sup
jej=1

(jv ^ e � i v# ej) = sup
jej=1

(jv ^ e1j + ji v# e0j) = jvj:
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Lemma 2.1.1 (Energy inequalit y) [14] Let M be a Riemannianmanifold

with Riemannian distance � . The geodesic ball radius R centered at x0 is

denoted by B(x0; R). Let x0 2 M , u a smooth solution to @
@t = L on [0; a] �

B (x0; R). Let r and a be real numbers with r + a � R, then the following

inequality holds:

Z

B (x0 ;r )
ju(a)j2e2h dx �

Z

B (x0 ;r + a)
ju(0)j2e2h dx:

In particular if u(0) vanisheson B(x0; r + a), then u vanishesthroughout

K for K = f (t; x) : 0 � t � a; � (x; x0) � r + (a � t)g.

Proof: We �rst introduce a (h-)divergencefree vector �eld Z on [0; a] � M

as follows. Let f be a real valued function on [0; a] � M , denoteby @f
@t the

di�erential of f in the time component, and df the spacedi�erential. Then

de�ne Z by:

df (Z ) = < Z; r f > = jut j2
@f
@t

� < ut ; � (df )ut > :

Write Y(f ) = < ut ; � (df )ut > . Notice Z is given in the form of the sum

of time and spaceparts, so thereforeis the divergence:

divhZ = 2 < ut ;
@
@t

ut > � ~divhY;

where ~divhY denotesthe h-divergenceof Y in its spacevariables.

But ~divhY = < (L � L � )ut ; ut > , sincefor any function f 2 C1
K :

Z

M
f ~divhY e2hdx = �

Z

M
< Y; r f > e2hdx

= �
Z

< ut ; L(f ut ) � f Lu t > e2hdx

= �
Z

M
f < L � ut ; ut > � < ut ; Lu t > gf e2hdx
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= �
Z

M
f < ut ; (L � � L)ut > e2hdx:

Thus divhZ = < ut ; (L + L � )ut > = 0. Applying divergencetheorem for the

h-divergence,we get:

0 =
Z

K
divhZ e2hdtdx

=
Z

@K
< Z; � > e2hdS

=
Z

B (x0 ;r )
ju(a)j2 e2hdx �

Z

B (x0 ;r + a)
ju(0)j2 e2hdx +

Z

�
< Z; � > e2hdS:

Here� is the mantle part of the boundary of K , and � the unit outer normal

vector to �, which is in fact given by: � = � r � = � (1; r � ), for � (t; x) =

t + � (x0; x), and somepositive constant � .

< Z; � > = � jut j2� < ut ; � (� d� )ut >

� � jut j2 � � jd� jjut j2 = 0:

The required inequality follows.

Let L = i (d + � h). We shall view the equation @u
@t = i(d + � h)u as a

symmetric hyperbolic systemof partial di�erential equationsas follows:

Let f ! 1; : : : ; ! 2ng be local sections of A =
L n

p=0 Ap which are pointwise

27



orthonormal. Then we may wite v =
P n

1 v� (x)! � and

(d + � h)v =
X

i;�;�

A i�� (x)
@v�

@x i
! � +

X

�;�

B �� v� (x)! � :

Let v; w 2 C1 (A), the spaceof smooth forms in A. We shall assumethat

oneof them hascompactsupport. The identit y

< (d + � h)v; w > = < v; (d + � h)w >

and an integration by parts show that

A i�� (x) = � A i� � (x); any i; � ; � ; and x:

We shall let A i (x) denote the matrix whoseentries are A i�� (x). On setting

u = v + iw, the equation: @u
@t = i(d + � h)u can be written as

@
@t

0

@
~v

~w

1

A =
nX

1

�A i (x)
@

@x i

0

@
~v

~w

1

A + �B(x)

0

@
~v

~w

1

A ;

where~v = (v1; : : : ; v2n ) and ~w = (w1; : : : ; w2n ) and �A i (x) =

0

@
0 A i (x)

� A i (x) 0

1

A

is symmetric.

Thus locally there is a uniquesmooth solution to the Cauchy problem for

this hyperbolic equation by standard theory. Seee.g. [48].

Theorem 2.1.2 [14] Let M be a complete Riemannian manifold, and let

L =
p

� 1(d + � h). There is a unique smooth solution to the hyperbolic

equation: @
@t = L, for each initial value u0 2 C1

K . Moreover ut 2 C1
K , each

t.

Proof: Take a local trivialization of the tangent bundle TM . For y 2 M ,

there is a constant r (y) > 0 such that B(y; r ) is contained in a singlechart.

Then by the local existenceand uniquenesstheorem: for each u(0) smooth

on B(y; r ), there is a unique smooth solution on K y = f (t; x) : 0 � t �
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r; � (x; y) � r � tg, from the energyinequality. Notice the propagation speed

is identically 1 for L.

For R > 0, x0 2 M , the geodesicball B (x0; R) is compacton a complete

Riemannian manifold. Let u(0) be smooth on B(x0; R). We can �nd a

commonr > 0 for all points in the ball B (x0; R � r ) such that the statement

above holds, given initial data on B(x0; R). Moreover the solutionscoincide

on overlapping areasfrom the local uniqueness. Altogether they de�ne a

solution on the truncated cone:

f (t; x) : 0 � t � r; � (x; x0) � R � tg:

The solution at t = r in turn servesas initial data on B(x0; R � r ), then we

have a solution on: f r � t � 2r; � (x; x0) � R � r � tg. Continuing with the

procedure,we obtain a unique solution f (t; x) : 0 � t � 1; � (x; x0) � R � tg.

In particular this show that the solution up to time N on B(x0; R � N )

is determinedby solution at time N � 1 on the ball B (x0; R � N + 1), and

thereforeby initial value on B(x0; R).

Let u(0) � 0 on M . For each number N and R, u � 0 on [0; N ]� B (x0; R)

from the above argument. So the uniquenessholds.

We show next that there is a globally de�ned solution for each smooth

data u0 with compactsupport inside the ball B (x0; a), somea. As hasbeen

shown there is a unique solution on K = [0; 1] � B (x0; a + 3 � t). Moreover

the solution vanishesoutside B(x0; a + 1). Extend the solution to [0; 1] � M

by setting it to be 0 outside K . The solution so de�ned is smooth and h

as support in B(x0; a + 1) at time t = 1, which serves in turn as initial

data and givesus a solution on [0; 2] � M . We can by this meanspropagate

the solution for all time. It is clear that the solution ut thus obtained has

compactsupport for each t.

Theorem 2.1.3 [14] Denoteby Vtu the solution given in the theorem above
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for u 2 C1
K . Then Vt is a unitary group from C1

K ! C1
K with L(Vtu) =

Vt (Lu), and extendsto L 2 as a unitary group.

Proof: We only needto prove the unitary part. Take u, w from C1
K .Than

d
dt

< Vtu; Vtw > = < LVtu; Vtw > + < Vtu; LVtw >

= < (L + L � )Vtu; Vtw > = 0:

The fact that Vt is a group comesfrom the uniquenessof the solution, and

L(Vtu) = Vt (Lu) follows from the standard semigroupresult.

Theorem 2.1.4 [14] The operator T = d+ � h and all its powersare essen-

tial ly self-adjoint.

Proof: Let A = Tn , n > 0. It is a symmetric operator. According to theorem

1.4we only needto show  = 0 if A �  = � i , i =
p

� 1. SupposeA �  = i .

Let � 2 C1
K . Consider< Vt �;  > which is boundedin t sinceVt is a unitary

operator.

dn

dtn
< Vt �;  > = i n < TnVt �;  >

= in < Vt �; A �  > = i n < Vt �; i >

= � in+1 < Vt �;  > :

So< Vt �;  > = Ce�t , for someconstant C. Where � satis�es: � n + in+1 = 0,

and so is not a pure imaginary. Thus < Vt �;  > = 0, sinceit is boundedin

t. In particular < �;  > = 0. Thus  = 0. A similar argument works with

A �  = � i .

2.2 The Ho dge decomp osition theorem

To explorethe relationship of theseoperators, let us �rst notice that �d � � � ,

and �� � d� beforegiving the following lemmas:
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Lemma 2.2.1 On L2(M ; e2hdx), D( �d2) = D( �d), D(( �� h)2) = D(�� h), and

( �d)2 = (�� h)2 = 0. It is also true that: D( �d) = D((� h)� �d), and (� h)� �d = 0.

Similarly for d� � h.

Proof: Take � 2 D( �d), there are therefore � n in C1
K converging to � in

L2, and d� n ! �d� in L2. But d2� n = 0, so �d� 2 D( �d), and �d2� = 0.

Let � 2 D( �d), then for all  2 D(� h) = C1
K , we have:

< �d�; � h > = < �; d� � h > = 0:

So �d� 2 D(� � ) and (� h)� ( �d� ) = 0. The rest can be proved analogously.

Prop osition 2.2.2 Let M be a completeRiemannian manifold. Then:

�d + �
h

= d + � h = d� + (� h)� .

Proof: We write � for � h in the proof. Sinceboth d� , and � � are closedfrom

theorem 1.2, so is d� + � � sinced� and � � map to di�erent spaces.For the

samereason�d+ �� is alsoa closedoperator. Noticing �d � � � , �� � d� , we have:

d + � � �d + �� � d� + � � : (2.2)

We alsohave:

d� + � � � ( �d + �� )� (2.3)

from the following argument:

Let � 2 D(d� + � � ). For any  2 D( �d + �� ), there is the following:

< ( �d + �� )(  ); � > = <  ; ( �d)� � > + <  ; ( �� )� � > = <  ; (d� + � � )� > :

The last equality comesfrom theorem 1.3.2. We now take adjoint of

both sidesof 2:2 and 2:3 and get:
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(d� + � � )� � ( �d + �� )� � (d + � ) � ; (2.4)

�d + �� = ( �d + �� )�� � (d� + � � )� : (2.5)

But by theorem 2:1:4, (d + � ) � = d + � :

So combine 2:2 with 2:4 and 2:5, we have:

d + � � �d + �� � (d� + � � )� � d + � :

Therefore �d + �� = (d� + � � )� = d + � , and each is a self-adjoint operator.

Thus we have proved that:

�d + �� = d� + � � = d + � :

Remark: Let 4 h = � (d + � h)2 , it is now clear that:

4 h = � ( �d + �� h)2 = � ( �d �� h + �� h �d):

Proof: First we know that �d + �� h is self adjoint from 2:1:4. By theorem

1:3:4, �4 h is self adjoint. But there is only oneself adjoint extensionfor 4 h.

The result follows. Furthermore ( �d + �� h)2 is in fact the Friedrichs extension

of 4 h from the remark after theorem 1:3:4.

The following is a standard result:

Prop osition 2.2.3 Let T be a self-adjoint operator on Hilbert space H with

densedomain. Then

H = I m(T)
M

ker(T):

Pro of: Let � 2 D(T),  2 ker(T). Then

< T�;  > = < �; T > = 0:

So I m(T) is orthogonal to ker(T).
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Let � 2 (I m(T))? . Then by de�nition for any  2 D(T), we have: <

�; T > = 0. However this shows that: � 2 D(T � ) = D(T), and T � � = 0.

Thus T� = 0. ThereforeI m(T)
?

� K er(T). This �nishes the proof.

We are ready to prove the following Hodgedecomposition theorem:

Theorem 2.2.4 Let M be a completeRiemannian manifold with measure

e2hdx, here h 2 C1 (M ). Let L2(H ) = f � : �d� = �� h � = 0g. Then:

L2
 p = I m(� h)
M

I m(d)
M

L2(H )

and

L2(H ) = K er4 h:

Pro of: From the propositions above, we know:

L2 = I m( �d + �� )
M

K er( �d + �� ):

We only needto prove the following:

I m( �d + �� ) = I m( �d)
M

I m(�� ):

It is clear the two spaceson the right hand side are orthogonal to each

other. Take � 2 I m( �d + �� ). By de�nition there are � n 2 D( �d + �� ), such

that ( �d + �� )� n ! � . Since �d� and �� � are in di�erent spaces,we may write

� = � 1 + � 2 such that: �d� n ! � 1, and �� � n ! � 2. Thus follows:

I m( �d + �� ) � I m( �d)
M

I m(�� ):

Next let � 2 D( �d). Let  2 K er( �d + �� ) = K er( �d) \ K er( �� ). Take

 n 2 C1
K converging to  such that �  n ! ��  = 0. Then there is the

following:

< �d�;  > = lim
n!1

< �d�;  n > = lim
n

< �; �  n > = < �; ��  > = 0:
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Therefore we get: I m( �d) � ker( �d + �� )? . Similarly I m(�� ) � ker( �d + �� )? .

Thus

L2
 p = I m(� h)
M

I m(d)
M

L2(H ):

from I m(�� h) = I m(� h), and I m( �d) = I m(d).

For the proof of the secondpart, recall � � �d� = 0. For � 2 D( �4 ),

� < �4 �; � > = < ( �d + �� )�; ( �d + �� )� > = j �d� j2 + j �� � j2:

SoL2(H ) = K er( �4 ): The proof is complete.

Prop osition 2.2.5 Let M be a completeRiemannian manifold, then:

�d = (� h)� , and �� h = d� .

Pro of First notice � h� is an extensionof �d. Let � 2 D(� h� ), we may write

� = � 1 + � 2 + h. Here h 2 L2(H ), � 1 2 I m(d), and � 2 2 I m(� h). However

I m(d) � D( �d), I m(� h) � D(�� h). Soh+ � 1 2 D( �d) � D(� h �
), and � 2 is in the

domainof (� h)� . But then � 2 2 D(� h� ) \ D(�� h) � D(� h� ) \ D(d� ) = D( �d+ �� h),

by lemma 1. So � 2 2 D( �d), and therefore� 2 D( �d).

This gives: D(� h� ) � D( �d), i.e. � � = �d. Similarly we can prove �� h = d� .

Remark: Restricted to C1 forms, the above lemma can be obtained by an

approximation method as suggestedby Ga�ney [38].

With theseestablished,wearehappy to used, � h, and 4 h for their closure

without causingany confusion.

2.3 The semigroup associated with 4 h

Since 4 h is non-positive, there is a semigroupe
1
2 t4 h

with generator 1
24 h

de�ned by the spectral theorem. Furthermore e
1
2 t4 h

� solves:
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8
<

:

@
@t gt = 1

24 hgt

g0 = � :
(2.6)

Here � 2 L2(
) is a L2 form.

Prop osition 2.3.1 Let M be a complete Riemannian manifold. Let � 2

D(d) \ D(� h), then de
1
2 t4 h

� = e
1
2 t4 h

(d� ), and � he
1
2 t4 h

� = e
1
2 t4 h

(� h� ).

Pro of: SeeGa�ney[39] for a proof of the lemma for C1 forms (h=0). Let

h(y) = ye� 1
2 ty 2

, hn (y) = � [� n;n ](y)(ye� 1
2 ty 2

), and gn (y) = � [� n;n ](y)y: Denote

by hn (A ) and gn(A ) the operators de�ned by the spectral theorem corre-

sponding to an operator A . Then

hn (A ) = gn (A )e� 1
2 tA 2

= e� 1
2 tA 2

gn (A ):

Now jgn (y)j � jyj, all n and gn(y) ! y, so the spectral theorem gives the

following convergenceresult:

lim
n!1

gn (A ) = A  ;  2 D(A ):

Thus for  2 D(A ), we have ( Pt  is automatically in D(A )):

Ae� 1
2 tA 2

 = lim
n!1

gn (A )e� 1
2 tA 2

 = lim
n!1

e� 1
2 tA 2

gn(A ) = e� 1
2 tA 2

A:

Now let A = d + � h. Let  2 D(d + � h), then:

(d + � h)e
1
2 t4 h

 = e
1
2 t4 h

(d + � h) :

Thus the proof is �nished noticing both sidesof the equality above consist

of orthogonal forms.
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Chapter 3

In varian t measures and

ergo dic prop erties of BM on

manifolds of �nite h-v olume

Let M be a completeRiemannian manifold. There is an invariant measure

for h-Brownian motion, i.e. for the di�usion processwith generator 1
24 h. In

this chapter we give a direct proof of the existenceof invariant measuresand

deducesomeergodic properties, which are used in chapter 6 and 7. These

ergodic properties are essentially known and well treated in [52] and [61], at

least when the weight h is zero. However in their treatment, the processes

are required to have the C0 property if the manifold is not compact. Our

treatment avoids the problem of having to assumethe C0 property for the

Brownian motion concerned.

The following lemma is a standard result from semigrouptheory:

Lemma 3.0.2 Let M be a completeRiemannian manifold giventhe measure

e2h(x)dx. Let f 2 L2. Denoteby Ph
t the heat semigroup. Then
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Rt
0 Ph

s f ds 2 D( �4 h) and moreover:

1
2

�4 h(
Z t

0
Ph

s f ds) = Ph
t f � f :

To prove this, we only needto show for all g 2 C1
K :

Z

M

� Z t

0
Ph

s f ds
� � 1

2
�4 hg

�

e2hdx =
Z

M

�
Ph

t f � f
�

ge2hdx:

using the fact that 1
2(4

h
)� = 1

24
h
. Seechapter 2. Noticing the dual semi-

group (Ph
s )� equalsPh

s , we obtain:

1
2

R
M

� Rt
0 Ph

s f ds
� �

�4 hg
�

e2hdx

= 1
2

Rt
0

R
M Ph

s f (4 hg) e2hdx ds;

= 1
2

Rt
0

R
M f Ph

s (4 hg) e2hdx ds;

= 1
2

Rt
0

R
M f �4 h(Ph

s g) e2hdx ds

=
Rt

0

R
M f @

@s(Ph
s g) e2hdx ds

=
R

M f
� Rt

0
@
@s(Ph

s g) ds
�

e2hdx;

=
R

M f (Ph
t g � g) e2hdx

=
R

M (Ph
t f � f )ge2hdx:

The proof is �nished.

Next wenotice if M is a completeRiemannianmanifold of h-�nite volume,

then 1 is in the domain of �4 h (let hn be the sequencein C1
K approximating

the constant function 1 as in the appendix, then hn ! 1 in L2). Thus we

have nonexplosionfor a h-Brownian motion in this caseasis well known (see

[40] for the caseof h = 0). A quick proof is as follows:

@Ph
t 1

@t
=

1
2

�4 h(Ph
t 1) =

1
2

Ph
t ( �4 h1) = 0:

We alsohave:

Theorem 3.0.3 Let M be a completeRiemannian manifold, then e2hdx is

an invariant measure for P h
t , i.e.

Z
Ph

t f (x)e2hdx =
Z

f (x)e2hdx (3.1)
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for each L1 function f .

Pro of: First notice if the invarianceproperty 3:1 holds for functions in C1
K ,

it holds for all L1 functions sincePh
t is continuouson L1.

Next there is the following divergencetheorem: let � be a L 1 1-form with

� h � also in L1, then

Z

M

�
� h �

�
e2hdx = 0

which can be proved by taking approximations of L 1 forms by smooth com-

pactly supported forms and using the Greentheorem on page22, as proved

in [42] for h = 0.

Let f 2 C1
K , then

Rt
0 Ph

s f ds is in the domain of the h-Laplacian �4 h by

the previous lemma and we have:

Z

M
(Ph

t f � f )e2hdx =
1
2

Z

M

�4 h(
Z t

0
Ph

s f ds)e2hdx = 0:

Recall for an elliptic systemour semigroupPt hasthe strong Feller prop-

erty, i.e. it sendsB(M ) to C(M ). See[54]. For such processesthere are

several notions of recurrence.The basicde�nition is as follows:

De�nition 3.0.1 Denote by P x the probability law of a processX starting

from x. The processX is called recurrent if for each x 2 M , the trajectories

of X return P x a.s. in�nitely often to any given open set in M . It is called

transient if for each x 2 M , the trajectories X tend P x a.s. to in�nity as

t ! 1 .

Let G be the potential kernel of the di�erential operator A = 1
24 + LZ :

Gf (x) =
Z 1

0
Pt f (x)dt: (3.2)
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Then in potential language,X is transient if and only if G is everywhere

�nite on compactsets,i.e. whenG applied to � K for K compact is �nite. It

is recurrent if and only if G is identically in�nite on open sets. So a strong

Feller processis either transient or recurrent as proved in [4] following [3].

Theorem 3.0.4 Let X t be an h-Brownian motion on a completeRieman-

nian manifold of �nite h-volume,then X t is recurrent.

We only needto show that it is not transient. Assumex t is transient. Let

K be a compact set, then lim t !1 � K (xt ) = 0 a.s. So lim t E� K (xt ) = 0

by the dominated convergencetheorem and
R

M E� K (xt )e2hdx ! 0. But
R

M E� K (xt )e2hdx =h-v ol(K). This givesa contradiction.

Prop osition 3.0.5 Let M be a complete Riemannian manifold of h-�nite

volume. Let � be the invariant probability measure, then we have for any

compact set K :

lim
t !1

Ph
t (� K (x)) =

h-vol(K )
h-vol(M )

= � (K ):

Here "vol" denotesthe h-volume.

Pro of: First notice � K 2 L2, so Ph
t � K convergesin L 2 to a harmonic

function. The convergenceis also in L 1 sinceh-vol(M ) < 1 , and also the

limit function is a constant. So

lim
t !1

Z

M
Ph

t � K e2hdx =
Z

M
lim
t !1

Ph
t � K e2hdx

= ( lim
t !1

Ph
t � K )h-vol(M ):

But Z

M
Ph

t � K e2hdx =
Z

M
� K e2hdx = h-vol(K ):

Thus

lim
t !1

Ph
t � K =

h-vol(K )
h-vol(M )

:
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Part I I

Completeness and prop erties

at in�nit y
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Chapter 4

Prop erties at in�nit y of

di�usion semigroups and

sto chastic 
o ws via weak

uniform covers

4.1 In tro duction

I. Background

A di�usion processis said to be a C0 di�usion if its semigroup leaves

invariant C0(M ), the spaceof continuous functions vanishing at in�nit y, in

which casethe semigroupis said to have the C0 property. A Riemannian

manifold is said to be stochastically complete if the Brownian motion on it

is complete, it is also said to have the C0 property if the Brownian motion

on it does. One exampleof a Riemannian manifold which is stochastically

completeis a completemanifold with �nite volume. SeeGa�ney [40]. More

generally a complete Riemannian manifold with Ricci curvature bounded

from below is stochastically completeand has the C0 property as proved by
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Yau [68]. Seealso Ichihara [44], Dodziuk [20], Karp-P. Li [49], Bakry [5],

Grigory�an [41], Hsu[43],Davies [19], and Takeda [64] for further discussions

in terms of volume growth and bounds on Ricci curvature. For discussions

on the behaviour at in�nit y of di�usion processes,and the C0 property, we

refer the reader to Azencott [4] and Elworthy [32]. But we would like to

mention that a 
o w consistingof di�eomorphisms (c.f. page 79) has the C0

property by arguing by contradiction as in [32].

Those papers above are on a Riemannian manifold except for the last

reference. For a manifold without a Riemannian structure, Elworthy [31]

following It ô [46] showed that the di�usion solution to (1.1) does not ex-

plode if there is a uniform cover for the coe�cien ts of the equation. Seealso

Clark[15]. In particular this shows that the s.d.e(1.1) doesnot explode on

a compact manifold if the coe�cien ts are reasonablysmooth. See[10], [25].

To apply this method to check whether a Riemannianmanifold is stochasti-

cally complete,we usually construct a stochastic di�erential equation whose

solution is Brownian motion.

I I. Main results

The main aim [53] of this chapter is to give uni�ed treatment to some

of the results from H. Donnelly-P. Li and L. Schwartz. It gives the �rst a

probabilistic interpretation and extendspart of the latter. We �rst introduce

weakuniform coversin an analogousway to uniform covers,which givesnon-

explosiontest by using estimationson exit times of the di�usion considered.

As a corollary this gives the known result on nonexplosionof a Brownian

motion on a complete Riemannian manifold with Ricci curvature going to

negative in�nit y at most quadratically in the distancefunction[44].

One interesting example is that a solution to a stochastic di�erential

equation on Rn whosecoe�cien ts have linear growth has no explosionand

hasthe C0 property. Notice under this condition, its associatedgeneratorhas

quadratic growth. On the other hand let M = Rn , and let L be an elliptic
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di�erential operator :

L =
X

i;j

aij
@2

@x i @x j
+

X

i

bi
@

@x i
;

whereaij and bi are C2. Let (sij ) be the positive squareroot of the matrix

(aij ). Let X i =
P

j sij
@

@x j
, A =

P
j bj

@
@x j

. Then the s.d.e. de�ned by:

(I t bo) dxt =
X

i

X i (xt )dB i
t + A(xt )dt

hasgeneratorL. Furthermore if j(aij )j hasquadratic growth and bi haslinear

growth, then both X and A in the s.d.e. above have linear growth. In this

caseany solution ut to the following partial di�erential equation :

@ut

@t
= Lu t

satis�es : ut 2 C0(M ), if u0 2 C0(M ) (seenext part).

I I I. Heat equations, semigroups, and 
o ws

Let �M be a compacti�cation of M , i.e. a compactHausdor� spacewhich

contains M as a densesubset. We assume �M is �rst countable. Let h be a

continuousfunction on �M . Considerthe following heat equationwith initial

boundary conditions:

@f
@t

=
1
2

� f ; x 2 M ; t > 0 (4.1)

f (x; 0) = h(x); x 2 �M (4.2)

f (x; t) = h(x); x 2 @M : (4.3)

It is known that there is a unique minimal solution to the �rst two equa-

tions on a stochastically completemanifold, the solution is in fact given by

the semigroupassociated with Brownian motion on the manifold. So the

above equation is not solvable in general.However with a condition imposed

on the boundary of the compacti�cation, Donnelly-Li [21] showed that the

heat semigroupsatis�es ( 4.3). Here is the condition and the theorem:
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The ball convergence criterio n: Let f xng bea sequencein M converging

to a point �x on the boundary, then the geodesicballs Br (xn ), centered at xn

radius r , convergeto �x as n goesto in�nit y for each �xed r .

An exampleof manifolds which satis�es the ball convergencecriterion is

Rn with sphereat in�nit y. However this is not true if Rn is given the com-

pacti�cation of a cylinder with a circle at in�nit y added at each end. The

one point compacti�cation also satis�es the ball convergencecriterion. An-

other classof examplesis manifolds with their geometriccompacti�cations

and with the conetopology, i.e. the boundary of the manifold are equivalent

classesof geodesicrays. See[23]. Recall that two geodesicrays f 
 1(t); t � 0g

and f 
 2(t); t � 0g are said to be equivalent if the the Riemannian distance

d(
 1(t); 
 2(t)) betweenthe two points 
 1(t) and 
 2(t) is smaller than a con-

stant for each t.

Theorem 4.1.1 (H.Donnelly-P . Li) Let M be a completeRiemannianman-

ifold with Ricci curvature bounded from below. The over determined equation

( 4.1)-( 4.3) is solvablefor any given continuous function h on �M , if and

only if the ball convergence criterion holdsfor �M .

Notice that if the Brownian motion starting from x convergesto the

samepoint on the boundary to which x converges,then ( 4.1)-( 4.3) is clearly

solvable. Seesection4 for details. Wewould alsolike to considerthe opposite

question: Do we get any information on the di�usion processesif we know

the behaviour at in�nit y of the associated semigroups?This is true for many

cases. In particular, for the one point compacti�cation, Schwartz has the

following theorem[60],which provides a partial converseto [32]:

Theorem 4.1.2 (L. Schwartz) Let �Ft be the standard extensionof Ft to
�M = M [ f1g , the onepoint compacti�c ation. Then the map (t; x) 7! �Ft (x)

is continuousfrom R+ � �M to L0(
 ; P; �M ), the space of measurablemapswith

topology induced from convergence in probability, if and only if the Semigroup

Pt hasthe C0 property and the mapt 7! Pt f is continuousfrom R+ to C0(M ).
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4.2 W eak uniform covers and nonexplosion

De�nition 4.2.1 [31] A stochastic dynamical system(1) is said to admit

a uniform cover( radius r > 0, bound k), if there are charts f � i ; Ui g of

di�e omorphismsfrom open setsUi of the manifold onto open sets � i (Ui ) of

Rn , suchthat:

1. B3r � � i (Ui ), each i . (B � denotesthe open ball about 0, radius � ).

2. The open setsf � � 1
i (B r )g cover the manifold.

3. If (� i )� (X ) is given by:

(� i )� (X )(v)(e) = (D� i )� � 1
i (v)X (� � 1

i v)(e)

with (� i )� (A) similarly de�ned, thenboth (� i )� (X ) andA(� i ) arebounded

by k on B2r . Here A is the generator for the dynamical system.

Let M = Rn . Equation (1.1) can be interpreted as It bo integral.

De�nition 4.2.2 A di�usion process f Ft ; � g is said to have a weak uni-

form cover if there are pairs of connected open setsf U0
n ; Ung1

n=1 , and a non-

increasing sequence f � ng with � n > 0, suchthat:

1. U0
n � Un , and the open sets f U0

n g cover the manifold. For x 2 U0
n de-

note by � n (x) the �rst exit time of Ft (x) from the open set Un . Assume

� n < � a.s. unless� n = 1 almost surely.
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2. There exists f K ng1
n=1 , a family of increasing open subsetsof M with

[ K n = M , such that each Un is contained in one of thesesets and

intersects at most one boundary from f @K m g1
m=1 .

3. Let x 2 U0
n and Un � K m , then for t < � m :

Pf ! : � n(x) < tg � Ct2: (4.4)

4.
P 1

n=1 � n = 1 .

Notice the introduction of f K ng is only for giving an order to the open

sets f Ung. This is quite natural when looking at concretemanifolds. In a

sensethe condition says the geometry of the manifold under consideration

changesslowly as far as the di�usion processis concerned. In particular if

the � n can be taken all equal, we take K n = M ; e.g. when the number of

open setsin the cover is �nite. On a Riemannianmanifold the open setsare

often taken as geodesicballs.

Lemma 4.2.1 Assumethere is a uniform cover for the stochastic dynamic

system(1), then the solution has a weak uniform cover with � n = 1, all n.

Pro of: This comesdirectly from lemma 5 , Page127 in [31].
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An exampleof a stochastic di�erential equationwhich hasa weakuniform

cover but not a uniform cover is given by example 0 on page 50 and the

exampleon page 57.

Remarks:

1. If T is a stopping time, then the inequality ( 4.4) gives the following

from the strong Markov property of the process.:

let V � U0
n , and V � K m , then when t < � m :

Pf � n (FT (x)) < tjFT (x) 2 Vg � Ct2; (4.5)

since

P f � n (FT (x)) < t; FT (x) 2 Vg

=
Z

V
P(� n (y) < t)PT (x; dy) � Ct2Pf FT (x) 2 Vg;

herePT (x; dy) denotesthe distribution of FT (x).

2. Denote by PUn
t the heat solution on Un with Dirichlet boundary con-

dition, then ( 4.4) is equivalent to the following: when x 2 U0
n ,

1 � PUn
t (1)(x) � Ct2: (4.6)

3. The methods in the article work in in�nite dimensionsto giveanalogous

results (when a Riemannianmetric in not needed).

Exit times: Given such a cover, let x 2 U0
n . We de�ne stopping times

f Tk(x)g as follows: Let T0 = 0. Let T1(x) = inf t f Ft (x; ! ) 62Ung be the �rst

exit time of Ft (x) from the set Un . Then FT1 (x; ! ) must be in one of the

open setsf U0
k g. Let


 1
1 = f ! : FT1 (x)( ! ) 2 U0

1 ; T1(x; ! ) < 1g ;


 1
k = f ! : FT1 (x) 2 U0

k �
k� 1[

j =1

U0
j ; T1 < 1g :
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Then f 
 1
kg are disjoint setssuch that [ 
 1

k = f T1 < 1g . In generalwe only

needto considerthe nonempty setsof such. De�ne further the following: Let

T2 = 1 , if T1 = 1 . Otherwise if ! 2 
 1
k , let:

T2(x; ! ) = T1(x; ! ) + � k(FT1 (x; ! )) : (4.7)

In a similar way, the whole sequenceof stopping times f Tj (x)g and sets

f 
 j
kg1

k=1 are de�ned for j = 3; 4; : : :. Clearly 
 j
k so de�ned is measurable

with respect to the sub-algebraF j .

Lemma 4.2.2 Given a weak uniform cover as above. Let x 2 U0
n and Un �

K m . Let t < � m+ k . Then

Pf ! : Tk(x; ! ) � Tk� 1(x; ! ) < t; Tk� 1 < 1g � Ct2: (4.8)

Pro of: Notice for such x, FTk (x) 2 K m+ k� 1. Thereforefor t < � m+ k we have:

P f ! : Tk(x; ! ) � Tk� 1(x; ! ) < t; Tk� 1 < 1g

=
1X

j =1

P(f ! : Tk(x; ! ) � Tk� 1(x; ! ) < tg \ 
 k� 1
j )

=
1X

j =1

Pf � j (FTk � 1 (x)) < t; 
 k� 1
j g

� Ct2
1X

j =1

P(
 k� 1
j ) � Ct2;

as in remark 1. Here � A is the characteristic function for a measurableset

A, and E denotestaking expectation.

Lemma 4.2.3 If
P

n tn = 1 , tn > 0 non-increasing. Then there is a non-

increasing sequence f sng, suchthat 0 < sn � tn :

(i)
P

sn = 1

(ii)
P

s2
n < 1
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Pro of: Assumetn � 1, all n. Group the sequencef tng in the following way:

t1; t2; : : : ; tk2 ; tk2+1 ; : : : ; tk3 ; tk3+1 : : :

such that 1 � t2 + : : : + tk2 � 2, 1 � tk i +1 + : : : + tk i +1 � 2, i � 2. Let

s1 = t1, s2 = t2
2 ; : : :, sk2 = tk 2

2 , sk2+1 = tk 2 +1

3 ; : : :, sk3 = tk 3
3 , sk3+1 = tk 3 +1

4 ; : : :.

Clearly the sn 's sode�ned satisfy the requirements.

So without losing generality, we may assumefrom now on that the con-

stants f � ng for a weak uniform cover ful�ll the two conditions in the above

lemma. With theseestablished,we can now state the nonexplosionresult.

The proof is analogousto that of theorem 6 on Page129in [31].

Theorem 4.2.4 If the solution Ft (x) of the equation (1) hasa weak uniform

cover, then it is complete(nonexplosion).

Pro of: Let x 2 K n , t > 0, 0 < � < 1. Pick up a number p (possibly

depending on � and n), such that
P n+ p

i= n+1 �� i > t. This is possiblesince
P 1

i=1 � i = 1 . So

Pf � (x) < tg � Pf Tp(x) < t; Tp� 1 < 1g

= Pf
pX

k=1

(Tk(x) � Tk� 1(x)) < t; Tp� 1 < 1g

�
pX

k=1

Pf Tk(x) � Tk� 1(x) < �� n+ k ; Tk� 1 < 1g

� Ct2� 2
n+ pX

k= n

� 2
k � Ct2� 2

1X

k=1

� 2
k :

Let � ! 0, we get: Pf � (x) < tg = 0.

Remark: The argument in the above proof is valid if the de�nition of a

weak uniform cover is changedslightly, i.e. replacing the constant C by Cn

(with someslow growth condition, say 1
p2

P p
j =1 Cn+ j is boundedfor all n) but

keepall � n equal.

As a corollary, we have the following known result:
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Corollary 4.2.5 Let � be the explosiontime. If Pf � < t0g = 0, for some

t0 > 0. Then there is no explosion.

Prove by induction. In the following we look into someexamples:

Example 0: The 
o w Ft (x) = x + B t on Rn � f 0g doesnot have a uniform

cover. The problem occurs at the origin. But it doeshave a weak uniform

cover as constructed below. First note that we only need to worry about

the origin. Take Un = f x : jxj � ang, for an =
�

1
n+1

� 1
8 . Let U0

n = Un� 1,

K n = �Un , and Cn = k
p

n. Here k is a constant. Now

Pf � n < tg � Pf sup
s� t

jBsj � an � an+1 g

�
kt2

[an � an+1 ]4
� Cn t2

by the maximal inequality. Then

lim
p!1

1
p2

pX

1

Cn+ j = 0:

Seethe remark above to seef Ung is a "weak uniform cover".

Example 1 : Let f Ung be a family of relatively compact open (proper)

subsetsof M such that Un � Un+1 and [ 1
n=1 Un = M . Assumethere is a

sequenceof numbersf � ng with
P

n � n = 1 , such that the following inequality

holds when t < � n� 1 and x 2 Un� 1: Pf � Un (x) < tg � ct2. Then the di�usion

concerneddoesnot explode by taking f Un+1 � Un� 1; Un � Un� 1g to be a weak

uniform cover and K n = �Un .

4.3 Boundary behaviour of di�usion pro cesses

To considerthe boundary behaviour of di�usion processes,we introducethe

following concept:

50



De�nition 4.3.1 A weak uniform cover f U0
n ; Ung is said to be regular (at

in�nity for �M ), if the followingholds: let f x j g be a sequence in M converging

to �x 2 @M , and x j 2 U0
n j

2 f U0
n g1

n=1 , then the corresponding open sets

f Un j g
1
j =1 � f Ung1

1 convergesto �x as well. A regular uniform cover can be

de�ned in a similar way.

For a point x in M , there are a successionof related open setsf W p
x g1

p=1 ,

which are de�ned asfollows: Let W 1
x be the union of all open setsfrom f Ung

such that U0
n contains x, and W 2

k be the union of all open sets from f Ung

such that U0
n intersects one of the small balls U0

n j
de�ning W 1

x . Similarly

f W p
k g are de�ned. Thesesetsare well de�ned and in fact form an increasing

sequence.

Lemma 4.3.1 AssumeFt has a regular (weak) uniform cover. Let f xng be

a sequence of M which convergesto a point �x 2 @M . Then W p
xn

converges

to �x as well for each �xed p.

Pro of: Note that by arguing by contradiction, we only need to prove the

following: let f zkg be a sequencezk 2 W p
xk

, then zk ! �x, as n ! 1 . First

let p = 2.

By de�nition, for each xk , zk , there are open setsU0
nk

and U0
mk

such that

xk 2 U0
nk

, zk 2 U0
mk

and U0
nk

\ U0
mk

6= ; . Furthermore Unk ! �x as k ! 1 .

Let f ykg be a sequenceof points with yk 2 U0
nk

\ U0
mk

. But yk ! �x sinceUnk

does. SoUmk ! �x again from the de�nition of a regular weakuniform cover.

Thereforezk convergesto �x ask ! 1 , which is what we want. The rest can

be proved by induction.

Theorem 4.3.2 If the di�usion Ft admits a regular weak uniform cover,

with � n = � , all n, then the map Ft (� ) : M ! M can be extended to

the compacti�c ation �M continuously in probability with the restriction to the

boundary to be the identity map, uniformly in t in �nite intervals. (We wil l

say Ft extends.)
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Pro of: Take �x 2 @M and a sequencef xng in M converging to �x. Let U be

a neighbourhood of �x in @M . We want to prove for each t:

lim
n!1

Pf ! : Fs(xn ; ! ) 62U;s < tg = 0:

Since xn convergesto �x, there is a number N (p) for each p, such that if

n > N , W p
xn

� U. Let t > 0, Choosep such that 2t
p < � . For such a number

n > N (p) �xed, we have:

P f ! : Fs(xn ; ! ) 62U;s < tg

� Pf ! : Fs(x; ! ) 62W p
xn

; s < tg

� Pf ! : Tp(xn )( ! ) < t; Tp� 1(xn ) < 1g

�
pX

k=1

Pf Tk(xn ) � Tk� 1(xn ) <
t
p

; Tk� 1(xn ) < 1g :

�
Ct2

p
:

Here C is the constant in the de�nition of the weak uniform cover. Let p go

to in�nit y to completethe proof.

Remark: If the � n can be taken all equal, theorem 4.2.4 , theorem 4.3.2

hold if (4.4) is relaxedto:

Pf Tn(x) < tg � f (t);

for somenonnegative function f satisfying lim t ! 0
f (t )

t = 0.

Example 2: Let M = Rn with the one point compacti�cation. Consider

the following s.d.e.:

(I t bo) dxt = X (xt )dBt + A(xt )dt:

Then if both X and A have linear growth, the solution has the C0 property.

Pro of: There is a well known uniform cover for this system. See[15], or

[31]. A slight changegivesus the following regular uniform cover:
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Take a countable set of points f pngn� 0 � M such that the open sets

U0
n = f z : jz � pn j < jpn j

3 g; n = 1; 2; : : : and U0
0 = f z : jz � p0j < 2g cover Rn .

Let U0 = f z : jz � p0j < 6g; and Un = f z : jz � pn j < jpn j
2 g, for n 6= 0. Let � n

be the chart map on Un :

� n (z) =
z � pn

jpn j
:

This certainly de�nes a uniform cover(for details seeExample3 below). Fur-

thermore if zn ! 1 and zn 2 U0
n , then any y 2 Un satis�es the following:

jyj >
jpn j
2

>
1
3

jzn j ! 1 ;

since jpn j � 3jzn j
4 . Thus we have a regular uniform cover which gives the

required C0 property.

Example 3: Let M = Rn , compacti�ed with the sphereat in�nit y: �M =

Rn [ Sn� 1. Considerthe sames.d.eas in the exampleabove. Supposeboth

X and A have sublineargrowth of power � < 1:

jX (x)j � K (jxj � + 1)

jA(x)j � K (jxj � + 1)

for a constant K . Then there is no explosion. Moreover the solution Ft

extends.

Pro of: The proof is as in example2, we only need to construct a regular

uniform cover for the s.d.e.:

Take points p0; p1; p2; : : : in Rn (with jp0j = 1, jpn j > 1) , such that the

opensetsf U0
n g de�ned by : U0 = f z : jz � p0j < 2g, U0

i = f z : jz � pi j < jpi j �

6 g

cover Rn .

Let U0 = f z : jz � p0j < 6g, Ui = f z : jz � pi j < jpi j �

2 g, and let � i be the

chart map from Ui to Rn :

� i (z) =
6(z � pi )

jpi j �
:
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Then f � i ; Ui g is a uniform cover for the stochastic dynamical system. In

fact, for i 6= 0, and y 2 B3 � Rn :

j(� i )� (X )(y)j �
K (1 + j� � 1

i (y)j � )
jpi j �

�
K

jpi j �
(1 + 2jpi j � ) < 18K :

Similarly j(� i )� (A)(y)j � 18K , and D 2� i = 0.

Next we show this cover is regular. Take a sequencexk converging to �x

in @Rn . Assumexk 2 U0
k . Let zk 2 Uk . We want to prove f zkg convergeto

�x. First the norm of zk convergesto in�nit y ask ! 1 , sincejpk j > 2jxk j
3 and

jzk j > jpk j � 1
2 jpk j � .

Let � be the biggestanglebetweenpoints in Uk , then

tan
�
2

� sup
z2 Un

jz � pn j
jpn j

�
jpn j �

2jpn j
�

jpn j � � 1

2
! 0:

Thus f Un ; � ng is a uniform cover satisfying the convergencecriterion for the

spherecompacti�cation. The required result holds from the theorem.

This result is sharp in the sensethere is a s.d.e. with coe�cien ts having

linear growth but the solution to it doesnot extend to the sphereat in�nit y

to be identit y:
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Example 4: Let B be a one dimensionalBrownian motion. Consider the

following s.d.eon the complexplane C:

dxt = ix t dBt :

The solution starting from x is in fact xeiB t + t
2 , which doesnot continuously

extend to be the identit y on the sphereat in�nit y.

Example 5: Let U be a boundedopen set of Rn . Let (X ; A) be a s.d.s. (in

It ô form) on U satisfying

jX (x)j � k d(x; @U);

and

jA(x)j � k d(x; @U)

for someconstant k, then there is no explosion. Hered denotesthe distance

function on Rn and @U denotesthe boundary of U.

Pro of: Choosepoints f xng such that the balls B(xn ; 1
2 d(xn ; @U)) centered

at xn radius 1
2 d(xn ; @U) cover U. De�ne a map:

� n : B (xn ;
1
2

d(xn ; @U)) ! B3

by

� n (x) = 6 �
x � xn

d(xn ; @U)
:

Then

(T� n)� (X ) �
6jX (� � 1

n (x)) j
d(xn ; @U)

�
6kd(� � 1

n (x); @U)
d(xn ; @U)

� 12k

by the triangle inequality of the distancefunction. Thus we have a uniform

cover and sononexplosion.

This result is sharp in the sensethat there is an example(in It ô form)

given in [65] which satis�es:

jX (x)j + jA(x)j
d(x; @U) �

� 2
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for 0 < � < 1, but hasexplosion. Here is the example(on fj xj < 1g � R2):

dx1
t = (1 � jxt j2)� x1

t dBt �
1
2

(1 � jxt j2)2� x1
t dt

dx2
t = (1 � jxt j2)� x2

t dBt �
1
2

(1 � jxt j2)2� x2
t dt:

Here 0 < � < 1. See[65] for more discussionson nonexplosionon open sets

of Rn .

4.4 Boundary behaviour contin ued

A di�usion processis a C0 di�usion if its semigrouphasthe C0 property. This

is equivalent to the following [4]: let K be a compactset, and TK (x) the �rst

entrance time to K of the di�usion starting from x, then lim x!1 Pf TK (x) <

tg = 0 for each t > 0, and each compactset K .

The following theoremfollows from theorem3.2 when� n in the de�nition

of weak uniform cover can be taken all equal:

Theorem 4.4.1 Let �M be the one point compacti�c ation. Then if the di�u-

sion processFt (x) admits a regular weak uniform cover, it is a C0 di�usion.

Pro of: Let K be a compact set with K � K j ; here f K j g is as in de�nition

2.2. Let � > 0, t > 0, then there is a number N = N (�; t) such that:

� j +2 + � j +4 + : : : + � j +2 N � 2 >
t
�
:

Take x 62K j +2 N . Assumex 2 K m , somem > j + 2N . Let T0 be the �rst

entrance time of Ft (x) to K j +2 N � 1, T1 be the �rst entrance time of Ft (x) to

K j +2 N � 3 after T0, (if T0 < 1 ), and so on. But Pf Ti < t; Ti � 1 < 1g � Ct2

for t < � j +2 N � 2i ; i > 0, sinceany open setsfrom the cover intersectsat most
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oneboundary of setsfrom f K ng. Thus

Pf TK (x) < tg � Pf
N � 1X

1

Ti (x) < t; TN � 2 < 1g

�
N � 1X

i =1

Pf Ti (x) < �� j +2 N � 2i ; Ti � 1(x) < 1g

� C� 2
N � 1X

1

� 2
j +2 N � 2i � C� 2

1X

1

� 2
j :

The proof is completeby letting � ! 0.

Example 6: Let M be a completeRiemannian manifold, p a �xed point

in M . Denoteby � (x) the distancebetweenx and p, Br (x) the geodesicball

centered at x radius r , and Ricci(x) the Ricci curvature at x.

Assumption A:
Z 1

1

1
q

K (r )
dr = 1 : (4.9)

Here K is de�ned as follows:

K (r ) = �f inf
B r (p)

Ricci(x) ^ 0g:

Let X t (x) be a Brownian motion on M with X 0(x) = x. Consider the

�rst exit time of X t (x) from B1(x):

T = inf
t

f t � 0 : � (x; X t (x)) = 1g:

Then we have the following estimate on T from [43]:

If L(x) >
q

K (� (x) + 1), then

Pf T(x) �
c1

L(x)
g � e� c2L (x)

for all x 2 M . Here c1; c2 are positive constants independent of L.
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This can be rephrasedinto the form we are familiar with: when 0 � t <
c1p

K (� (x)+1)
,

Pf T(x) � tg � e� c1 c2
t :

But lim t ! 0
e�

c1c2
t

t2 = 0. So there is a � 0 > 0, such that: e� c1c2
t � t2, when

t < � 0. Thus:

Estimation on exit times: when t < c1p
K (� (x)+1)

^ � 0,

Pf T(x) < tg � t2: (4.10)

Let � n = 1p
K (3n+1)

^ � 0, then we alsohave the following :

1X

1

� n �
1X

1

1
q

K (3n + 1)
�

Z 1

1

1
q

K (3r )
dr = 1 : (4.11)

With this we may proceedto prove the following from [43]:

Corollary: [Hsu] A completeRiemannianmanifold M with Ricci curvature

satis�es assumptionA is stochastically completeand has the C0 property.

Pro of: There is a regular weak uniform cover as follows:

First take any p 2 M , and let K n = B3n (p). Take points pi such that

U0
i = B1(pi ) coversthe manifold. Let Ui = B2(pi ). Then f U0

i ; Ui g is a regular

weak uniform cover for M [ �.

Remark: Grigory�an has the following volume growth test on nonexplosion.

The Brownian motion doesnot explode on a manifold if

Z 1 r
Ln(Vol(BR ))

dr = 1 :

Here Vol(BR ) denotesthe volume of a geodesicball centered at a point p in

M . This result is strongerthan the corollary obtainedabove by the following

comparisontheoremon a n dimensionalmanifold: let ! n� 1 denotethe volume

of the n � 1 sphereof radius 1,
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Vol(BR ) � ! n� 1

Z R

0
f

vu
u
t (n � 1)

K (R)
Sinh(

vu
u
t K (R)

(n � 1)
r )g(n� 1) dr:

Notice K (R) is positive when R is su�cien tly big provided the Ricci curva-

ture is not nonnegative everywhere. So Grigory�an's result is stronger than

the oneobtained above.

The de�nition of weak uniform cover is especially suitable for the one

point compacti�cation. For generalcompacti�cation the following de�nition

exploresmore of the geometryof the manifold and givesbetter result:

De�nition 4.4.1 Let �M be a compacti�c ation of M , �x 2 @M . A di�usion

processFt is said to havea uniform cover at point �x, if there is a sequence

An of open neighbourhoodsof �x in �M and positive numbers � n and a constant

c > 0, suchthat:

1. The sequence of An is strictly decreasing, with \ An = �x, and An �

@An+1 .

2. The sequence of numbers � n is non-increasing with
P

� n = 1 and
P

n � 2
n < 1 .

3. When t < � n , and x 2 An � An+1 ,

Pf � A n � 1 (x) < tg � ct2:

Here � A n (x) denotesthe �rst exit time of Ft (x) from the set An .

Prop osition 4.4.2 If there is a uniform cover for �x 2 @M , then Ft (x)

convergesto �x continuously in probability as x ! �x uniformly in t in �nite

interval.
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Pro of: The existenceof f Ang will ensureF� A n (x) � An� 1, which allows us

to apply a similar argument as in the caseof the onepoint compacti�cation.

Here we denoteby � A the �rst exit time of the processFt (x) from a set A.

Let U be a neighbourhood of �x. For this U, by compactnessof �M , there

is a number m such that Am � U, since \ 1
k=1 Ak = �x. Let 0 < � < 1,

�� = ( �
c
P

k
� 2

k
)

1
2 . we may assume�� < 1. Choosep = p(� ) > 0 such that:

� m + � m+1 + : : : + � m+ p� 1 >
t
��
:

Let x 2 Am+ p+2 . Denoteby T0(x) the �rst exit time of Ft (x) from Am+ p+1 ,

T1(x) the �rst exit time of FT0 (x) from Am+ p wherede�ned. Similarly Ti ; i >

1 are de�ned.

Notice if Ti (x) < 1 , then FTi (x) 2 Am+ p� i � Am+ p+1 � i , for i = 0; 1; 2; : : :.

Thus for i > 0 there is the following inequality from the de�nition and the

Markov property:

Pf Ti (x) < ��� m+ p� i g � c�� 2� 2
m+ p� i :

Thereforewe have:

Pf � U (x) < tg � Pf � A m (x) < tg

60



� Pf Tp + : : : + T1 < t; Tp� 1 < 1g

�
pX

i =1

Pf Ti < ��� m+ p� i ; Ti � 1 < 1g

� c�� 2
pX

i =1

� 2
m+ p� i < �:

The proof is �nished.

4.5 Prop erties at in�nit y of semigroups

Recall a semigroupis said to have the C0 property, if it sendsC0(M ), the

spaceof continuous functions on M vanishing at in�nit y, to itself. Let �M

be a compacti�cation of M . Denote by � the point at in�nit y for the one

point compacti�cation. Corresponding to the C0 property of semigroupswe

considerthe following C� property for �M :

De�nition 4.5.1 A semigroup Pt is said to have the C� property for �M ,

if for each continuous function f on �M , the following holds: let f xng be a

sequence converging to �x in @M , then

lim
n!1

Pt f (xn ) = f ( �x); (4.12)

To justify the de�nition, we notice if �M is the onepoint compacti�cation,

condition C� will imply the C0 property of the semigroup. On the other

hand if Pt has the C0 property, it has the C� property for M [ � assuming

nonexplosion. This is observed by subtracting a constant function from a

continuousfunction f on M [ �: Let g(x) = f (x) � f (�), then g 2 C0(M ).

SoPtg(x) = Pt f (x) � f (�). Thus

lim
n!1

Pt f (xn ) = lim
n!1

Ptg(xn) + f (�) = f (�) ;

if limn!1 xn = �.
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In fact the C� property holds for the one point compacti�cation if and

only if there is no explosionand the C0 property holds. These properties

are often possessedby processes,e.g. a Brownian motion on a Riemannian

manifold with Ricci curvature which satis�es ( 4.9) has this property.

Beforeproving this claim, we observe �rst that:

Lemma 4.5.1 If Pt hasthe C� property for any compacti�c ation �M , it must

havethe C� property for the one point compacti�c ation.

Pro of: Let f 2 C(M [ �). De�ne a map � from �M to M [ �: � (x) = x on

the interior of M , and � (x) = �, if x belongsto the boundary. Then � is a

continuousmap from �M to M [ �, sincefor any compactset K , the inverse

set �M � K = � � 1(M [ � � K ) is open in �M .

Let g be the composition map of f with � : g = f � � : �M ! R. Thus

g(x)jM = f (x)jM , and g(x)j@M = f (�). So for a sequencef xng converging

to �x 2 @M , limn Pt f (xn ) = limn Ptg(xn ) = g( �x) = f (�).

We are ready to prove the following theorem:

Theorem 4.5.2 If a semigroup Pt hasthe C� property, the associated di�u-

sion processFt is complete.

Pro of: We may assumethe compacti�cation under considerationis the one

point compacti�cation from the the lemma above. Take f � 1, Pt f (x) =

Pf t < � (x)g. But Pf t < � (x)g ! 1 as x ! � from the assumption. More

precisely for any � > 0, there is a compact set K � such that if x 62K � ,

Pf t < � (x)g > 1 � � .

Let K be a compactset containing K � . Denoteby � the �rst exit time of

Ft (x) from K . So F� (x) 62K � on the set f � < 1g . Thus:

Pf t < � (x)g � Pf � < 1 ; t < � (F� (x))g + Pf � = 1g

= Ef � � < 1 Ef � t<� (F � (x)) jF � gg+ Pf � = 1g :
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Here � A denotesthe characteristic function of set A. Applying the strong

Markov property of the di�usion we have:

Ef � � < 1 Ef � t<� (F � (x)) jF � gg = Ef � � < 1 Ef t < � (y)jF� = ygg:

However

Ef � t<� (y) jF� = yg > 1 � �;

So

Pf t < � (x)g � Pf � = 1g + Ef � � < 1 (1 � � )g

= 1 � �P f � < 1g :

ThereforePf t < � (x)g = 1, since� is arbitrary.

In the following we examinethe the relation betweenthe behaviour at 1

of a di�usion processand the di�usion semigroup.

Theorem 4.5.3 The semigroup Pt has the C� property if and only if the

di�usion processFt is completeand can be extended to �M continuously in

probability with Ft (x)j@M = x.

Pro of: Assume Ft is complete and extends. Take a point �x 2 �M , and

sequencef xng converging to �x. Thus

lim
n!1

Pt f (xn ) = lim
n!1

Ef (Ft (xn )) = Ef ( �x) = f ( �x)

for any continuous function on �M , by the dominated convergencetheorem.

On the other hand Pt does not have the C� property if the assumption

above is not true. In fact let xn be a sequenceconverging to �x , such that

for someneighbourhood U of �x, and a number � > 0:

lim
n!1

Pf Ft (xn ) 62Ug = � :

There is thereforea subsequencef xn i g such that:

lim
i !1

Pf Ft (xn i ) 62Ug = � :
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Thus there exists N > 0, such that if i > N :

Pf Ft (xn i ) 2 �M � Ug >
�
2

:

But since �M is a compact Hausdor� space,there is a continuous function f

from M to [0; 1] such that f j �M � U = 1, and f jG = 0, for any open set G in U.

Therefore

Pt f (xn ) = Ef (Ft (xn ))

�
Z

f ! :F t (xn )2 �M � Ug
f (Ft (xn )) P(d! )

= Pf Ft (xn ) 2 �M � Ug >
�
2

:

So lim Pt f (xn ) 6= f ( �x) = 0:

As is known, a 
o w consisting of di�eomorphisms has the C0 property.

But this is , in general,not true for the C� property. Seeexample4.

Corollary 4.5.4 Assume the di�usion process Ft admits a weak uniform

cover regular for M [ � , then its di�usion semigroup pt hasthe C� property.

The sameis true for a general compacti�c ation if all � n in the weak uniform

cover can be taken equal.

Example 7:[21] Let M be a completeconnectedRiemannianmanifold with

Ricci curvature boundedfrom below. Let �M be a compacti�cation such that

the ball convergencecriterion holds (ref. section 1). In particular the over

determined equation ( 4.1)-( 4.3) is solvable for any continuous function f

on �M if the ball convergencecriterion holds.

Pro of: We keepthe notation of example6. Let K = �f inf x Ricci(x) ^ 0g,

� = c1
k , wherec1 is the constant in example6. Let p 2 M be a �xed point,

and K n = B3n (p) be compact sets in M . Take points f pi g in M such that

f B1(pi )g cover the manifold. Then f B1(pi ); B2(pi )g is a weak uniform cover

from (4.10)and (4.11). Moreover this is a regularcover if the ball convergence

criterion holds for the compacti�cation.
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Chapter 5

On the existence of 
o ws:

strong completeness

5.1 In tro duction

A stochastic dynamical system(X ; A) is said to be completeif its explosion

time � (x) is in�nite almost surely for each x in M . It is called strongly

completeif there is a version of the solution which is jointly continuous in

time and spacefor all time. In this casethe solution is called a continuous


ow . Examplesof s.d.s. which are completebut not strongly completecan

be found in [31], [47], and [52].

The known resultson the existenceof a continuous
o w are concentrated

on Rn and compact manifolds. On Rn results are given (for It ô equations)

in terms of global Lipschitz or similar conditions. SeeBlagovescenskiiand

Friedlin [9]. The problemsconcerningthe di�eomorphism property of 
o ws

have beendiscussedby e.g. Kunita [51], Carverhill and Elworthy [10]. See

Taniguchi [65] for discussionson the strong completenessof a stochastic

dynamical systemon an open set of Rn . For discussionsof higher derivatives

of solution 
o ws on Rn , seeKrylov [50] and Norris [58].
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On a compact manifold, a stochastic di�erential equation with C2 coef-

�cients is strongly complete. In fact the solution 
o w is almost as smooth

as the coe�cien ts of the stochastic di�erential equation. More preciselythe

solution 
o w is Cr � 1 if the coe�cien ts are Cr . Moreover the 
o w consists

of di�eomorphisms. SeeKunita [51], Elworthy [30], and Carverhill and El-

worthy [10]. For discussionsin the framework of di�eomorphism groupssee

Baxendale[6] and Elworthy [31].

In generalwe know very little about strong completeness.Our aim is to

prove strong completenessgiven nonexplosionand certain regularity proper-

ties of the solution.

To beginwith wequote the following theoremon the existenceof a partial


ow from [31] (�rst proved in [51], extendedlater in [31], and [10]):

Theorem 5.1.1 [31] SupposeX , and A are C r , for r � 2. Then there is

a partial ly de�ned 
ow (Ft (�); � (�)) which is a maximal solution to (1:1) such

that if

M t (! ) = f x 2 M ; t < � (x; ! )g;

then there is a set 
 0 of full measure suchthat for all ! 2 
 0:

1. M t (! ) is open in M for each t > 0, i.e. � (�; ! ) is lower semicontinuous.

2. Ft (�; ! ) : M t (! ) ! M is in Cr � 1 and is a di�e omorphism onto an

open subsetof M . Moreover the map : t 7! Ft (�; ! ) is continuous into

Cr � 1(M t (! )) , with the topology of uniform convergence on compacta of

the �rst r-1 derivatives.

3. Let K be a compact set and � K = inf x2 K � (x). Then

lim
t% � K (! )

sup
x2 K

d(x0; Ft (x)) = 1 (5.1)
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almost surely on the set f � K < 1g . (Here x0 is a �xed point of M and

d is any completemetric on M .)

Remark: (1). For each compactset K , � K > 0 almost surely. This is easily

seenfrom � (x) > 0 a.s. for each x and the fact that a lower semicontinuous

function on a compactset is boundedfrom below and assumesits minimum.

(2). As pointed out in [32], if there are two partial 
o ws (F 1
t ; � 1), and

(F 2
t ; � 2) which satisfy conditions 1-3 of theorem 5:1:1 for the C0 topology,

then we have uniqueness: for all x, � 1(x) = � 2(x) almost surely. Conse-

quently inf x2 M � 1 = inf x2 M � 2 almostly surely, and for each compact set K ,

� K
1 = � K

2 almost surely. In particular if we have a version of the solution

which is jointly continuous, then we actually have a version smooth in the

Cr � 1 topology by part 3 of the theoremabove.

From the theorem we seethat starting from a compact set, the solution

can be chosen to be continuous until part of it explodes. This and the

following example suggeststhat strong completenessis a very demanding

property, and there is a rich layer betweenbeingcompleteand beingstrongly

complete.

Example: [30], [31] Let X (x)(e) = e, and A = 0. Consider the following

stochastic di�erential equationdxt = dBt on Rn -f 0g for n > 1. The solution

is: Ft (x) = x + B t , which is complete since for a �xed starting point x,

Ft (x) almost surely never hits 0 . But it is not strongly complete. However

for any n-2 dimensionalhyperplane (or a submanifold) H in the manifold,

inf x2 H � (x; ! ) = 1 a.s., sincea Brownian motion does not charge a set of

codimension 2. To get an example on a complete metric space,apply the

inversionmap z 7! 1
z in complexform as in [10]. The resulting systemon R2

is (X̂ ; B ) where

X̂ (x; y) =

2

4
y2 � x2 2xy

� 2xy y2 � x2

3

5 :
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The corresponding solution is in fact (in complex notation): z
1+ zB t

. We'll

continue this exampleon page 75.

This leadsto the following de�nition suggestedto me by D. Elworthy:

De�nition 5.1.1 A stochastic dynamical system on a manifold is called

strongly p-completeif � K = 1 a.s. for every K 2 Sp.

HereSp is the spaceof imagesof all smooth (smooth in the senseof extending

over an openneighborhood) singularp-simplices.Recalla singular p-simplex

in M is a map from the standard p-simplex to M . For conveniencewe also

usethe term singular p-simplex for the imageof a singular p-simplex map.

The example above on Rn -f 0g (for n > 2) gives us a s.d.s. which is

strongly n-2 complete, but not strongly (n-1)-complete. It is strongly (n-

2)-completesincea singular (n-2)-simplexhas�nite Hausdor� (n-2) measure

and is thusnot chargedby Brownian motion. It is not strongly (n-1) complete

from proposition 5.2.3on page 71.

Of all these "completeness" notions, we are particularly interested in

strong 1-completeness,which helps us to get a result on d(Pt f ) = (� Pt )f

(seepage 92) and is used to get a homotopy vanishing result in theorem

7:3:2 replacingthe obvious requirement of strong completeness.It turns out

on most occasions,we only needstrong 1-completenessand this follows from

natural assumptions.

Oncewe get strong completeness,naturally we would like to know when

does the 
o w consist of di�e omorphisms, i.e. there is a version of the 
o w

such that except for a set of probability zero, Ft (�; ! ) is a di�eomorphism

from M to M for each t and ! . This is basically the "onto" property of the


o w, since the 
o w is always injective as showed in [52] and by part 2 of

theorem 5.1.1. We will discussthis at the end of the next section.
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Note: Results in this chapter remain true when (1.1) is changedto a time

dependent equations.

5.2 Main Results

If not speci�ed, by (Ft ; � ) we meanthe partial 
o w de�ned in theorem 5:1:1.

Prop osition 5.2.1 If the stochastic di�er ential equation considered is

strongly p-complete,then � N = 1 a.s. for any p dimensionalsubmanifoldN

of M .

Pro of: Let N be a p dimensionalsubmanifold. Sinceall smooth di�erential

manifolds have a smooth triangulation [55], we can write: N = [ Vi . Here

Vi are smooth singular p-simplexes. But � Vi = 1 a.s. for each i from the

assumption. Thus F�(�)jVi is continuous a.s. and thus so is F jN itself. Thus

� N = 1 a.s. from remark 2 on page 68.

Note if p equalsthe dimensionof M , p-completenessgivesback the usual

de�nition of strong completeness,i.e. the partial 
o w de�ned in theorem

5.1.1 satis�es inf x2 M � (x) = 1 almost surely as showed above. Seealso

remark 2 after theorem 5:1:1. In this casewe will continue to use strong

completenessfor strong n-completeness.

Weneedthe following cocycleproperty from [31] for the next proposition:

For almost all ! , for all s > 0, t > 0,

Ft+ s(x; ! ) = Ft (Fs(x; ! ); � s(! )) : (5.2)

Note that the exceptionalset for (5.2) can be taken independent of s and t,

accordingto a recent survey by L. Arnold (manuscript). However we do not

needthis re�nement here.
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Prop osition 5.2.2 Let � = inf x2 M � (x). If there is a number � > 0 such

that: Pf � � � g = 1, then � = 1 almost surely.

Pro of: There is no explosionby corollary 4.2.5. Let 
 0 be the set of !

such that if ! 62
 0, then (t; x) 7! Ft (x; ! ) is continuous on [0; � ] � M .

Consider F�(�; � � (! )) which is continuous on [0; � ] � M if � � (! ) 62
 0. Let


 1 = 
 0 [ f ! : � � (! ) 2 
 0g. Thus � � 2� for ! 62
 1 and 
 1 has measure

zero. Inductively we get � = 1 almostly surely.

The following proof was suggestedto me by D. Elworthy, improving an

earlier result proved in more restrictive situation:

Prop osition 5.2.3 A stochastic dynamical systemon a n-dimensional

manifold is strongly completeif strongly (n-1)-complete.

Pro of: Sincestrong n-completenessholds for compact manifolds, we shall

assumeM is not compact. Let B be a geodesicball centered at somepoint

p in M with radius smaller than the injectivit y radius at p. SinceM can be

coveredby a countable number of such balls, we only needto prove � B = 1

almost surely.

Let B be such a ball. It clearly divides M into two parts, one bounded

and the other unbounded. Write M � @B = K 0 [ N0. Here K 0 is the

bounded piece. Fix T > 0. By the ambient isotopy theorem there is a

di�eomorphism from [0; T] � M to [0; T] � M given by: (t; x) 7! (t; ht (x))

for ht somedi�eomorphism from M to its image,and satisfying:

ht j@B = Ft j@B :

Set K t = ht (K 0), N t = ht (N0). Then

M = K t [ Ft (@B) [ ht (N0);
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and

Ft (
�
B) � K t (5.3)

on f ! : t < � B (! )g.

Now

[ 0� t � T
�K t = Proj 1

h
H ( �K 0 � [0; T])

i
;

here Proj1 denotesthe projection to M . Thus [ 0� t � T
�K t is compact. By

( 5:3), Ft (B ) = Ft (K 0) [ Ft (@B), for 0 � t � T ^ � B , stays in a compact

region. So � B � T almost surely from part 3 of theorem 5.1.1.

Take a sequenceof nestedrelatively compactopen setsf Ui g such that it

is a cover for M and �Ui � Ui +1 . Let � i be a standard smooth cut o� function

such that:

� i =

8
<

:

1 x 2 Ui +1

0; x 62Ui +2 :

Let X i = � i X , A i = � i A, and F i
� the solution 
o w to the s.d.s. (X i ; A i ).

Then F i can be taken smooth sinceboth X i and A i have compact support.

Let Si (x) be the �rst exit time of F i
t (x) from �Ui and SK

i = inf x2 K Si (x) for

a compact set K . Thus SK
i is a stopping time. Furthermore F i

t (x) = Ft (x)

beforeSK
i .

Clearly SK
i � � K , and in fact lim i !1 SK

i = � K as proved in [10].

Let

K 1
1 = f Image(� )j� : [0; `] ! M is C1, ` < 1 g:

Theorem 5.2.4 Let M be a completeconnected Riemannian manifold. Sup-

pose all the coe�cients of the stochastic di�er ential equation are C2, and

assumethere is a point �x 2 M with � ( �x) = 1 almost surely. Then we have

� H = 1 for all H 2 K 1
1 , if
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lim
j !1

sup
x2 K

E
�
jTxFSK

j
j� SK

j <t

�
< 1 (5.4)

for every compact set K 2 K 1
1 and each t > 0. In particular when ( 5:4)

holds we havestrong 1-completeness,and strong completenessif dimension

of M is lessor equal to 2.

pro of: Let y0 2 M . We shall show � (y0) = 1 . Take a piecewiseC1 curve

� 0 connecting the two points �x and y0. Supposeit is parametrized by arc

length � 0: [0; `0] ! M with � 0(0) = �x.

Denote by K 0 the image set of the curve. Let K t = f Ft (x) : x 2 K 0g,

and � t = Ft � � 0. Then on f ! : t < � K 0 (! )g, � t (! ) is a piecewiseC1 curve.

Denoteby `(� t ) the length of � t .

Let T be a stopping time such that T < � K 0 , then:

`(� T (! ) (! )) �
Z `0

0
j

d
ds

�
FT (! ) (� (s); ! )

�
j ds

�
Z `0

0
jT� (s)FT (! ) j ds:

Thus for each t > 0:

E`(� T )� T <t �
Z `0

0
E(� T <t jT� (s)FT j) ds (5.5)

� `0 sup
x2 K 0

E (jTxFT j� T <t ) : (5.6)

Assume� K 0 < 1 . Take T0 with Pf � K 0 < T0g > 0. Now [ 0� t � T0 Ft ( �x; ! ) is a

boundedset a.s. sinceFt ( �x) is samplecontinuous in t and � ( �x) = 1 . Thus

there is R(! ) < 1 a.s. such that:

sup
0� t � T0

d(Ft ( �x; ! ); �x) � R(! ) < 1 : (5.7)
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But by theorem 5:1:1, almostly surely on f � K 0 < 1g

lim
t% � K 0

sup
x2 K 0

d(�x; Ft (x; ! )) = 1 : (5.8)

Soby the triangle inequality we get:

sup
x2 K 0

d(Ft (x; ! ); Ft ( �x; ! )) � sup
x2 K 0

d(Ft (x; ! ); �x) � d ( �x; Ft ( �x; ! )) :

Combining (5:7) with (5:8), we get, almostly surely on f ! : � K 0 < T0g:

lim
t% � K 0

sup
x2 K 0

d(Ft (x; ! ); Ft ( �x; ! ))

� lim
t% � K 0

sup
x2 K 0

d(Ft (x; ! ); �x) � sup
0� t � T0

d( �x; Ft ( �x; ! ))

= 1 :

Thereforelim t% � K 0 ` (� t (! )) = 1 almostly surely on f � K 0 < T0g.

Let Tj =: SK 0
j bethe stoppingtimesde�ned immediately beforethis theorem,

which convergeto � K 0 . Then there is a subsequenceof f Tj g, still denoteby

f Tj g, such that:

lim
j !1

`(� Tj )� � K 0 <T 0
= 1 ;

Thus

E lim
j !1

`(� Tj )� � K 0 <T 0
= 1 :

However from equation ( 5.6) and our hypothesis( 5:4) , we have:

lim
j !1

E`(� Tj (! )(! )) � � K 0 <T 0
� `0 lim

j !1
sup
x2 K 0

EjTxFTj j� Tj <T 0 < 1
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sinceTj < � K 0 almost surely. Applying Fatou's lemma, we have:

E lim
j !1

`(� Tj )� � K 0 <T 0
� lim

j %1
E`(� Tj )� � K 0 <T 0

< 1 :

This gives a contradiction. Thus � K 0 = 1 . In particular � (y) = 1 for all

y 2 M .

Next takeK 2 K 1
1 . ReplacingK 0 by K in the proof aboveweget � K = 1 :

This is becausein the proof above we only usedthe fact that there is a point

�x in K 0 with � ( �x) = 1 and jTFt j satis�es (5:4).

To seestrong 1-completeness,just notice the set of smooth singular 1-

simplexesS1 is contained in K 1
1 . The proof is �nished.

Remark:

(1). We only needinequality 5:4 to hold for onesequenceof exhausting

opensetsf Uj g. In particular they may be di�erent for di�erent compactsets

K .

(2). The secondinequality holds if we assume:

sup
x2 K

E

 

sup
s� t

jTxFsj� s<� (x)

!

< 1

for each number t and compactset K . However we keepthe inequality with

stopping times since it is sometimeseasier to calculate from the original

stochastic di�erential equation, and gives sharper result as will be shown

later in the examples.Seelemma 5.3.4on page 84.

(3). The requirement on the connectnesscan be removed by assuming

that the s.d.e. is completeat onepoint of each component of the manifold.

Example: (1). The requirement for the manifold to be complete is nec-

essary. e.g. the exampleon R2 � f 0g on page 68 satis�es equation (5.4)
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but is not strongly complete (seealso the exampleon page 120). In fact

the transformed 
o w Ft (z) = z
1+ zB t

on R2 by inverting doesnot satisfy the

condition of the theorem on its derivative and it is not strongly 1-complete.

(2). Theorem 5.2.4doesnot work with equation (5.4) replacedby

supx EjTxFt j < 1 . This can be seenby using the above exampleon M =

R2 � f 0g but with the following Riemannianmetric:

jvj~=
jvj
jxj

; v 2 TxM ;

sincethe metric is completeand for each compactset K ,

sup
x2 K

EjTxFt j~= sup
x2 K

E
1

jx + B t j
< 1 :

We say a s.d.e. is completeat one point if there is a point x0 in M with

� (x0) = 1 . From the theorem we have the following corollary, which is

known for elliptic di�usions.

Corollary 5.2.5 A stochastic di�er ential equation with C2 coe�cients and

satisfying hypothesis(5:4) in theorem 5:2:4 is complete if it is completeat

one point.

With strong 1-completenesswe may apply the following Kolmogorov's

criterion on regularity [31] to get strong p-completeness:

Kolmogoro v's criterion: Let M be a completeRiemannianmanifold with

d(; ) denoting the distancebetweentwo points. Let F be a set of M -valued

random variablesindexedby [0; 1]p for which there exist positive numbers 
 ,

c, and � such that:

Ed(F (s1); F (s2)) 
 � cjs1 � s2jp+ �
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hods for all s1; s2 in [0; 1]p. Then there is a modi�cation ~F of F such that

the paths of ~F are continuous. Here js1 � s2j is the distancebetweenthese

two points (induced from Rp).

There is a corresponding result for pathwise continuous stochastic pro-

cessesf Ft (�); t � 0g parametrized by [0; 1]p. There is a version which is

jointly continuous in t and x on [0; T] � [0; 1]p for each T, if the following is

satis�ed:

E sup
s� t

d(Fs(s1); Fs(s2)) 
 � cjs1 � s2jp+ �

for all s1; s2 in [0; 1]p. This comesnaturally by letting N = C([0; T]; M ) with

the following metric: �d(f ; g) = sup0� s� T d(f (s); g(s)).

Recall a map � : [0; 1]p ! M is called Lipschitz continuous if there is a

constant c such that:

d (� (s); � (t)) � cjs � tj (5.9)

for all s, t in [0; 1]p.

Denote by Lp the spaceof all the imagesetsof such a Lipschitz map. This

spacecontains K p.

Theorem 5.2.6 Let M be a completeconnected Riemannianmanifold. Con-

sider a s.d.e. which is completeat one point and with C2 coe�cients. Let

1 � d � n. Then we have � K = 1 for each K 2 L d if for each positive

number t and compact set K there is a number � > 0 suchthat:

sup
x2 K

E

 

sup
s� t

jTxFsjd+ � � s<�

!

< 1 :

In particular this implies strong d-completeness.
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Pro of: Let � be a Lipschitz map from [0; 1]d to M with imageset K . Take

a compactset K̂ with the following property: for any two points of K , there

is a piecewiseC1 curve lying in K̂ connectingthem.

For example the set ~K can be taken in the following way: Let � be a

minimum length curve in M connectingtwo points of K ; its length will be

smaller or equal to dia(K ). Let K̂ be the closureof the union of the image

setsof such curves.

Let x = � (s) and y = � (t) be two points from K . Let � be a piecewise

C1 curve in K̂ connectingthem. Denoteby H � the imageset of � and ` its

length. By proposition 5:2:4, � H � = 1 . Thus for any T0 > 0 we have:

E sup
t � T0

[d (Ft (x); Ft (y))]d+ � � E

 Z `

0
sup
t � T0

jT� (s)Ft j ds

! d+ �

� `d+ � � 1E
Z `

0

 

sup
t � T0

jT� (s)Ft jd+ �

!

ds

� `d+ � sup
x2 K̂

 

E sup
t � T0

jTxFt jd+ �

!

:

Taking in�m um over a sequenceof such curveswhich minimizing the distance

betweenx and y we get:

E

 

sup
t � T0

d(Ft (x); Ft (y))d+ �

!

� d(x; y)d+ � sup
x2 K̂

E

 

sup
t � T0

jTxFt jd+ �

!

:

The Lipschitz property of the map � gives

E

 

sup
t � T0

d(Ft (� (s); Ft (� (t))) d+ �

!

� cjs � t jd+ � sup
x2 K̂

E

 

sup
t � T0

jTxFt jd+ �

!

:

Thus we have a modi�cation of ~F�(� (� )) of F�(� (� )) which is jointly con-

tinuous from [0; T0] � [0; 1]d ! M , accordingto the Kolmogorov's criterion.

So for a �xed point x0 in M :
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sup
t2 [0;T0 ]

sup
s2 [0;1]d

d(Ft (� (s); ! ); x0) < 1 :

On the other hand on f � K < 1g ,

lim
t% � K

sup
x2 K

d(Ft (x; ! ); x0) = 1

almost surely. This give a contradiction. So � K = 1 for all K 2 Ld.

Notice every singular d-simplex has a representation of a Lipschitz map

from the cube [0; 1]d to M (by squashingonehalf of the cube to the diagonal).

This givesthe required strong p-completeness.

This theoremis usedin section7.3 to get a cohomologyvanishing result.

Flo ws of di�eomorphisms

To look at the di�eomorphism property, we �rst quote the following the-

orem (�rst proved by Kunita) from [10]:

Let M = Rn . Assumeboth X andA areC2. If the s.d.s. is strongly complete,

then it has a 
o w which is surjective for each T > 0 with probability one if

and only if the adjoint system:

dyt = X (yt ) � dBt � A(yt )dt (5.10)

is strongly complete.

For a manifold this works equally well sinceequation (5.10) doesgive the

inversemapup to distribution. Thusif both equations(1.1) and (5.10)satisfy

the conditions of the theorem for strong completeness,the solution 
o w Ft

consistsof di�eomorphisms. When there is a uniform cover for (X ; A), there

is no explosionfor both (1:1) and (5:10) . In this case,the solution consists

of di�eomorphisms if for K compact:
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sup
x2 K

E sup
s� t

�

jTxFsjn� 1+ � +
�
jTF � 1

s (x)Fsj � 1
� n� 1+ �

�

< 1 ;

sinceboth (1.1) and (5.10) are strongly completeby theorem5.2.6.

5.3 Applications

In this sectionwe look at the stochastic di�erential equation to seewhen

the conditions for the theoremsabove are ful�lled.

As before let M be a Riemannian manifold. Let x0 2 M , v0 2 Tx0 M .

Noticing jvt j is almost surely nonzero for all t, [52], we have the following

formula for the pth power of the norm of vt from [26] for all p:

jvt jp = jv0jp + p
P m

i=1

Rt
0 jvsjp� 2 < r X i (vs); vs > dB i

s

+ p
Rt

0 jvsjp� 2 < r A(vs); vs > ds

+ p
2

P m
1

Rt
0 jvsjp� 2 < r 2X i (X i ; vs); vs > ds

+ p
2

P m
1

Rt
0 jvsjp� 2 < r X i (r X i (vs)) ; vs > ds

+ p
2

P m
1

Rt
0 jvsjp� 2 < r X i (vs); r X i (vs) > ds

+ 1
2p(p � 2)

P m
1

Rt
0 jvsjp� 4 < r X i (vs); vs > 2 ds:

(5.11)

on f t < � g. Let v 2 TxM . De�ne Hp(v; v) as follows:

Hp(v; v) = 2 < r A(x)(v); v > +
P m

i=1 < r 2X i (X i ; v); v >

+
P m

1 < r X i (r X i (v)) ; v > +
P m

1 < r X i (v); r X i (v) >

+( p � 2)
P m

1
1

jvj2 < r X i (v); v > 2 :

Let � be a stopping time, then

jvt^ � jp = jv0jp + p
P m

i=1

Rt^ �
0 jvsjp� 2 < r X i (vs); vs > dB i

s

+ p
2

Rt^ �
0 jvsjp� 2Hp(vs; vs)ds:

(5.12)
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This gives:

jvt^ � j2p � 2jv0j2p + 4p2

" mX

1

Z t^ �

0
jvsjp� 2 < r X i (vs); vs > dB i

s

#2

+4p2
� Z t^ �

0
jvsjp� 2Hp(vs; vs)ds

� 2

� 2jv0j2p + 4p22m� 1
mX

1

� Z t^ �

0
jvsjp� 2 < r X i (vs); vs > dB i

s

� 2

+4p2
� Z t^ �

0
jvsjp� 2Hp(vs; vs)ds

� 2

:

Let T be a positive number, then:

E supt � T jvt^ � j2p � 2jv0j2p

+2m+1 p2 P m
1 E supt � T

hRt^ �
0 jvsjp� 2 < r X i (vs); vs > dB i

s

i 2

+4p2E supt � T

hRt^ �
0 jvsjp� 2Hp(vs; vs)ds

i 2
:

Applying Burkholder-Davies-Gundy inequality and H•older's inequality we

get:

E sup
t � T

jvt^ � j2p � 2jv0j2p + 4Tp2E
Z T

0
� s� � jvsj2p� 4H 2

p (vs; vs)ds

+2m+1 mp2c0E
Z T

0
� s� � jvsj2p� 4 < r X i (vs); vs > 2 ds:

Here c0 is the constant in Burkholder's inequality.

Let U be a relatively compact open set. Denote by � (x) the �rst exit

time of Ft (x) from U. For simplicity we write � instead of � (x0).

SinceX and A are C2, there is a constant c such that: jr X i (xs)j2 < c

and jHp(v; v)j < cjvj2 on the set f s � � (x0)g. Let kp = 4(cp)2(T + 2m� 1mc0),

we have:
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E sup
t � T

jvt^ � j2p � 2jv0j2p + 2m+1 mp2c0E
Z T

0
c2jvsj2p� s� � ds

+4Tp2E
Z T

0
c2jvsj2p� s� � ds

= 2jv0j2p + kpE
Z T

0
jvsj2p� s� � ds

� 2jv0j2p + kpE
Z T

0
E

 

sup
u� s

jvu j2p� u� �

!

ds

� 2jv0j2p + kpE
Z T

0
E

 

sup
u� s

jvu^ � j2p� u� �

!

ds

� 2jv0j2p + kpE
Z T

0
E

 

sup
u� s

jvu^ � j2p

!

ds:

By Gronwall's lemma:

E sup
t � T

jvt^ � j2p � 2jv0j2pekp T :

On the other hand, taking an orthornormal basisf ei gn
1 of Tx0M , we have:

E

 

sup
t � T

jTx0Ft^ � j2p

!

� c
nX

1

E

 

sup
t � T

jTx0 Ft^ � (ei )j2p

!

� cekp T :

Here c denotessomeconstant depending only on p and n. Thus we arrived

at the following useful lemma, which is fairly well known.

Lemma 5.3.1 (1). For each relatively compact open set U, there is a con-

stant c depending only on the bounds of the coe�cients of the stochastic

di�er ential equation on U suchthat for all p:

E sup
s� t

jTxFs^ � (x) j2p � 2c1ecp2 t : (5.13)

Here c1 is a constant dependson n = dim(M ).
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(2). Assumeboth jr X j and jHpj are bounded. By the latter we mean

jHp(v; v)j � kjvj2 for someconstant k and all v 2 TxM . Then

sup
x2 M

E

 

sup
s� t

jTxFs^ � j

! 2p

� 2c1ecp2 t (5.14)

for all p. Here c is a constant and c1 depends only on n = dim(M ). In

particular this is the caseif X , r X , r 2X , and r A are all bounded.

For the proof of ( 5:14), let � = � Un in the above calculation, for f Ung

a sequenceof nestedrelatively compact open set exhaustingM . Then take

the limit.

As a corollary, we have the following result on strong completeness:

Corollary 5.3.2 Let M be a completeconnected Riemannian manifold. As-

sumejr X j is bounded and there is a constant k suchthat jH 1(v; v)j < kjvj2.

Then the s.d.s. is strongly completeif completefor one point. Note the last

condition is satis�ed if jX j + jr X j + jr 2X j + jr Aj is bounded.

Note we do not useany sort of nondegeneracyin the above corollary.

Let M = Rn . Assumethe s.d.e. is given in It ô form. We have as a

corollary the following known result:

Corollary 5.3.3 A stochastic di�er ential equation on Rn (in It ô form ) is

strongly completeif all coe�cients are C2 and globally Lipschitz continuous.

Pro of: First we have completenessas is well known. Write:

dxt = X (xt )dBt + A(xt )dt

= X (xt ) � dBt + �A(xt )dt:

83



Here �A = A � 1
2

P m
1 r X i (X i ). So

r �A = r A �
1
2

mX

1

r 2X i (v; X i ) �
1
2

mX

1

r X i (r X i (v)) :

Note alsoon Rn : r 2X i (X i ; v) = r 2X i (v; X i ) on Rn . Substituting these

in equation 5:12 the secondderivativesof X i disappear. Thus

Hp(v; v) = 2 < r A(v); v > +
P m

1 < r X i (v); r X i (v) >

+( p � 2)
P m

1
1

jvj2 < r X i (v); v > 2 :

So the boundednessof r X and r A give us strong completeness.

Lemma 5.3.4 Let f Uj g be a sequence of relatively compact open sets ex-

haustingM , and SK
j the stoppingtimes de�ned before theorem 5:2:4 on page

72. Here K is a compact set.

AssumeHp(v; v) � kjvj2 for someconstant k. Then for all j

sup
M

E(Tx Ft^ SK
j

jp) � e
p
2 kt : (5.15)

Pro of: First we have: E sups� t jTFs^ SK
j

j2p < 1 for x 2 K by a similar

proof as for ( 5:13). So from (5:12) on page 80, we obtain:

E jvt^ SK
j

jp = jv0jp +
p
2

E
Z t^ SK

j

0
jvsjp� 2Hp(vs; vs) ds;

sincethe martingale part disappears. Thus, just as before, there is the fol-

lowing estimate:

E jTxFt^ SK
j

jp � e
p
2 kt

from Hp(v; v) � kjvj2 and Gronwall's lemma.

Remark: In fact (5:15) holds if SK
j is replacedby Sj (x). Here Sj (x) is the

�rst exit time of Ft (x) from Uj .
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From the proof, we have the following corollary of theorem 5.2.4:

Corollary 5.3.5 A s.d.e. is strongly1-completeif it is completeat onepoint

and satis�es:

H1(v; v) � kjvj2:

Here k is a constant.

The case of Bro wnian system

Next we considerspecial cases. First we assumethe s.d.s. consideredis a

Brownian motion with drift Z . Then Z = 1
2

P m
1 r X i (X i ) + A, and

r Z (v) =
1
2

mX

1

r 2X i (v; X i ) +
1
2

mX

1

r X i
�
r X i (v)

�
+ r A(v):

On the other hand,

D
r 2X i (X i ; v); v

E
�

D
r 2X i (v; X i ); v

E
=

D
R(X i ; v)(X i ); v

E

= � Ric(v; v):

Here R is the curvature tensor and Ric is the Ricci curvature. Thus:

Hp(v; v) = 2 < r Z (x)(v); v > � Ricx (v; v) +
P m

1 jr X i (v)j2

+( p � 2)
P m

1
1

jvj2 < r X i (v); v > 2 :
(5.16)

And thereforewe have the following theorem:

Theorem 5.3.6 Assumethe s.d.s. is a Brownian motion with gradient drift

r h. Then if 1
2Ric � Hess(h) is bounded from below with jr X j bounded the

Brownian motion is strongly complete. Here Hess(h) = r 2h.
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pro of: By a result in [5], we have completenessif 1
2 Ricc-Hess(h)is bounded

from below. The strong completenessfollows from theorem 5.2.6and lemma

5.3.1.

In the above theorem,the s.d.s. may bea Brownian motion with a general

drift if we know the system does not explode a priori. The nonexplosion

problem is discussedin chapter 4 and chapter 7.

The case of gradien t Bro wnian system

Next we considergradient Brownian motion asin the introduction and follow

the ideasof [28]. Let � x be the spaceof normal vectors to M at x. There is

the secondfundamental form:

� x : TxM � TxM ! � x

and the shape operator:

Ax : TxM � � x ! TxM

related by h� x (v1; v2); wi = hAx (v1; w); v2i . If Z (x) : Rm ! � x is the orthog-

onal projection, then

r X i (v) = Ax (v; Z (x)ei )

as showed in [31] and [25].

Let f 1; : : : f n be an o.n.b. for TxM . Consider � x (v; �) as a linear map

from TxM to � x . Denote by j� x (v; �)jH ;S the corresponding Hilbert Schmidt

norm, and j � j � x the norm of a vector in � x . Accordingly we have:

mX

1

D
r X i (v); r X i (v)

E
=

mX

i =1

nX

j =1

hAx (v; Z (x)ei ); f j i
2
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=
mX

i =1

nX

j =1

h� x (v; f j ); Z (x)ei i
2

=
mX

j =1

j� x(v; f j )j2� x

= j� x(v; �)j2H ;S:

There is also:
mX

1

D
r X i (v); v

E2
= j� x (v; v)j2� x

;

giving

Hp(v; v) = � Ric(v; v) + 2 < r Z (v); v > + j� x(v; �)j2H ;S

+ (p� 2)
jvj2 j� x (v; v)j2� x

:
(5.17)

Thus the corollary:

Corollary 5.3.7 Assumethe second fundamentalform is bounded. Then the

gradient Brownian motion with drift r h is stronglycompleteif 1
2Ric� Hess(h)

is bounded from below. It consistsof di�e omorphismsif both 1
2Ric � Hess(h)

and 1
2Ricci + Hess(h) are bounded from below.

Pro of: The strong completenessis clear from the previous theorem. The

di�eomorphism property comesfrom the fact that its adjoint equationis also

a gradient Brownian system(with drift -r h).

Further, there is the following Gauss'stheorem:

Ric(v; v) = h� (v; v); trace � i � j� (v; �)j2H ;S:

Giving:

Hp(v; v) = � < � (v; v); trace � > +2j� x(v; �)j2H ;S

+ 1
jvj2 (p � 2)j� x(v; v)j2� x

+ 2 < Hess(h)(v); v > :
(5.18)
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Thus the completenessand strongly completenessof a gradient Brownian

motion rely only on the bound on the secondfundamental form and the

bound on the drift: there is no explosionif h = 0 and j� x j � k(jxj) with k a

function on R+ satisfying:
Z 1

k(r )
dr = 1

from Gausstheoremand the exampleon page 57 in chapter 4. Furthermore

a gradient Brownian motion is strongly completeif the secondfundamental

form is bounded.
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Chapter 6

Deriv ativ e semigroups

6.1 In tro duction

Assumethe derivative of the solution 
o w of equation(1:1) has�rst moment:

E jTxFs� s<� (x) j < 1 , wemay de�ne a semigroup(formally) of linear operators

� Pt on 1-formsas follows: for v 2 TxM and � a 1-form

� Pt � (v) = E� (TxFt (v)) � t<� (x) (6.1)

It is in fact a semigroupon L 1 (
), the spaceof bounded1-forms, if

sup
x

EjTxFt � t<� (x) j < 1 : (6.2)

We are interestedin three problems:

1. When is � Pt well de�ned, as a strongly continuoussemigroup?

2. When is dPt f = � Pt (df )?

3. When is � Pt � = e
1
2 t4 h; 1

� , if A = 1
24 h?
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If all answersto the questionsare yes,we can obtain informations of heat

semigroupsand answer the questionwether � Pt sendsclosedforms to closed

forms. Theseproblemsare also the basisfor the next two chapters and will

be discussedin detail and in great generality in this chapter. For related

discussions,seeVauthier[66] and Elworthy[25].

However �rst let A = 1
24 h. We have nonexplosionif dPt f = � Pt (df )

for f 2 C1
K and if E jTxFt j < 1 for all x, as will be shown in proposition

7:2:2 in chapter 7. So it is natural to assumecompleteness.For a complete

stochastic dynamical systemon a completeRiemannianmanifold, two basic

assumptions:

E sup
s� t

jTxFsj < 1 (6.3)

and

sup
x2 M

EjTxFt j1+ � < 1 (6.4)

will give everything we need:

1. � Pt � = e
1
2 t4 h; 1

� , for � 2 L1 ,

2. dPt f = � Pt (df ), for f 2 C1
K

3. and strong 1-completeness.

as shown later. c.f. theorem 5:2:4 on page73, theorem 6:3:1 on page 92

and proposition 7:2:2 on page 108. This basic assumption is satis�ed by

solutions of a s.d.e. with all the coe�cien ts and their �rst two derivatives

boundedas shown in section 5.3.

But �rst we recall the properties of probability semigroupsfor functions.

6.2 Semigroups for functions

Let Pt be the probability semigroupon bounded measurablefunctions de-

termined by our stochastic dynamical system. Let A be its generator. Then
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A = 1
2

P
X i X i + A on C1

k , the spaceof smooth compactly supported func-

tions. If further we assumecompleteness,then it sendsboundedcontinuous

functions to boundedcontinuous functions as showed in [31].

Let A = 1
24 h, then Pt is a strongly continuous L 2 semigrouprestricting

to L2 \ L1 (see [33]). Associated with 1
24 h, there is also the functional

analytic semigroupe
1
2 t4 h

. Thesetwo semigroupsagreeas in [33]. Seealso

the proposition below. Thus from theorem 1.6.1on page 23, Pt f is smooth

on L2 \ L1 . Moreover Pt is Lp contractiv e on L 2 \ Lp \ L1 for all t, 1 �

p � 1 . See[37] for more discussionson the L p contractivit y of probability

semigroups.

Finally we have the following known result :

Prop osition 6.2.1 Let M be a completeRiemannian manifold, then

Pt1(x) = e
1
2 t4 h

1(x) =
Z

ph
t (x; y)e2h(y)dy:

Pro of: First we show Pt f = e
1
2 t4 h

f for f 2 L2 \ L1 . SincePt is a strongly

continuousL2 semigroupon L2 \ L1 , it extendsto a strongly continuousL 2

semigroup ~Pt on the whole L2 space.Let ~A be the generatorof ~Pt . Then ~A

is a closedoperator by theorem 1.4.1 and agreeswith 1
24 h on C1

K . Thus
~A = 1

2
�4 h sincethere is only oneclosedextensionfor 1

24 h from the essential

self-adjointnessof 4 h obtained in chapter 2.

Applying the uniquenesstheorem for the semigroupof classC0(theorem

1.4.1), we get ~Pt f = e
1
2 t4 h

f . Thus Pt f = e
1
2 t4 h; 1

on L2 \ L1 .

Next let f gng be an increasingsequenceof functions in C1
K approaching

1 with 0 � gn � 1. Such a sequenceexists as shown in the appendix.

Then e
1
2 t4 h

gn ! e
1
2 t4 h

1 since ph
t (x; � ) is in L1 (c.f. theorem 1:6:1). But

e
1
2 t4 h

gn (x) = Ptgn(x) ! Pt1(x) for each x. So the limits must be equal:

Pt1 = e
1
2 t4 h

1.
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6.3 � Pt and dPt

With the help of results on strong 1-completeness,we have the following

theorem which improves a theorem in [31], where strong completenessand

boundson curvatures are assumed.

Theorem 6.3.1 Assumestrong 1-completenessand supposefor each com-

pact set K , there is a constant � > 0 suchthat:

sup
x2 K

EjTxFt j1+ � < 1 :

Then Pt f is C1 and

d(Pt f ) = (� Pt )(df )

for any C1 function f with both f and df bounded.

Pro of: Let (x; v) 2 TM . Takea geodesiccurve � : [0; `] ! M starting from x

with velocity v. By the strong 1-completeness,Ft (� (s)) is a.s. di�erentiable

with respect to s. So for almostly all ! :

f (Ft (� (s); ! )) � f (Ft (x; ! ))
s

=
1
s

Z s

0
df

�
T� (r )Ft ( _� (r ); ! )

�
dr:

Let

I s =
1
s

Z s

0
df

�
T� (r )Fs( _� (r ); ! )

�
dr:

We want to show: lims! 0 EI s = E lims! 0 I s. By the strong 1-completeness,

we know T� (r )Ft ( _� (r )) is continuous in r for almost all ! . Thus:

E lim
s! 0

I s = E lim
s! 0

1
s

Z s

0
df (T� (r )Ft ( _� (r ))( ! )dr

= Edf (TFt (v)) :
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On the other hand, Edf (T� (r )Ft ( _� (r ))) is continuous in r if jT� (r )Ft j is uni-

formly integrable in r with respect to the probability measureP. This is so

if

sup
r

EjT� (r )Ft j1+ � < 1 :

Thus

lim
s! 0

1
s

Z s

0
Edf

�
T� (r )Ft ( _� (r ); ! )

�
dr = Edf (TFt (v))

and the proof is �nished.

Corollary 6.3.2 Let M be a completeRiemannian manifold. Supposeour

s.d.s. is complete. If

E sup
s� t

jTxFsj < 1

and

sup
x2 K

EjTxFt j1+ � < 1

for each t > 0, and K compact, then dPt f = (� Pt )(df ) for all functions f

with both f and df bounded.

In terms of the coe�cien ts of s.d.e.,we have:

Corollary 6.3.3 Let M be a completeRiemannain manifold. Supposeour

s.d.s. is completeand satis�es:

H1+ � (v; v) � kjvj2:

Then dPt f = � Pt (df ) if both f and df are bounded. Here

Hp(v; v) = 2 < r A(x)(v); v > +
P m

i=1 < r 2X i (X i ; v); v >

+
P m

1 < r X i (r X i (v)) ; v > +
P m

1 < r X i (v); r X i (v) >

+( p � 2)
P m

1
1

jvj2 < r X i (v); v > 2 :
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Pro of: From corollary 5.3.5 on page 85, we have strong 1-completeness.

Furthermore

sup
x2 M

EjTxFt j
1+ �

2 < 1

if H1+ � (v; v) � kjvj2.

Remark: For a stochastic di�erential equation on Rn (in It ô form),

Hp(v; v) = 2 < r A(x)(v); v > +
P m

1 < r X i (v); r X i (v) >

+( p � 2)
P m

1
1

jvj2 < r X i (v); v > 2;

as on page 83. Also notice if

jX (x)j � k(1 + jxj)

and

< A(x); x > � k(1 + jxj)jxj;

then the systemis complete. Thus our result on dPt f = � Pt (df ) improvesa

theorem in [31], where global Lipschitz continuity is assumedof the coe�-

cients. Here is a brief proof for the nonexplosionclaim we made:

Let x0 2 M , xs = Fs(x). On f ! : t < � (x; ! )g,

jxt j2 = jx0j2 + 2
Z t

0
< xs; X (xs)dBs > +2

Z t

0
< xs; A(xs) > ds

+
Z t

0
jX (xs)j2ds:

Let Tn (x) be the �rst exit time of Ft (x) from the ball Bn (0). Write Tn =

Tn (x0) for simplicity. Then

Ejxt^ Tn j2 = jx0j2 + 2E
Z t^ Tn

0
< xs; A(xs) > ds+ E

Z t^ Tn

0
jX (xs)j2ds

� jx0j2 + 6k
Z t^ Tn

0
(1 + jxsj2)ds:

By Grownall's inequality:

E jxt^ Tn j2 � (jx0j2 + 6kt)e6kt :
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Thus Pf Tn < tg = 0, so there is no explosion.

Lemma 6.3.4 Let M be a completeRiemannian manifold. Considera s.d.s.

with generator A = 1
24 h. Let f 2 C1

K . Then the following are equivalent:

1. e
1
2 t4 h; 1

(df ) = � Pt (df ):

2. � Pt (df ) = d(Pt f ):

This is becausePt f = e
1
2 t4 h

f from section 6.2 and e
1
2 t4 h; 1

(df ) = d(e
1
2 t4 h

f )

from proposition 2:3:1.

Corollary 6.3.5 Let M be a completeRiemannian manifold. Assumethe

conditions of the above theorem and A = 1
24 h. Then for f 2 C1

K ,

� Pt (df ) = e
1
2 t4 h; 1

(df ):

Remark: We will show later that if d(Pt f ) = � Pt (df ) for f with f and df

bounded,then there is no explosion. Seeproposition 7:2:2 and its corollary.

Finally as known in the compactcase[25], we alsohave:

Prop osition 6.3.6 AssumeE
�
jTxFt j� t<� (x)

�
is �nite and continuous in t

for t 2 [0; a]. Here a is positive constant. Let � be a 1-form in C1
K . Then

@(� Pt � )
@t

j t=0 = L �

with lim t ! 0 � Pt � (v) = � (v) for each v 2 TxM . Here L is as de�ned on page

13.

In particular if A = 1
24 + LZ and � is closed:

@(� Pt � )
@t

j t=0 =
� 1

2
4 1 + LZ

�

�:
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If the s.d.s. considered is a gradient system, we do not require � to be

closed in the above.

Pro of: Take v0 2 Tx0 M . Applying It ô formula to � we have:

lim
t ! 0

� Pt � � �
t

(v0) = lim
t ! 0

1
t

Z t

0
E (L � xs (vs)� t<� ) ds = L � x0 (v0)

since L is a local operator(so L � remain bounded and continuous) and

EjTx0Fs(v0)j is continuous in s.

6.4 Analysis of � Pt for Bro wnian systems

This sectionwill be devoted to discussionsof � Pt in the special caseof A =
1
24 h. The situation here is particular nice, since the generator are both

self-adjoint and elliptic. However to start with we would like to mention

the following relevant theorem for a generalelliptic generator, which is an

improvement of a theoremof Elworthy from [26](part 1,3 and 4 are new):

As usual let f Ung be a sequenceof nestedrelatively compactopen setsin

M with �Un � Un+1 and [ Un = M . Denoteby Tn the �rst exit time of Ft (x)

from Un .

Theorem 6.4.1 Let A = 1
24 + LZ . Let f � t : t > 0g be a regular solution

of the heat equation:
@
@t

� t =
1
2

4 1� t + LZ � t

with d� t = 0 for all t. Then � t (v0) = (� Pt )� 0(v0) if one of the following

conditions hold:

1. Suppose j� sj and jr � sj are uniformly bounded in s in [0; t] for any t,

and assumethe s.d.s. is completewith jr X j bounded and
Z t

0
EjTxFsj2ds < 1 ; x 2 M :
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2. Assumecompleteness,� 0 bounded, and E
�
sups� t jTxFsj

�
< 1 for each

t and x.

3. Suppose j� sj is uniformly bounded in s in [0; t] for all t, and assume

the s.d.s. is completewith supn E
�
jTFTn (x) j1+ � � Tn <t

�
< 1 for some

constant � > 0 and each t.

4. Assume for each t, j� sj converges uniformly in s 2 [0; t] to zero as

x ! 1 and

lim
n

EjTFTn (x) j� Tn <t < 1

Pro of: (a). Let x0 2 M , and v0 2 Tx0 M . First assumecompleteness.Apply

It ô formula to � T � t (x) for �xed number T > 0, to get:

� T � t (vt ) = � T (v0) +
Z t

0
r � T � s(X (xs)dBs)(vs) +

Z t

0
� T � s(r X (vs)dBs):

Let t = T, we get:

� 0(vT ) = � T (v0) +
Z T

0
r � T � s(X (xs)dBs)(vs)

+
Z T

0
� T � s(r X (vs)dBs):

Take expectations on both sidesto get:

� T (v0) = E� 0(vT )

under either of the �rst two conditions.

(b). For the rest we apply the It ô formula with stopping time:

� T � t^ Tn (vt^ Tn ) = � T (v0) +
Z t^ Tn

0
r � T � s(X (xs)dBs)(vs)

+
Z t^ Tn

0
� T � s(r X (vs)dBs):

Setting t = T, we get:

� 0(vT )� T <T n + � T � Tn (vTn )� T >T n
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= � T (v0) +
Z T ^ Tn

0
r � T � s(X (xs)dBs)(vs)

+
Z T ^ Tn

0
� T � s(r X (vs)dBs):

Taking expectations of both sidesabove to get:

E (� 0(vT )� T <T n ) + E (� T � Tn (vTn )� T >T n ) = � T (v0):

(c). Assumingpart 3, � T � Tn (vTn )� T >T n is uniformly integrable. So

lim
n!1

E (� T � Tn (vTn )� T >T n ) = E
�

lim
n!1

� T � Tn (vTn )j� T >T n

�

= 0:

sinceTn ! 1 from completenesswhile

E� 0(vT )� T <T n ! � Pt (� 0)(v0):

(d). For part 4: Let � > 0. There is a number N > 0 s.t. if n > N ,

j� t (x)j < � for all t and x 62Un :

Thus

E (j� T � Tn (vTn )j� T >T n ) � �E (jvTn j� T >T n ) :

Letting � ! 0, we get limn Ej� T � Tn (vTn )j� T >T n j = 0. Thus the result.

Remarks: (1). For gradient system,we do not needthe assumptiond� s = 0

in the theorem.

(2).Let M be a complete Riemannian manifold and A = 1
24 h. This

theorem givesus the equivalenceof � Pt and e
1
2 t4 h; 1

� for closedforms, while

corollary 6.3.5only givesus the equivalencefor exact forms.

(3). Let � 2 C1
K . Then e

1
2 t4 h; 1

� is a regular solution to the heat equation.

But we know de
1
2 t4 h; 1

� = e
1
2 t4 h

d� from section2.3. Soin the above theorem

we only needd� 0 = 0 instead of d� t = 0 for all t.
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Corollary 6.4.2 Let M be a manifold with Ric-2Hess(h)bounded from be-

low. Consider a Brownian systemwith gradient drift. If for someconstant

� > 0:

sup
n

EjTFTn j1+ � � Tn <t < 1 ;

then e
1
2 t4 h

� = E� (TFt ) for bounded closed 1-forms � . Note the required

inequality holdsif H1+ � (v; v) � cjvj2 for someconstsnt c.

Pro of: Note there is no explosionby [5]. Furthermore if Ricci-2Hess(h)is

boundedfrom below by a constant c, then

jW h
t j � ect

as in [25]. Here W h
t is the Hessian
o w satisfying:

DW h
t

@t
= �

1
2

Ric(W h
t ; � )# + < Hess(h)(W h

t ); � > # :

Therefore e
1
2 t4 h

� = E� (W h
t ) for bounded 1-form � . See[26] for a proof.

Hencee
1
2 t4 h

� is uniformly bounded in t in �nite intervals. Apply part 3 of

theorem 6.4.1and lemma 5.3.4,we get the conclusion.End of the proof.

Note also if h = 0(useWt for W h
t ), we may get more information on the

heat semigroup:

je
1
2 t4 h

� j � E j� j2EjWt j2

� e2ctPt (j� j2):

But Pt has the C0 property if Ricci is boundedfrom below. Thus e
1
2 t4 h

� (x)

convergesto zerouniformly in t in �nite intervals asx goesto in�nit y.

For more discussionson ralations betweenthe Ricci 
o w and the deriva-

tive 
o w, see[29].
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The following result doesnot assumecompleteness.It is interesting since

it doesnot assumeany condition on the heat semigroupeither. In fact this is

usedin the next chapter to get a nonexplosionresult. Seeproposition 7.2.2.

Prop osition 6.4.3 Let p > 1, take q to be the conjugatenumber to p: 1
p +

1
q = 1. Then � Pt is a Lp semigroup, if for each t > 0:

sup
M

E (jTxFt jq� t<� ) < 1 : (6.5)

Also if there is a number a > 0 suchthat:

sup
s� a

sup
M

E (jTxFsjq� s<� ) = c < 1 : (6.6)

and the map t 7! jTxFt j� t<� is continuous into L p(
 ; F ; P) at t = 0 for each

x, then � Pt is a strongly continuous L p semigroup.

Furthermore if alsolim t ! 0 supx2 M E (jTxFt j� t<� ) = 1, then � Pt is a strongly

continuous semigroup in L r for p � r � 1 .

Pro of: Take a 1-form � 2 L p. Then
Z

j� Pt � jpe2hdx �
Z

E
�
j� jpF t (x) � t<�

�
(E jTxFt jq� t<� )

p
q e2hdx

�
�

sup
x

EjTxFt jq� t<�

� p� 1 Z
E

�
j� jpF t (x) � t<�

�
e2hdx

=
�

sup
x

EjTxFt jq� t<�

� p� 1 Z
j� jpxe2hdx:

The last equality comesfrom the fact that e2hdx is the invariant measurefor

Ft . So we have showed � Pt � is in Lp.

To show the strong continuity of � Pt in t, we only need to prove � Pt �

is continuous for � in C1
K by the uniform boundednessprinciple(seeP60 in

[22]).

Take � 2 C1
K . First we have pointwisecontinuity from the L p continuity

of jTFt j� t<� :

lim
t ! 0

jE � (TxFt (v0)) � t<� � � (x)(v0)) jp = 0
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for all x in M and v0 2 TxM .

Next we show � Pt � convergesto � in L p(M ; e2hdx). Let t < a, then

jE (� (TxFt )� t<� ) jp � E
�
j� jpF t (x) � t<�

�
sup
t � a

sup
x2 M

(E (jTxFt jq� t<� ))
p
q

= c
p
q E

�
j� jpF t (x) � t<�

�
:

By the invarianceproperty, we alsohave:

Z

M
E

�
j� jpF t (x) � t<�

�
e2hdx =

Z

M
j� jpxe2hdx:

But

j� Pt � � � jp � cpj� Pt � jp + cpj� jp

� c
p
q cpE

�
j� jpF t (x) � t<�

�
+ cpj� jp:

Here cp is a constant. For the last term we may change order of taking

expectation and taking limit in t. Thus by a standard comparisontheorem,

we have:

lim
t ! 0

Z

M
j� Pt � � � jpe2h dx =

Z

M
lim
t ! 0

jE � (vt )� t<� � � jpe2hdx:

So � Pt � convergesto � in L p.

Finally noticewith the last assumption,wecanprovethat � Pt is a strongly

continuous semigroupboth on L p and L1 . It is a L1 semigroupsince for

� 2 L1 ,

j� Pt � jL 1 � sup
x2 M

EjTxFt � t<� jj � jL 1 :

Its strong continuity comesfrom the last assumption.

By the Riesz-Thorin interpolation theorem � Pt is a semigroupon L r for

p � r � 1 . Furthermore:

lim
t ! 0

Z

M
j� Pt � � � jr e2hdx � lim

t ! 0

Z
j� Pt � � � jp j� Pt � � � jr � p

L 1 e2hdx = 0:
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End of the Proof.

Remark: This proof works whenever there is an invariant measurefor Ft .

Corollary 6.4.4 For a gradient Brownian systemwith drift r h, we have

� Pt � = e
1
2 t4 h; 1

�

for � 2 C1
K if for all t and someconstant a > 0

sup
M

EjTxFt j2� t<� < 1 ;

sup
s� a

sup
M

EjTxFt j2� t<� < 1 ;

and the map t 7! jTxFt j� t<� is continuous into L 2(
 ; F ; P).

In particular the conditions hold if there is a number � > 0 suchthat for

all t:

sup
s� t

sup
M

EjTxFt j2+ � � t<� (x) < 1 : (6.7)

Pro of: From proposition 6.3.6, the semigroup� Pt has generator 1
24 h for

gradient systemon C1
K . The result follows from theorem 1.4.1on page18.

Recall we de�ned Hp for gradient h-Brownian system (section 5.3) as

follows:
Hp(v; v) = � Ric(v; v) + 2 < Hess(h)(v); v >

+ j� (v; �)j2H ;S + p� 2
jvj2 j� (v; v)j2:

Following Strichartz, we discussthe L p boundednessof heat semigroups

for forms:

Corollary 6.4.5 Let M be a complete Riemannian manifold with Ricci-

2Hess(h) bounded from below. Suppose there are constants k and � > 0

suchthat

H1+ � (v; v) � k1jvj2:
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Then e
1
2 t4 h

is Lp bounded uniformly in t in �nite intervals [0; T], for all p

between 1+ �
� and in�nity.

Pro of: Considera gradient Brownian systemwith generator 1
24 h. It hasno

explosionif Ricci-2Hess(h)is boundedfrom below [5]. Let � 2 C1
K , corollary

6.4.2on page 99 givesus:

e
1
2 t4 h

� = E� (vt ):

Let � = 1+ �
� be the conjugatenumber to 1 + � . We have:

Z

M
jE � (TFt )j � e2hdx �

Z

M
Ej� j � (E jTFt j1+ � )

1
� e2hdx

� sup
t � T

sup
x

�
EjTxFt j1+ �

� 1
� (j� jL � )� :

However supt � T supM EjTxFt j1+ � < 1 if H1+ � (v; v) � kjvj2 as in section5.3.

Thus the Lp boundedness.

Next we considerthe L p contractivit y of heat semigroups(seepage18 for

de�nition). De�ne � Pt � for k forms as follows:

� Pt � (v1
0; : : : ; vk

0) = E� (TFt (v1
0); : : : ; TFt (vk

0)) � t<� : (6.8)

Lemma 6.4.6 Consider a Brownian system with drift r h on a complete

Riemannian manifold. Suppose� Pt � = e
1
2 t4 h

� for k forms � 2 L 1 . If there

is a constant � > 0 suchthat

sup
x

EjTxFt � t<� (x) jk(1+ � ) � 1;

Then the heatsemigroup e
1
2 t4 h

on k forms is contractive on L p (on L2 \ Lp),

for p between 1+ �
� and 1 .
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Pro of: Let � 2 C1
K . By the argument in the proof of the last corollary, we

have

je
1
2 t4 h

� j
L

1+ �
�

� j� j
L

1+ �
�

:

On the other hand we have, for � 2 L 1 :

je
1
2 t4 h

� jL 1 � j� jL 1 :

Thus e
1
2 t4 h

is both L
1+ �

� and L1 contractiv e by the uniform boundedness

principle. Finally we apply the Reisz-Thorin interpolation theorem to get

the required result.

Let M bea compactmanifold. Then � Pt � = e
1
2 t4 h; 1

� for closedC2 1-form

� , and � Pt = e
1
2 t4 h

for C2 forms of all order if we are consideringgradient

systems.See[26] for detail. From this we have:

Corollary 6.4.7 Let M be a compact manifold. Consider a gradient Brow-

nian systemwith generator 1
24 . Then

(1). The �rst real cohomology group vanishesif the Ricci curvature is

positive de�nite at one point and there is a number � > 0 suchthat

sup
M

EjTxFt j1+ � � 1

whent large.

(2). The cohomology in dimensionk vanishesfor a manifold whosecurva-

ture operator is positive de�nite at onepoint or for a 2-dimensionalmanifold

which is not 
at if our gradient Brownian systemsatis�es

sup
M

EjTxFt jk(1+ � ) � 1:

whent large.

Pro of: We apply the following theorem from [63]: Supposethe real coho-

mology in dimensionk is not trivial, then the heat semigroupfor k forms is

not Lp contractiv e for p 6= 2 in the following cases:
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(1). n = 2 and the manifold is not 
at.

(2). k = 1 and the Ricci curvature is strictly positive at onepoint.

(3). The curvature operator is positive de�nite at onepoint.

Note we have L p contractivit y for somep 6= 2 from the assumption,thus

�nishing the proof.

Example:

Let M = Sn(r ) be the n-sphereof radius r in Rn+1 . Then the second

fundamental form � is given by: � x (u; v) = � 1
r 2 < u; v > x. The derivative


o w for the gradient Brownian motion on it satisfy:

E jvt jp = jv0jp +
p
2

Z t

0
Ejvsjp� 2Hp(vs; vs)ds;

and Hp(v; v) = (p � n) jvj2

r 2 . So

Ejvt jp = jv0jpe
p( p� n )

2j r j 2
t
:

SeeElworthy [26]. Thus

sup
M

EjTxFt jp � e
p( p� n )

2j r j 2
t
;

which is lessor equal to 1, when t big if p � n. The above corollary con�rms

that the kth cohomologyvanishesfor the n-sphereif k < n. However note

that the nth cohomoloy of the spheredoesnot vanish.

We'll comeback to this topic in the next chapter.
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Chapter 7

Consequences of momen t

stabilit y

7.1 In tro duction

In the �rst section, we will show the �rst homotopy group vanishesif the

Brownian motion on M is strongly moment stable and satis�es certain reg-

ularit y conditions, as for compact manifolds in [27]. Also interesting here

is the result on �nite h-volume of the manifold. In section 2, we look at

the existenceof harmonic functions and at cohomologygiven strong moment

stabilit y.

7.2 Geometric consequences and vanishing

of � 1(M )

We shall �rst show if the heat semigroupfor 1-formsis "continuous" on L 1 ,

then the h-Brownian motion on M hasno explosion. In the following lemma

we only usedpointwiseconditions, improving a result of Bakry [5] proved by
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essentially the samemethod.

Lemma 7.2.1 Let M be a completeRiemannian manifold. Assumethere is

a point x0 2 M with a neighbourhood U such that for each x 2 U there is a

constant Ct (x) with the following property:

je
1
2 t4 h; 1

df jx � Ct (x)jdf j1 ;

for f 2 C1
K and t � t0. Here t0 is a positive constant. Then the h-Brownian

motion doesnot explode.

Pro of: Let hn be an increasingsequencein C1
K such that limn!1 hn ! 1,

0 � hn � 1, and jr hn j < 1
n . Such a sequenceexistsasshown in the appendix.

Then e
1
2 t4 h

hn (x) ! e
1
2 t4 h

1(x) for each x, sincee
1
2 t4 h

hn = Pthn and by the

boundedconvergencetheorem. Here e
1
2 t4 h

1 is de�ned as in theorem 1:6:1.

By Schauder type estimateas in the appendix, we have:

de
1
2 t4 h

hn (x) ! d(e
1
2 t4 h

1)(x)

for all x in M . However for t � t0, and x 2 U

jde
1
2 t4 h

hn (x)j = je
1
2 t4 h; 1

(dhn )jx

� Ct (x)jdhn j1 �
Ct (x)

n
! 0:

Thus d(e
1
2 t4 h

1)(x) � 0 around x0. So

@
@t

(e
1
2 t4 h

1)(x0) =
1
2

4 h(e
1
2 t4 h

1)(x0) = 0:

This gives: e
1
2 t4 h

1(x0) = 1, for t < t0. But Pt1(x0) = e
1
2 t4 h

1(x0) from

proposition 6.2.1. Thus Pt0 1(x0) = Pf t0 < � (x0)g = 1. Consequently

Pt1 � 1 for all t. Next we notice Brownian motion does not explode if it

doesnot explode at onepoint. The proof is �nished.
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Prop osition 7.2.2 Considera h-Brownian motion on a completeRieman-

nian manifold. Assumethere is a point x0 2 M and a neighbourhood U of

x0 suchthat: E (jTxFt j� t<� ) < 1 for all x 2 U and t < t0. Here t0 > 0 is a

constant. Then Pt1 = 1 if dPt f = (� Pt )(df ) for f 2 C1
K .

Pro of: This is a direct consequenceof lemma 6.3.4and the lemma above.

Note: If dPt f = (� Pt )(df ) for f with both f and df bounded, then set

f � 1, the sameargument in lemma 7.2.1shows Pt1 = 1.

The proposition above indicates there is not much point to discussthe

possibility of dPt = (� Pt )d whenthere is explosion.From this therealsoarises

an interesting question,which we have not answeredyet: If E (jTFt j� t<� ) <

1 for t < t0, doesit hold for all t?

Corollary 7.2.3 Let (X ; A) be a gradient s.d.s. with generator 1
24 h. Then

it hasno explosionif its derivative 
ow TFt satis�es the following conditions:

1. For each t > 0,

sup
M

EjTxFt j2� t<� (x) < 1

2. There is a number a > 0 suchthat:

sup
s� a

sup
x2 M

�
EjTxFsj2� s<� (x)

�
< 1 ;

3. The map t ! jTxFt j� t<� (x) is continuous into L 2(
 ; F ; P).

Pro of: This comesfrom proposition 7.2.2and corollary 6.4.4.

Note that the conditions in the corollary can be checked in terms of the

extrinsic curvatures of the manifold (seesection 5.3). Thus this givesus a

result on nonexplosionof the Brownian motion(not necessarilygradient) on
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M . However it is not clear that this improves Bakry's result: there is no

explosionif Ricci-Hess(h)is boundedfrom below.

Following Bakry [5], we get a �nite volume result:

Theorem 7.2.4 Let M be a completeRiemannian manifold. Assumethe

s.d.s. has generator 1
24 h and for each t � 0 and each compact set K we

have:

(1). dPt f = (� Pt )(df ), for f 2 C1
K .

(2). Z 1

0
sup
x2 K

EjTxFs� s<� jds < 1 :

Then the h-volumeof the manifold is �nite.

Pro of: Let f 2 C1
K with nonempty support K . Then lim t !1 Pt f exists

in L2 and is h-harmonic: 4 h(lim t !1 Pt f ) = 0. This comesfrom the self-

adjointnessof 4 h and an application of the spectral theorem. Let P1 f be

the limit, then r (P1 f ) = 0. SoP1 f must be a constant.

Assumeh-vol(M ) = 1 , then P1 f must be zero. We will prove this is

impossible.Take g 2 C1
K , then:

Z

M
(P1 f � f )ge2h dx = lim

t !1

Z

M
(Pt f � f )ge2h dx:

But
Z

M
(Pt f � f )ge2hdx =

Z

M
(
Z t

0

@
@s

Psf ds)ge2hdx

=
1
2

Z t

0

� Z

M
(4 hPsf )ge2hdx

�

ds =
1
2

Z t

0

Z

M
< d(Psf ); dg > e2hdxds

=
1
2

Z t

0

Z

M
< Ph;1

s (df ); dg > e2hdxds =
1
2

Z t

0

Z

M
< df ; Ph;1

s (dg) > e2hdxds

=
1
2

Z t

0

Z

K
< df ; Ph;1

s (dg) > e2hdx ds

since4 h;1 is self-adjoint and so the dual semigroup
�
Ph;1

t

�
� equalsPh;1

t .
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Next note the stochastic dynamical systemis completeunder the assump-

tion from proposition 7.2.2. Let

Cs = sup
x2 K

E (jTxFsj) :

Thus

j
Z

M
(Pt f � f )ge2hdxj �

1
2

Z t

0

Z

K
jr f j E (jTxFsj) jr gj1 e2hdx ds

�
1
2

jr gj1
� Z t

0
Csds

� Z

K
jr f je2hdx

�
1
2

jr gj1 jr f jL 1

Z t

0
Csds:

Let g = hn , we get:

j
Z

M
(Pt f � f )hn e2hdxj �

1
2n

jr f jL 1

Z t

0
Csds ! 0:

But limn!1
R

M (� f hn )e2hdx = �
R

M f e2hdx, from jf hn j � jf j 2 L1. And we

can choosea function f 2 C1
K with

R
M f e2hdx 6= 0. This givesa contradic-

tion. Thus the h-volume of M must be �nite.

Corollary 7.2.5 Let M be a completeRiemannian manifold. Assumethe

generator is 1
24 h and there is no explosion. Then if for each x and t:

E sup
s� t

jTxFsj < 1 ;

and for each compact set K
Z 1

0
sup
x2 K

EjTxFsjds < 1 ;

the manifold has �nite h-volume.

Pro of: By theorem 6:4:1, dPt f = � Pt f under the assumption. Applying

the above theorem,we get the conclusion.
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Corollary 7.2.6 Let M be a non-compact complete Riemannian manifold

with

Ricx > �
n

n � 1
1

� (x)2

for eaxh x 2 M . Then if d(Pt f ) = (� Pt )(df ), (for Ft a Brownian motion

on M ), it cannot be strongly moment stable(de�ned on page 14). Here �

denotesthe distance function on M from a �xed point O.

Pro of: This is a direct application of the following theorem from [13]: The

volume of M is in�nite for noncompactmanifolds with the above condition

on the Ricci curvature. But by theorem 7:2:4 strong moment stabilit y im-

plies �nite volume. Note the Brownian motion herehasno explosionby the

exampleon page 57.

7.3 Vanishing of � 1(M )

Theorem 7.3.1 Let M be a Riemannian manifold with its injectivity radius

bigger than a positive number c. Assumewe have an s.d.s. (X ; A) on M

which is strongly 1-complete( with C2 coe�cients), then the �rst homotopy

group � 1(M ) vanishesif for each compact set K ,

lim
t !1

sup
x2 K

EjTxFt j = 0:

Pro of: Take � to be a C1 loop parametrizedby arc length. Then Ft � � is a

C1 loop homotopic to � by the strong 1-completeness.Let `(� t ) denotethe

length of Ft (� ).

If wecanshow Ft � � is contractible to a point in M with probability bigger

than zero for somet > 0, then the theorem is proved from the de�nition:

� 1(M ) = 0 if every continuous loop is contractible to onepoint.
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We have:

E`(� t ) = E
Z `0

0
jT� (s)Ft ( _� (s)) jds

� `0 sup
s

EjT� (s)Ft j:

Thus

lim
t !1

E`(� t ) = 0:

Take t0 such that E`(� t0 ) < c
2. Then `(� t0 ) < c

2 with probability bigger than

zero. For such ! wth `(� t0 )( ! ) < c
2, Ft0 � � (! ) is contained in a geodesic

ball with radius smaller than 1
2c. Sincethe geodesicball is di�eomorphic to

a ball in Rn , it is contractible to one point. Thus Ft0 � � (! ) is contractible

to onepoint for a set of ! with probability bigger than 0. This �nished the

proof.

Theorem 7.3.2 Let M be a complete Riemannian manifold. Consider a

s.d.s. (X ; A) with generator 1
24 h. Supposethe s.d.s. is strongly 1-complete

and satis�es dPt f = (� Pt )(df ) for f 2 C1
K . Then the �rst homotopygroup

� 1(M ) vanishesif

Z 1

0
sup
x2 K

EjTxFt jdt < 1 :

Pro of: Let � : [0; `0] ! M be a C1 loop parametrizedby arc length. Then

Ft � � is again a C1 loop homotopic to � from the strong 1-completeness.

Denoteby `(� t ) its length.

We only needto show Ft � (! ) is contractible to onepoint for some! and

for somet.

First we claim there is a sequenceof numbers f t j g converging to in�nit y

such that:
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E`(� t j ) ! 0: (7.1)

Since:
Z 1

0
E`(� t )dt =

Z 1

0
E

Z `0

0
jT� (s)Ft jdsdt

=
Z 1

0

Z `0

0
EjT� (s)Ft jdsdt

� `0

Z 1

0
sup

s
EjT� (s)Ft jdt < 1 :

So lim t !1 E`(� t ) = 0, giving (7:1). Therefore`(� t j ) ! 0 in probability.

Let m = e2hdx be the normalizedinvariant measureon M for the process.

Let K be a compact set in M containing the image set of the loop � and

which has measurem(K ) > 0. Let a > 0 be the in�m um over x 2 K of the

injectivit y radius at x.

By (7.1), there is a number N such that for j > N ,

Pf `(� t j ) >
1
2

ag <
m(K )

4
:

Note h-vol(M ) < 1 by theorem 7:2:4, the ergodic theorem(seechapter 3)

gives:

lim
t !1

Pf Ft (x) 2 K g = m(K )

for all x 2 M .

Take a point ~x in the imageof the loop � . There existsa number N1 such

that if j > N1, then:

Pf Ft j (~x) 2 K g >
m(K )

2
:

Thus

Pf `(� t j ) <
1
2

a;Ft j (~x) 2 K g

= Pf Ft j (~x) 2 K g � Pf Ft j (~x) 2 K ; `(� t j ) >
1
2

ag
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� Pf Ft j (~x) 2 K g � Pf `(� t j ) >
1
2

ag

>
m(K )

4
:

But by the de�nition of the injectivit y radius, there is a coordinate chart

containing a geodesic ball of radius a
2 around Ft j (~x). So the whole loop

Ft j � � is contained in the samechart with probability > m(k)
4 (for t big), thus

contractible to onepoint.

Corollary 7.3.3 Let M be a completeRiemannian manifold. Assumenon-

explosionfor the h-BM. If E
�
sups� t jTxFsj

�
< 1 and

Z 1

0
sup
x2 K

EjTxFt jdt < 1

for everycompact set K , then we have� 1(M ) = 0.

In particular if E
�
sups� t jTxFsj

�
< 1 then F� cannot be stronglymoment

stablegiven nonexplosionunlessM is simply connected.

Pro of: Apply theorem 5.2.4, theorem 6.4.1,and the theoremabove.

Corollary 7.3.4 Let M be a complete Riemannian manifold of �nite h-

volume. Assumethe h-Brownian motion on M is strongly 1-completeand

satis�es:

Z 1

0
sup
x2 K

EjTxFt jdt < 1

for each compact set K . Then � 1(M ) = f 0g.

Pro of: This comesfrom the proof of theorem 7.3.2.

Here is a corollary which generalizesa result of Elworthy and Rosenberg

to noncompactmanifolds. See[28].
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Corollary 7.3.5 Let M be a completeRiemannian manifold. Supposethere

is a h-Brownian systemon M such that jr X j is bounded and H 1(v; v) <

� c2jvj2 for c 6= 0. Then we have � 1(M ) = f 0g. In particular if M is a

submanifoldof Rn , we have� 1(M ) = f 0g if its second fundamental form �

is bounded, and H1(v; v) < � c2jvj2. Here

Hp(v; v) = � Ric(v; v) + 2 < Hess(h)(v); v >

+
mX

1

jr X i (x)j2 + (p � 2)
mX

1

1
jvj2

< r X i (v); v > 2

Pro of: There is no explosionsince Ricci-2Hess(h)is bounded from below

from the assumptions. On the other hand H1+ � is bounded above since

jr X j is boundedand sod(Pt f ) = (� Pt )(df ) for f in C1
K . Seecorollary 6.3.3.

The result follows from theorem 7.3.2 since the s.d.s. is strongly moment

stable from H1(v; v) � � c2jvj2. The secondpart of the theorem follows

from the fact that the sum of the last two terms in the formula for Hp is

j� (v; �)j2H ;S + (p � 2) 1
jvj2 j� (v; v)j2 for gradient Brownian systems.

7.4 Vanishing of harmonic forms and coho-

mology

We comeback to the discussionon cohomologyvanishing of page 104 and

aim to extend some of the results in [26] on cohomologyvanishing given

moment stabilit y to noncompactmanifolds. See[33],[26].

Let C1 (
 p) be the spaceof C1 smooth p forms on M . A p-form � is

closedif d� = 0, exact if � = d for somep-1 form  . Here d is the exterior

di�erentiation de�ned in section 1:5. A h-harmonic form is a form with

4 h� = 0. The pth de Rham cohomology group H p(M ; R) is de�ned to be the

quotient group of the group of smooth closedp forms by the group of C1
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exact forms:

H p(M ; R) =
Ker (d : C1 (
 p) ! C1 (
 p+1 ))
Im (d : C1 (
 p� 1) ! C1 (
 p))

:

There is also the cohomologygroup H p
K (M ; R) with compactsupports:

H p
K (M ; R) =

Ker (d : C1
K (
 p) ! C1

K (
 p+1 ))
Im (d : C1

K (
 p� 1) ! C1
K (
 p))

:

Let h be a C1 smooth function. There is the Hodge decomposition

theorem( seepage 33):

L2
 p = Im(� h)
M

Im(d)
M

L2(H ):

Let � be a form with d� = 0 and decomposition: � = � + � + H � . Here

� 2 Im(� ) and � 2 Im(d). Then � = 0 since d� = 0 by d� = 0 and

d(H � ) = 0.

Thus we have the Hodge'stheorem: every cohomologyclasshasa unique

harmonic representativ e if Im(d) is closed,in particular: the dimension of

H p(M ; R), asa linear space,equalsthe dimensionof the spaceof h-harmonic

L2 p� forms when d hasclosedrange.

The vanishingproblemhavebeenstudiedby conventional methodsby e.g.

Yau [67]. The problem has been consideredin a probabilistic context, see

e.g. Vauthier [66], Elworthy and Rosenberg [33],[34]. The idea we are using

here is that the probabilistic semigroup� Pt on forms often agreeswith the

heat semigroup(seechapter 6). Thus the existenceof harmonic forms is di-

rectly related to the behaviour of di�usion processesand their derivatives. In

the following we follow Elworthy and Rosenberg's approach to get vanishing

results for harmonic 1-forms. But we use� Pt insteadof the standard proba-

bilistic formula obtained from the Weitzenbock formula. However we do not

intend to include all the possibleresults in this thesis,but only demonstrate

the idea. A secondtheoremwe give herefollows from an approach of Elwor-

thy [27]. This approach usesintegration of p-formsalongsingularp-simplices

and �ts very well with our de�nition of strong p-completeness.
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Prop osition 7.4.1 Let M be a completeRiemannian manifold, consider a

s.d.s. with generator 1
24 h.

(1). Assumee
1
2 t4 h; 1

� = � Pt � for closed 1-forms � 2 L q. Let p be the

conjugatenumber to q. Then there are no nonzero L p h-harmonic 1-forms,

if

lim
t !1

1
t

log sup
x2 M

E (jTxFt j� t<� )q < 0: (7.2)

(2). Assumee
1
2 t4 h; 1

� = � Pt � for closed bounded 1-forms � . Then there

are no bounded h-harmonic 1-forms if for each x 2 M

lim
t !1

1
t

logE (jTxFt j� t<� ) < 0: (7.3)

Pro of: (1). We have nonexplosionand �nite volume in the �rst caseac-

cording to the nonexplosionresult on page 108. Let � be a nonzerohar-

monic p-form in Lp. Then there is a point x0 2 M with � (x0) 6= 0. Thus
R

j� jpx e2hdx > 0 by continuity. So

0 = lim
t !1

1
t

log
Z

j� jpxe2hdx

= lim
t !1

1
t

log
Z

j� Pt � jpx e2hdx

= lim
t !1

1
t

log
Z

jE � (TxFt )jp e2hdx

� lim
t !1

1
t

log
Z

Ej� jpFT (x) (E jTxFt jq)
p
q e2hdx

� lim
t !1

1
t

log sup
x2 M

(E jTxFt jq)
p
q + lim

t !1

1
t

log
Z

Ej� jpF t (x)e
2hdx

� lim
t !1

p
q

1
t

log sup
x2 M

EjTxFt jq + lim
t !1

1
t

log
Z

j� jpxe2hdx:

But
R

j� jpxe2hdx < 1 , giving a contradiction.

(2). The proof of the secondpart is just as before. First note we have

nonexplosion.Let � be a closedboundedharmonic 1-form. Let x0 2 M with

j� jx0 6= 0. Then:
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0 = lim
t !1

1
t

logj� (x0)j = lim
t !1

1
t

logje
1
2 t4 h; 1

� (x0)j

= lim
t !1

1
t
jE � (Tx0Ft )j

� lim
t !1

1
t

logj� j1 E (jTx0Ft j)

� lim
t !1

1
t

logEjTx0Ft j:

But this is impossiblefrom the assumption. End of the proof.

Remarks (1). Let p < 2. Assume ( 7:2). Then � Pt = e
1
2 t4 h; 1

on C1
K

implies � Pt = e
1
2 t4 h; 1

on Lp. Since in this caseq = p
p� 1 > p, so � Pt is a

strongly continuous L p semigroup from proposition 6.4.3. We may then

apply uniform boundednessprinciple.

(2). If weknow that M has�nite h-volumeto start with, then all bounded

harmonic 1-forms vanishesif E (sups� t jTxFsj) < 0 and if Ft is strongly mo-

ment stable from theorem 5.2.4.

Following Elworthy [27] for the compactcase,we have the following the-

orem:

Theorem 7.4.2 Let M be a Riemannian manifold and assumethere is a

stronglyp-completes.d.s. with strongpth -momentstability. Then all bounded

closed p-forms are exact. In particular the natural map from H p
K (M ; R) to

H p(M ; R) is trivial.

Pro of: Let � be a singular p-simplex, and � a boundedclosedp-form. We

shall not distinguish a singular simplex map from its image. Denoteby F �
t �

the pull back of the form � and (Ft )� � = Ft � � . Then

Z

(F t ) � �
� =

Z

�
(Ft )� �
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by de�nition. But (Ft )� � is homotopic to � from the strong p-completeness.

Thus:
Z

�
� =

Z

(F t ) � �
�:

This gives:
Z

�
� =

Z

�
(Ft )� �:

Take expectations of both sidesto obtain:

E j
Z

�
� j = lim

t !1
Ej

Z

�
(Ft )� � j

� j� j1 lim
t !1

Z

�
EjTFt jp

� j� j1 lim
t !1

sup
x2 �

EjTFt jp

= 0

from the strong pth moment stabilit y. Thus
R

� � = 0, and so � is exact by

deRham'stheorem.

Corollary 7.4.3 Let M be a completeRiemannian manifold. Assumethere

is a complete s.d.s. on M with strong pth moment stability and satisfying

supx2 K E
�
sups� t jTxFsjp+1

�
< 1 for each compact set K . Then all bounded

closed p-forms are exact. In particular SupposeM is a closed submanifoldof

Rm with its second fundamental form bounded. Then if H p(v; v) � � c2jvj2

for someconstant c, then the conclusionholds. Here H p is asde�ned on page

85:

Hp(v; v) = � Ric(v; v) + 2 < Hess(h)(v); v >

+ j� (v; � )j2H ;S + (p � 2)
1

jvj2
j� (v; v)j2:

Pro of: Direct applications of the above theoremand theorem5.2.6.
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7.5 Examples

Example 1 Let M = Rn , h(x) = �j xj2. Then h-vol(Rn ) < 1 . Furthermore

we have:

H1(v; v) = 2 < Hess(h)(v); v > = � 2jvj2:

Thus the s.d.s. on Rn :

dxt = dBt � r h(xt )dt = dBt � 2xtdt

is strongly completeand strongly pth moment stable.

Example 2 Let B 1
t , B 2

t be independent Brownian motions on R1. Then

Ft (x; y) = (x +
Z t

0
eB 2

s � s
2 dB1

s ; yeB 2
t � t

2 )

is a Brownian 
o w on the hyperbolic spaceH 2. It is strongly completeand

satis�es:

E sup
s� t

jTxFsj < 1 :

So� Pt � = e
1
2 t4 h

� for bounded1-forms. Thus this Brownian systemon H 2 is

not strongly moment stablesinceH 2 hasin�nite volume(c.f. theorem 7.3.2).

Example 3 Considerthe Langevin equation on R2:

dxt = 
 dBt � cxtdt:

Here 
 and c are constants. The solution can be written down explicitly:

xt = x0e� ct + 

Z t

0
e� c(t � s) dBs:

It has Gaussiandistribution and generator 1
24 h for h = � cx2

2 , and has no

explosion. Its derivative 
o w is given by:

TFt (v) = e� ctv

and enjoys the following properties:

120



1.

sup
x

E

 

sup
s� t

jTxFsj2
!

= 1;

2. Strong 1-completenessfrom theorem 5.2.4,

3.

d(Pt f ) = (� Pt )(df )

for f 2 C1
K from theorem 6.3.1,

4. Z 1

0
sup

x
EjTxFsjds =

Z 1

0
e� csds = 1;

5. The solution processis recurrent and hase2hdx as�nite invariant mea-

sure,sinceh-vol(Rn ) < 1 .

If we considerthe sameequationon M = R2 � f 0g insteadof on R2, then all

the properties hold except for the strong 1-completenessas shall be shown

below.

Clearly part 1 and part 4 hold. The solution is recurrent on R2 � f 0g

sinceit is recurrent on R2. Furthermore e2hdx is still the invariant measure

since R2 � f 0g has negligible boundary and from the completenessof the

s.d.e. on R2 � f 0g. With thesethe conclusionof proposition 3.0.5certainly

holds.

Supposethe processis strongly 1-complete.The ergodic property givesus

� 1(M ) = f 0g from the proof of the theorem 7.3.2andpart 4 of the properties.

This is a contradiction. Thus we do not have the strong 1-completeness.

Finally part 3 holds since on R2 � f 0g, (� Pt )(df )(v) = Edf (v) and

Pt f (x) = Ef (x + B t ) as on R2.

In the following we look at somesurfaceswhosesecondfundamental forms

are bounded. We will show that the Hyperboloid satis�es our hypothesis
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which imply � 1(M ) = 0, and Brownian motions on both the torus and the

cylinder cannot be strongly moment stable. First we recall the basictheory:

Let M be a surfacein R3 parametrizedby x = x(u; v). The unit normal

vector � is given by:

� =
xu � xv

jxu � xv j
:

There is the shape operator S: TxM ! TxM given by:

S(v) =: � Dv�:

Here D denotesthe di�erentiation on R3. The secondfundamental form

I I (u; v) = � l(u; v)� is given in terms of the shape operator S:

l(u; v) = � < S(u); v > : (7.4)

Let

e = < �; xuu > f = < �; xuv > g = < �; xvv >

E = < xu ; xu > F = < xu; xv > G = < xv; xv > :

There is then the Weingartenequation:

� S(xu) = f F � eG
E G� F 2 xu+ eF � f E

E G� F 2 xv

� S(xv) = gF � f G
E G� F 2 xu+ f F � gE

E G� F 2 xv :

Example 4 [Surfaceof revolution]

Considerthe surfacegiven by:

(c1(s) cos� ; c1(s) sin� ; c2(s)) :

For this surface:

E = [c1(s)]2 ; F = 0; G =
n
[c10(s)]2 + [c20(s)]2

o2
;

e = � c1(s)c20(s)p
[c10]2+ c20]2

;

f = 0;

g = � c10(s)c200(s)+ c100(s)c20(s)p
[c10(s)]2+[ c20(s)]2

:
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So

S

0

@
@f
@�
@f
@s

1

A =

0

@
K 1 0

0 K 2

1

A

0

@
@f
@�
@f
@s

1

A :

Here

K 1 =
e
E

=
� c20(s)

c1(s)
q

[c10]2 + [c20]2
;

K 2 =
g
G

=
� c10(s)c200(s) + c100(s)c20(s)

q
[c10(s)]2 + [c20(s)]2

3 :

The normal vector is:

(
c20cos�

q
[c10]2 + [c20]2

;
c20sin�

q
[c10]2 + [c20]2

; �
c10

q
[c10]2 + [c20]2

):

Example 4a [The Hyperboloid]

We will show the surface

z2 � (x2 + y2) = 1

satis�es the conditions of theorem 5.3.6 and theorem 7.3.2. Consider the

following parametrization: (scos� ; ssin� ;
p

s2 + 1).

Thus E = s2, F = 0, G = 2s2+1
s2+1 , e = � s2

p
1+2 s2 , f = 0, g = � 1

(1+ s2 )
p

1+2 s2 .

The unit normal vector is:

� = (
scos�

p
1 + 2s2

;
scos�

p
1 + 2s2

; �

p
1 + s2

p
1 + 2s2

):

Also the Ricci curvature is given by: Ricci(v) = K 1K 2jvj2, while K 1 =

� 1p
1+2 s2 , K 2 = � 1p

1+2 s23 . Clearly the secondfundamental form is bounded,

thus the Brownian motion on the surface is strongly complete. Next we

construct a Brownian motion with drift which is strongly moment stableand

thus verify � 1(M ) = 0.

According to section 5.3:
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< r X i (v); v > = < Ax (v; < ei ; � > � ); v >

= � < ei ; � > l(v; v):

Let h = � cjxj2. Let gradh and ~Hess(h) denote the gradient and the

Hessianof h in R3 respectively. Then for x = (x1; x2; x3) 2 M ,

< Hess(h)(v); v > = < r X (v)(gradh); v > + < ~Hessh(v); v >

= � 2c < r X (v)(x); v > � 2cjvj2

= � 2c
3X

1

x i < ei ; � > l(v; v) � 2cjvj2

=
2c

p
1 + 2s2

l (v; v) � 2cjvj2:

So

< Hess(h)(v); v > =
2c

p
1 + 2s2

l (v; v) � 2cjvj2:

Sincel(v; v) is negative and bounded,we may choosec big such that

H1(v; v) = � Ric(v; v) + jl(v; �)j2 �
l (v; v)2

jvj2
+ 2 < Hess(h)(v); v >

= � K 1K 2jvj2 + jl(v; �)j2 �
l (v; v)2

jvj2
+

4c
p

1 + 2s2
l (v; v) � 4cjvj2

� �j vj2:

The systemwith the chosendrift is then strongly moment stable,sosatis�es

the conditions of theorem 7.3.2.

Example 4b The torus given by

((a + bcosv) cosu; (a + bcosu) sinu; bsinu)

has: E = (a + bcosu)2, F = 0, G = b2, e = cosu(a + bcosu), f = 0,
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g = b, K 1 = � cosu
a+ bcosu , and K 2 = � 1

b. So the Brownian motion here is

strongly complete,but it cannot be strongly moment stablesince� 1(M ) 6=0.

In fact for a = b= 1p
2
, the �rst moment is identically 1 ascalculated,e.g. in

[26].

Example 4c The cylinder S1 � (�1 ; 1 ) parametrizedby (cos� ; sin� ; s) has

K 1 = � 1 and K 2 = 0. The normal vector is:

� = (cos� ; sin� ; 0):

As for torus, the Brownian motion hereis strongly completebut not strongly

moment stable. To convince ourself we will try to add a drift as for the

Hyperboloid. Let h = � cjxj2. Then

< Hess(h)(v); v > = � 2cl(v; v) � 2cjvj2

= 2cjv1j2 � 2cjvj2 = � 2cjv2j2:

Here v = (v1; v2): Now

H1(v; v) = v2
2(

v2
1

jvj2
� 2c) = jv2j2

(1 � 2c)v2
1 � 2cv2

2

v2
1 + v2

2
:

Clearly the sameargument doesnot work.
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Chapter 8

Form ulae for the deriv ativ es of

the solutions of the heat

equations

8.1 In tro duction

In chapter 6, weexaminedcarefully � Pt and the heatsemigroupe
1
2 t4 h; 1

for one

forms, and obtained someconditions to ensure� Pt = e
1
2 t4 h; 1

. In fact we may

expect moreonceweknow � Pt doesagreewith e
1
2 t4 h; 1

. The semigroupe
1
2 t4 h; 1

canbegivenin terms of the line integral 8.1and a martingale, following from

Elworthy [26] for compactmanifolds. In particular we have a formula for the

gradient of the logarithm of the heat kernel, extendingBismut's formula [8].

See[16] for an in�nite dimensional version of the formulae by Da Prato,

Elworthy, and Zabczyk. SeealsoNorris [57] for another approach.

The discussionsfor one forms also work well for higher order forms. We

de�ne � Pt for q forms ason page 103,and look brie
y the relation between

� Pt and the heat semigroupe
1
2 t4 h

for q forms. In the end we give a formula

for the exterior derivative of e
1
2 t4 h

� in terms of the derivative 
o w of a h-
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Brownian motion and � itself.

In the following we write P h
t � = e

1
2 t4 h

� . If � is a q-form, we may use

Ph;q
t � instead of Ph

t � .

8.2 For 1-forms

Let � be a 1-form, we de�ne
Rt

0 � � dxs to be the line integral of � along

Brownian paths as in [26]:

Z t

0
� � dxs =

Z t

0
� (X (xs)dBs) �

1
2

Z t

0
� h� (xs) ds: (8.1)

Here is the formula for 1-form, which is a direct extensionof the formula

in [26] for compactmanifolds:

Prop osition 8.2.1 Let (X ; A) be a completeC2 stochasticdynamical system

on a complete Riemannian manifold M with generator 1
24 h. Suppose for

closed 1-form � in D( �4 h) \ L1 ,

(� Pt )� = e
1
2 t4 h; 1

�

and for each x 2 M ,

Z t

0
EjTxFsj2ds < 1 :

Then

Ph;1
t � (v0) =

1
t
E

Z t

0
� � dxs

Z t

0
< X (xs)dBs; TFs(v0) > (8.2)

for all v0 2 Tx0 M .
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Pro of: Following the proof for a compactmanifold as in [26]. Let

Qt (� ) = �
1
2

Z t

0
Ph

s (� h � )ds: (8.3)

Di�eren tiate equation 8:3 to get:

@
@t

Qt � = �
1
2

Ph
t (� h � ):

We alsohave:

d(Qt � ) = �
1
2

Z t

0
d� h(Ph

s � )ds

=
1
2

Z t

0
4 h(Ph

s � )ds

= Ph
t � � �

sinced� h(Ph
s � ) = Ph

s (d� h� ) is uniformly continuous in s and

d(Ph
s � ) = Ph

s d� = 0

from proposition 2:3:1. Consequently:

4 h(Qt (� )) = � Ph
t (� h� ) + � h �:

Apply It ô formula to (t; x) 7! QT � t � (x), which is smooth becauseP h
s � is, to

get:

QT � t � (xt ) = QT � (x0) +
Z t

0
d(QT � s� )(X (xs)dBs)

+
1
2

Z t

0
4 hQT � s� (xs)ds+

Z t

0

@
@s

QT � s� (xs)ds

= QT � (x0) +
Z t

0
Ph

T � s(� )(X (xs)dBs) �
Z t

0
� � dxs:

Let t = T. We obtain:
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Z T

0
� � dxs = QT (� )(x0) +

Z T

0
Ph

T � s(� )(X (xs)dBs);

and thus

E
Z T

0
� � dxs

Z T

0
< X (xs)dBs; TFs(v0) > = E

Z T

0
Ph

T � s� (TFs(v0))ds:

But

E
Z T

0
Ph

T � s� (TFs(v0))ds =
Z T

0
EPh

T � s� (TFs(v0))ds: (8.4)

Sinceby Fubini's theorem we only need to show EP h
T � s� (TFs(v0)) is inte-

grable with respect to the double integral:

Z T

0
EjPh

T � s� (TFs(v0)) jds � j� j1
Z T

0
EjTFT (v0)jds < 1 :

Next notice:

E
�
Ph

T � s� ((TFs(v0))
�

= E� (TFT (v0)) = Ph
T � (v0):

from the strong Markov property. We get:

Ph;1
T � (v0) =

1
T

E

( Z T

0
� � dxs

Z T

0
< X dBs; TFs(v0) >

)

:

End of the proof.

Remark: If we assumesupx EjTxFt j2 < 1 for each t in the proposition, we

do not needto assume� 2 L 1 . Since�rst we have � Pt � = e
1
2 t4 h

� for such

� by the uniform boundednessprinciple and alsoequation ( 8.4) holds from

the following argument:
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Z T

0
EjPh

T � s� (TFs(v)) jds

=
Z T

0
Ejf Ef � (TFs;T )jF sg(TFs(v)) jds

�
Z T

0
Ej� (TFT (v)) j ds

� sup
x

EjTxFT (v)j2
 Z T

0
Ej� j2FT (x)ds

!

� T E
�
j� j2FT (x)

�
sup

x
EjTxFT (v)j2 < 1 :

But
R

M Ej� j2FT (x)e
2hdx =

R
j� j2e2hdx < 1 . SoEj� jFT (x) < 1 sinceEj� j2FT (x)

= PT (j� j2)(x) is continuous in x. Thus we may still apply Fubini's theorem

to get: ( 8.4).

When � = df for somefunction f , formula 8.2 may be rewritten as:

d(Ph
t f )(v0) =

1
t
Ef (xt )

Z t

0
< TFs(v0); X (xs)dBs > : (8.5)

In fact this works in a more generalsituations. Here is a a very intuitiv e

proof by D. Elworthy and myself (let BC1 be the spaceof boundedfunctions

with boundedcontinuous �rst derivative):

Theorem 8.2.2 Let (X ; A) be a completenondegenerate stochastic dynam-

ical systemso there is a right inversemap Y(x) for X (x) each x in M . Let

f be in BC1 s.t. (� Pt )(df ) = d(Pt f ). Then for v0 2 Tx0 M :

d(Pt f )(v0) =
1
t
Ef (xt )

Z t

0
< dBs; Y(TFs(v0)) > (8.6)

provided
Rt

0 < dBs; Y(TxFs(v0)) > is a martingale for all t. Here Pt f is a

solution to @
@t = 1

2

P
X i X i + A with initial value f .

Pro of: Let T > 0. Apply It ô formula to the smooth map (t; x) 7! PT � t f (x):
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PT � t f (xt ) = PT f (x0) +
Z t

0
dPT � sf (xs)(X dBs):

Letting t=T, we have:

f (xT ) = PT f (x0) +
Z T

0
dPT � sf (xs)(X dBs):

So:

Ef (xT )
Z T

0
< dBs; Y(TFs(v0)) >

= E
Z T

0
dPT � sf (TFs(v0)) ds

= E
Z T

0
(� PT � s)df (TFs(v0))ds

=
Z T

0
(� PT )df (v0)ds = T d(PT f )(v0):

End of the proof.

Note
Rt

0 E < dBs; Y(TxFs(v)) > is a martingale if
Z t

0
EjY(TxFs(v)) j2ds < 1 :

In terms of the metric on M determinedby Y, this condition becomes:
Z t

0
EjTxFsj2ds < 1 :

Corollary 8.2.3 Let ph
t (x; y) be the heat kernel as de�ned on page 23, then

r logph
t (�; y0)(x0) = Ef

1
t

Z t

0
(TFs)

� (X (xs)dBs) jxt = y0g

under the assumptionsof proposition 8.2.1.

Pro of: The proof is just as for compact case. See[26]. Let f 2 C1
K .

Di�eren tiate equation ( 1:10) on page 23 to obtain:

d(Ph
t f )(v0) =

Z

M
< r ph

t (� ; y); v0 > x0 f (y)e2hdy:
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On the other hand, we may rewrite equation ( 8:6) as follows:

d(Ph
t f )(v0) =

Z

M
ph

t (x0; y)f (y)E
� 1

t

Z t

0
< TFs(v0); X (xs)dBs > jxt = y

�

e2hdy

Comparing the last two equations,we get:

r ph
t (� ; y)(x0) = ph

t (x0; y)E
� 1

t

Z t

0
TF �

s (X dBs)jxt = y
�

:

Thus �nished the proof.

Remark: Assume
Rt

0 EjY(TxFs)j2ds < 1 for each x 2 M . If formula ( 8.6)

holdsfor f 2 C1
K , it holdsfor f 2 C2

0(M ), the spaceof C2 functionsvanishing

at in�nit y.

Proof: First assumef positive. Take f n in C1
K converging to f . Then

d(Pt f n ) ! d(Pt f ) by Schauder type estimate as in the appendix. The con-

vergenceof the R.H.S. of the formula is alsoclear. Next take f = f + � f � .

8.3 For higher order forms and gradien t Bro w-

nian systems

Let � be a p form, � a 1 form, the wedgeof � and � is a p + 1 form de�ned

as follows ( following the notations from [1]):

(� ^ � )(v1; : : : ; vp+1 ) =
p+1X

i =1

(� 1)p+1 � i � (vi )� (v1; : : : ; bvi ; : : : ; vp+1 ):

The symbol^ heremeansthat the item below it is omitted.

The exterior di�erentiation of � is given by:

d� (v1; : : : ; vp+1 ) =
p+1X

j =1

(� 1)j +1 r � (vj )(v1; : : : ; cvj ; : : : ; vp+1 ): (8.7)
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Let � be a q form. Let v0 = (v1
0; : : : ; vq

0), vt = (TFt (v1
0); : : : ; TFt (v

q
0)). Anal-

ogouslyto the caseof 1-forms,we de�ne:

(� Pt )� (v0) = E� (vt )� t<� : (8.8)

Then by the argument in proposition 6.4.3, � Pt is a L2 semigroup if

supx E (jTxFt j2q� t<� ) < 1 .

Prop osition 8.3.1 Let M be a completeRiemannian manifold. Let (X ; A)

be a completegradient Brownian systemon M with generator 1
24 h and sat-

isfying:

E

 

sup
s� t

jTFsjq
!

< 1 :

Then

(� Pt ) = e
1
2 t4 h

 (8.9)

for bounded q-forms  .

The proof is as in 6:4:1. Note a similar result holds for a gradient Brow-

nian systemwith a generaldrift. In fact we could have a parallel discussion

of the properties of � Pt for q forms as in chapter 6. We should also point

out that as for 1-forms,extra conditions on TFt will give ( 8:9) for gradient

systems,without assumingnonexplosion(seecorollary 7.2.3on page 108).

Given a q form  , we de�ne a q-1 form as follows:

Rt
0  � dxs(v0) = 1

q

Rt
0  

�
X (xs)dBs; TFs(v1

0); : : : ; TFs(v
q� 1
0 )

�

� 1
2

Rt
0 � h 

�
TFs(v1

0); : : : ; TFs(v
q� 1
0

�
ds:

(8.10)

Here vq
0 2 Tx0M , i = 1; 2; : : : ; q, and v0 = (v1

0; : : : ; vq
0).
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Prop osition 8.3.2 Let (X ; A) be a completegradient Brownian systemon a

completeRiemannian manifold M with generator 1
24 h. Supposefor a closed

q form  2 D( �4 h;q) \ L1 ,

(� Pt ) = e
1
2 t4 h

 ; (8.11)

and also for each x in M ,

E
Z t

0
jTxFsj2qds < 1 :

Then:

Ph;q
t  (x0) = (� 1)q+1 1

t
E

Z t

0
 � dxs ^

Z t

0
< X (xs)dBs; TFs(�) > : (8.12)

Pro of: Let

Qt ( )(v0) = �
1
2

Z t

0
(� hPh;q� 1

s  )(v0)ds: (8.13)

Notice Ph;q
t ( ) is smooth on [0; T] � M by elliptic regularity, so

@
@t

Qt ( ) = �
1
2

� h(Ph
t  );

d(Qt ( )) = �
1
2

Z t

0
d� h(Ph;q

s  )ds;

� hQt ( ) = �
1
2

Z t

0
� h � h(Ph;q

s  ) ds = 0:

Moreover,

d(Qt ( )) =
1
2

Z t

0
4 h;q(Ph;q

s  )ds = Ph;q
t  �  :

since4 h;q = � d� h . Therefore:

4 h;q� 1(Qt ( )) = � Ph;q� 1
t (� h ) + � h :
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Next we apply It ô formula (seepage14) to (t; v)j ! QT � t ( )(v):

QT � t  (vt ) = QT  (v0) +
Rt

0 r QT � s (X (xs)dBs)(vs)

+
Rt

0 QT � s ((d^ )q� 1(r X (�)dBs))vs)

+ 1
2

Rt
0 4 hQT � s (vs)ds+

Rt
0

@
@s(QT � s) (vs)ds:

From the calculationsabove we get:

QT � t  (vt ) = QT  (v0) +
Z t

0
r QT � s (X (xs)dBs)(vs)

+
Z t

0
QT � s ((d^ )q� 1(r X (�)dBs))vs)

+
1
2

Z t

0
� h (vs)ds:

Let t = T, then QT � t ( ) = 0. By de�nition and the equality above, we have:

RT
0  � dxs(vs) = QT  (v0) + 1

q

RT
0  (X (xs)dBs; vs)

+
RT

0 r QT � s (X (xs)dBs)(vs)

+
RT

0 QT � s ((d^ )q� 1(r X (�)dBs))vs):

(8.14)

We will calculatethe expectation of each term of
Rt

0  � dxs after wedging

with
RT

0 < X (xs)dBs; TFs(�) > ds. It turns out that the �rst term and the

last term vanishes.The latter is from equation 1.2 for a gradient systemon

page 12.

Take v0 = (v1
0; : : : ; vq

0), write vi
s = TFs(vi

0).

Denoteby ws(�) the linear map:

ws(�) =

q� 1
z }| {
(TFs(�); : : : ; TFs(�)) :

Then

E
Z T

0
 (X (xs)dBs; ws(�)) ^

Z T

0
< X (xs)dBs; TFs(�) > (v0)
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=
qX

i =1

(� 1)q� i E
Z T

0
 (vi

s; v1
s ; : : : ; cvi

s; : : : ; vq
s) ds

=
qX

i =1

(� 1)q� i (� 1)i � 1E
Z T

0
 (v1

s ; : : : ; vq
s) ds

= q(� 1)q� 1E
Z T

0
 (v1

s ; : : : ; vq
s)ds

= q(� 1)q+1
Z T

0
Ph

s  (v)ds:

The last step usesthe assumption:
Rt

0 EjTxFsj2qds < 1 . Similar calculation

shows:

Ef
Z T

0
r QT � s (X (xs)dBs)(ws(�)) ^

Z T

0
< X (xs)dBs; TFs(�) > g(v)

=
qX

i =1

(� 1)q� i E
Z T

0
r (QT � s )(vi

s)(v1
s ; : : : v̂i

s; : : : ; vq
s) ds

= (� 1)q+1 E
Z T

0
(d(QT � s ))( v1

s ; : : : ; vq
s) ds;

= (� 1)q+1
Z T

0
Ph

s

�
Ph

T � s( ) �  
�

(v) ds

= (� 1)q+1

"

T(Ph
T  )(v) �

Z T

0
Ph

s  (v)ds

#

:

Comparing thesewith 8:14, we have:

Ph;q
T  = (� 1)q+1 1

T
E

Z T

0
 � dxs ^

Z T

0
< X (xs)dBs; TFs(�) > :

End of the proof.

Note: With an additional condition: supx2 M EjTxFsj2q < 1 , the formula

in the above proposition holds for forms which is not necessarilybounded.

Seethe remark on page 129.

Corollary 8.3.3 Let  = d� be a C2 q form, then
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Ph;q
t (d� ) = (� 1)q+1 1

t Ef � (

q� 1
z }| {
TFt (�); : : : TFt (�))

^
Rt

0 < X (xs)dBs; TFs(�) > g:
(8.15)

Pro of: In this case,

Z t

0
 � dxs =

1
q

Z t

0
d� (X (xs)dBs;

q� 1
z }| {
TFs(�); : : : ; TFs(�))

+
1
2

Z t

0
4 h� (

q� 1
z }| {
TFs(�); : : : ; TFs(�)) ds:

There is also the following equality:

E
Rt

0 d� (X (xs)dBs; TFs(�); : : : ; TFs(�)) ^
Rt

0 < X (xs)dBs; TFs(�) >

= qE
Rt

0 r � (X (xs)dBs) TFs(�); : : : ; TFs(�)) ^
Rt

0 < X (xs)dBs; TFs(�) > :

But by It ô formula,

� (vt ) = � (v0) +
Rt

0 r � (X dBs)(vs)

+ 1
2

Rt
0 4 h � (vs)ds:

Herevt is the q-1 vector inducedby TFt as is de�ned in the beginningof the

section. So

Z t

0
d� � dxs ^

Z t

0
< X dBs; TFs(�) >

= Ef � (

q� 1
z }| {
TFt (�); : : : TFt (�)) ^

Z t

0
< X (xs)dBs; TFs(�) > g:

End of the proof.

This corollary canalsobeproved directly asin theorem 8.2.2. The factor
1
q in the formula may look odd, but it is due to that the tensorsconcernedis

not symmetric.
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Chapter 9

App endix

Lemma 9.0.4 [5] Let M be a completeRiemannian manifold. There exists

an increasing sequence f hng � C1
K suchthat:

(1). 0 � hn � 1

(2). limn!1 hn (x) = 1, each x.

(3). jr hn j � 1
n , for all n.

Pro of: This is standard result. Here's a proof from [5]. Let M = R1.

We may construct such a sequencef f ng as is well known. For a complete

Riemannian manifold, there is a C1 smooth function f on M such that

jr f j � 1 and fj f j � kg is compact for all numbersk. Let hn = f n � f . Then

hn is an increasingsequenceand satis�es the requirements.

Schauder t yp e estimates

Let M be a smooth di�erential manifold. Let L be an elliptic di�erential

operator on M . In local coordinates,we may write:

L =
X

i;j

ai;j (x)
@2

@x i @x j
+

X

i

bi (x)
@

@x i
+ c:
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Here (ai;j (x)) is symmetric positive de�nite n � n matrix for each x. The

coe�cien ts are assumedto be C2.

Considerthe following di�erential equation of parabolic type:

Lu =
@u
@t

(9.1)

on a domain 
 � Rn+1 . A solution u to equation( 9:1) is a function which is

jointly continuous in (t; x), C2 in x and C1 in t for t > 0. A function which

satis�es the above regularity will be said to be in C2;1.

Let D be a set of Rn+1 , de�ne:

jujD2;1 = max
D

(juj + jDxuj + jD 2
xuj + jD tuj): (9.2)

Theorem 9.0.5 Let B be a bounded domain in Rn , D = B � (0; 1), and u

a C2;1 solution to the parabolic equation. Let D1 be a subdomain of D with

d(@D1; @D) denoting the distance from the boundary of D 1 to the boundary

of D. Then

jujD 1
2;1 � k max

D
juj:

Here k is a constant dependingonly on the boundsof ai;j , dai;j , dbi , dc in D

and d(@D1; @D).

See[36] P64 for reference.By standard argument in analysison uniform

convergence,we conclude(see[4] and P89 of [36]):

Let un be an increasingsequenceof solutions of the parabolic equation

( 9:1). Assumelimn!1 un = u pointwisein D. Then u is alsoa solution and

the convergenceis in fact uniformly in C1 on compactsubsetD1 of D. Thus

Dxun ! Dxu, and D tun ! D tu in D1.

139



Bibliograph y

[1] Abraham and Marsden. Foundations of Mechanics. The Ben-

jamin/Cummings publishing company, 1978.

[2] L. Arnold. A formula connectingsampleand moment stabilit y of linear

stochastic systems.SIAM J. Appl. Math., 44:793{802,1984.

[3] J. Azema, M. Du
o, and D. Revuz. Recurrence�ne des processusde

Markov. Ann. Ins. Henri Poinca�re, I I(3):185{220, 1966.

[4] R. Azencott. Behaviour of di�usion semigroupsat in�nit y. Bull. Soc.

Math, France, 102:193{240,1974.

[5] D. Bakry. Un crit �erede non-explosionpour certainesdi�usions sur une

var�iet�e Riemanniennecompl�ete. C. R. Acad. Sc. Paris, t. 303, S�erie

I(1):23{26, (1986).

[6] P. Baxendale. Wiener processeson manifolds of maps. Proceedings of

the Royal Society of Edinburgh, 87A:127{152,1980.

[7] P. Baxendaleand D.W. Stroock. Large deviations and stochastic 
o ws

of di�eomorphisms. Prob. Th. Rel. Fields, 81:169{554,1988.

[8] J. Bismut. Large deviations and the Malliavin calculus. Birkhauser,

1984.

140



[9] Y. Blagovescenskiiand M. Freidlin. Someproperties of di�usion pro-

cessesdepending on a parameter. Soviet Math., 2(DAN 138):633{636,

1961.

[10] A. Carverhill and D. Elworthy. Flows of stochastic dynamical systems:

the functional analytic approach. Z. Wahrscheinlichkeitstheorie Verw.

Gebiete, 65:245{267,1983.

[11] A. P. Carverhill, M. Chappell, and K.D. Elworthy. Characterisitic ex-

ponents for sotchastic 
o ws. In S. et al Alberverio, editor, Stochastic

processes-Mathematicsand physics.Proceedings, Bielefeld1984,pp. 52-

762. Lecture Notes in Mathematics1158. SpringerVerlag, 1986.

[12] M. Chapppell. Lyapunov exponents for certain stochastic 
o ws. Ph. D.

thesis,Warwick univiersity, 1987.

[13] M. Cheeger,M. Gromov, and M. Taylor. Finite propagation speed,

kernelestimatesfor functions of the Laplaceoperator, and the geometry

of completeRiemannianmanifolds. J. of Di�. Geom., 17:15{53,1982.

[14] P. R. Cherno�. Essential self-adjointness of powers of generatorsof

hyperbolic equations.Journal of Functional Analysis, 12:401{414,1973.

[15] J.M.C. Clark. An introduction to stochastic di�erential equationson

manifolds. In D.Q. Mayne; R.W. Brockett, editor, Geometric methods

in systemstheory, pages131{149,1973.

[16] G. DaPrato, D. Elworthy, and J. Zabczyk. Strong Feller property for

stochastic semilinearequations. Warwick preprints, 1/1992. To appear

in Stochastic Analysis and its Applications.

[17] E. B. Davies. One parameter semigroups. AcademicPress,1980.

[18] E. B. Davies. Heat kernels and spectral theory. Cambridge university

press,1989.

141



[19] E.B. Davies. Heat kernel bounds, conservation of probability and the

f eller property. preprint, 1989.

[20] J. Dodziuk. Maximal principle for parabolic inequalities and the heat


o w on open manifolds. preprint.

[21] H. Donnelly and P. Li. Heat equationand compacti�cations of complete

r iemannian manifold. Duke mathematical journal, 51, No. 3:667{673,

1984.

[22] N. Dunford and J. Schwartz. Linear operators, volume I. Interscience

publishers,1958.

[23] P. Eberlein and B. O'neil. Visibilit y manifolds. Paci�c J. of Math.,

46:45{109,1973.

[24] J. Eells. Elliptic operators on manifolds. In complex analysis and its

applications, IAEA, Vienna. ICTP Trieste, volume 1, 1976.

[25] K. D. Elworthy. Geometric aspects of di�usions on manifolds. In P. L.

Hennequin,editor, Ecole d'et�e de probabilit�esde Saint-Flour XV-XVII,

1985,1987.Lecture Notesin Mathematics, volume1362,pages276{425.

Springer-Verlag, (1988).

[26] K. D. Elworthy. Stochastic 
o ws on Riemannian manifolds. In M. A.

Pinsky and V. Wihstutz, editors, Di�usion processesand related prob-

lems in analysis, volumeII , pages37{72. Birkhauser, (1992).

[27] K. D. Elworthy. Stochastic di�erential geometry. Bull. Sc. Math., 2e

s�erie, 117:7{28,1993.

[28] K. D. Elworthy and S. Rosenberg. Homotopy vanishing. Manuscript,

1992.

142



[29] K. D. Elworthy and M. Yor. conditional expectations for derivativesof

certain stochastic 
o ws. prepublication du laboratoire de probabilit �es

de l'univerist�e Paris VI, 1992.

[30] K.D. Elworthy. Stochastic dynamical systems and their 
o ws. In

A. Friedman and M. Pinsky, editors, StochasticsAnalysis, pages79{95.

Academicpress,1978.

[31] K.D. Elworthy. Stochastic di�er ential equations on manifold. Lecture

Notes Series70, Cambridge university press,1982.

[32] K.D. Elworthy. Stochastic 
o ws and the c0 property. Stochastics, 0:1{6,

1982.

[33] K.D. Elworthy and S. Rosenberg. GeneralizedBochner theoremsand

the spectrum of completemanifolds. Acta ApplicandaeMathematicae,

12:1{33, (1988).

[34] K.D. Elworthy and S. Rosenberg. Manifolds with wells of negative cur-

vature. Invent. math., 103:471{495,(1991).

[35] K.D. Elworthy and S. Rosenberg. The Witten Laplacian on negatively

curved simply connectedmanifolds. to be publishedin Tokyo journal of

mathematics,(1992).

[36] A.V. Friedman. Partial di�er ential equationsof parabolic type. Prentice-

Hall, Inc, 1964.

[37] M. Fukushima and D. Stroock. Reversibility of solutions to martingale

problems.In Probability, statistical mechanicsand number theory, pages

107{123.Advancesin Mathematics supplemental studies,1986.

[38] M.P. Ga�ney. The harmonic operator for exterior di�erential forms.

proc. N.A.S., 37, 1951.

143



[39] M.P. Ga�ney. The heat equation method of Milgram and Rosenbloom

for open Riemannianmanifolds. Annals of Mathematics, 60(3), 1954.

[40] M.P. Ga�ney. The conservation property of the heat equation on Rie-

mannian manifolds. Comm. Pure. appl. math., 12, 1959.

[41] A. Grigoryan. On stochastically completemanifolds. SovietMath.Dokl,

34, NO. 2:310{313,1987.

[42] M. Gromov. Kahler hyperbolicity and l2 hodge theory. J. Di�er ential

Geometry, 33:263{292,1991.

[43] P. Hsu. Heat semigroupon a completeRiemannian manifold. Ann. of

Prob., 17(3):1248{1254,1989.

[44] K. Ichihara. Curvature, geodesicsand the Brownian motion on a Rie-

mannian manifold I I: Explosion properties. NagoyaMath. J., 87:115{

125,1982.

[45] N. Ikeadaand S. Watanabe. Stochastic Di�er ential Equationsand Dif-

fusion Processes, second edition. North-Holland, 1989.
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