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Abstract

Herewe look at the existenceof solution o ws of stochastic di erential equa-
tions on noncompactmanifolds and the properties of the solutionsin terms
of the geometry and topology of the underlying manifold itself. We obtain
someresults on "strong p-completeness'given conditions on the derivative
o w, and thus given suitable conditions on the coe cien ts of the stochastic
di erential equations. In particular a smooth ow of Brownian motion ex-
ists on submanifoldsof R" whosesecondfundamertal forms are bounded.
Another classof results we obtain is on homotopy vanishing given strong
momert stability. We also have results on obstructionsto momert stability
by cohomology Also we obtain formulae for d(e%t4 " ) for di erential form
in terms of a martingale and the form itself, not just its derivative, extending
Bismut's formula.



Contents

Bac kground 4
Intro duction and preliminaries 5
1.1 Introduction : ::::::::::::::iriiriiiiroin b
1.2 Probabilisticset-up : : ::: oo rrr o rnrr o 11
1.3 Unboundedoperatorson Hilbertspace : : : : ::::::::: 15
1.4 Semigroupsand Generators : @ : ;oo 17
1.5 Dierential forms : : ;oo r oo s on 19
1.6 Parabolicregularityetc. : ::::::orrrrrrnr o 22
On the Bism ut-Witten Laplacian and its semigroups 24
2.1 The self-adjoirtnessof weighted Laplacians: : : : : :::::: 24
2.2 The Hodgedecompsition theorem : : ::::::::::::: 30
2.3 The semigroupassaiatedwith 4" ::::::::::::::: 34
Invariant measures and ergodic prop erties of BM on mani-

folds of nite h-volume 36



4

Completeness and prop erties at innit y 40

Prop erties at innit y of diusion semigroups and stochastic

0 ws via weak uniform covers 41
41 Introduction : : ::::rrrrrrirorrrrrrrrrn 41
4.2 Weakuniform coversand nonexplosion: : : :::::::::: 45
4.3 Boundary behaviour of di usion processes: : : :::::::: 50
4.4 Boundary behaviour cortinued: : @ : ;oo 56
4.5 Propertiesat innit y of semigroups: : : ;o 61

[l Strong completeness, deriv ativ e semigroup, and
momen t stabilit y 65
5 On the existence of o ws: strong completeness 66
5.1 Introduction : : ::: ;i 66
52 MainResults : :: o rrrn 70
53 Applicatons : : oo r oo 80
6 Deriv ativ e semigroups 89
6.1 Introduction : : ::::::::::orrrrrrrrrroin 89
6.2 Semigroupsfor functions : : ;oo 90
6.3 [SF= 1010 [0 | = A A © 12
6.4 Analysisof P; for Browniansystems: : :::::::::::: 96
7 Consequences of moment stabilit y 106
7.1 Introduction : : :: o106
7.2 Geometricconsequenceand vanishingof (M) : :::::::106

2



7.3 Vanishingof (M) :: o ooorrr s r 111
7.4 Vanishing of harmonic forms and cohomology : : : : :::::115

75 Examples : ::::cocooroonnr s r 0120

8 Formulae for the deriv ativ es of the solutions of the heat equa-

tions 126
8.1 Introduction : : :::::::::iiiriirrirorr126
82 Forlforms ::::::::::iioiiiiioioniioorii127

8.3 For higher order forms and gradiert Brownian systems : : : : 132

9 App endix 138



Part |

Bac kground



Chapter 1

Intro duction and preliminaries

1.1 Intro duction

Letf ;F;F{;Pgbea ltered probability spacesatisfying the usual condi-
tions including right cortinuity. Let M be a n dimensionalsmooth manifold.
Considerthe following stochastic di erential equation(s.d.e.)on M :

dXt =X (Xt) dBt + A(Xt)dt: (11)

HereB, is aR™ valued Brownian motion(F-adapted), X is C? fromR™ M
to the tangert bundle TM with X (x): R™ ! T,M a linear map for ead x
in M, and A is a C! vector eld onM.

By we meanthe Stratonovich integral.

Let u be a random variable independent of F,. Denote by F(u) the
solution starting from u, with (u) the explosiontime. By a solution we
meana maximal solution which is samplecortinuousunlessotherwisestated.
Under our assumptionson coe cien ts the solution to equation 1:1 is unique
in the senseof that if (x¢; ) and (y;; ) are two solutions with sameinitial
point, then they are versionsof one another,i.e. = almostly surely, and
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Xy = Y, almostly surely for all t ont <

Furthermore the solutionsto the stochastic di erential equation( 1:1) are
di usion processesj.e. fFi(x);t 0Ogis a path cortinuous strong Markov
processfor ead x. In fact most of the interesting di usions can be given
in this way. The importance of a di usion processis largely related to its
semigroupP; (given by Pif (x) = Ef (Fi(X)) « (x)), and the correspnding
in nitesimal generatorA (which we discussin detail in chapter 4), or to the
considerationof ( 1:1) as a random perturbation of the dynamical system
given by the vector eld A.

The pair ((X;A); (By;1)), often simplied as(X;A), is called a stochastic
dynamial system(s.d.s.).

The thesiscortains two themes. The rst considerdundamertal problems
of stochastic di erential equations: completenessand strong completeness.
The main theme of the secondpart is to relate geometricaland topological
properties of manifoldsto the di usion processe®nit. The rst furnishesa
start for the second. And both make good useof the fact that integrability
conditionsonthe derivative o wsgive very strong conditionson the manifolds
as well as on the diusion themsehes. We have nonexplosion, strong p-
completenessesults, homotopy and cohomologyvanishing results assuming
this type of condition.

As we shall seeproperties of di usions are directly related to those of the
manifolds. An immediate demonstrationof the connectionbetweendi usion
processesand geometry is given by the well known fact: the nonexplosion
of a Brownian motion (which exists naturally on a Riemannianmanifold) is
equivalent to the uniguenesof solutions of the heat equations,which relates
to the behaviour at in nit y of the assaiated probability semigroupasshavn
in chapter 4.

Beforegoinginto detail, we would alsolike to point out that the existence
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of a cortinuous o w is of basicimportancein the study of ergadic properties.

The rst three chapters of the thesisare preliminary. Of thesechapter 1
is to establishnotation and cortains quoted results, chapter 2 and chapter
3 deal with results which are essetially known (especially in special cases)
but not found anywhere in suitable form. Much of the treatment in chap-
ter 2, in which we discusscarefully the Bismut-Witten Laplacian 4 " and
its assaiated semigroups,was arrived at together with D. Elworthy and S.
Roserberg. In chapter 3 we look at the invariant measurefor an h-Brownian
motion and its ergadic properties.

Inspired by the idea of uniform covers, we introduce the weak uniform
cover method in chapter 4, which allowsusto look at many di erent problems
from the samepoint of view including the explosionproblem, the behaviour
at in nit y of di usion processesnd probability semigroups,along with the
geometryof the underlying manifold at in nit y. As an examplewe conclude
that linear growth givesthe C, property and have a result on the nonexplo-
sion of s.d.e. on an open set of R". The results on nonexplosionare usedin
chapter 5 to obtain strong completeness.

In chapter 5, the conceptof strong p-completenesss introduced due to
the complexity of strong completeness.A stochastic di erential equationis
said to be strongly p-completeif it has a version which is smaoth on any
given smooth singular p-simplex. It is called strongly completeif thereis a
smooth o w of the solution on the whole manifold. We start with a theorem
on strong 1-completenessvhich is applied to get dPf = Py(d) in chapter
6. Here Py(d) = Ed (TF; « ), and TF; is the derivative ow(c.f. section
1.2). Strong 1-completenesss neededn chapter 7 to get homotopy vanishing
results and is also usedin chapter 8. Later we give a theorem on strong
p-completenessjn particular the existenceof a cortinuous ow and ows
of di eomorphisms. Strong p-completenesdeads naturally to cohomology
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vanishing given strong momert stability (seepage 118). Thesetheorems
are originally given in terms of integrability conditions on TF;, but those
conditions can also be chedked in terms of the bounds on the coe cien ts
of the stochastic di erential equations. Seesection 5.3. In particular, asa
simpleexample,thereis a smaoth o w of Brownian motionson a submanifold
of R" whosesecondfundamernal form is bounded.

In chapter 6, we look at the probability semigroupfor 1-forms, the heat
semigroupfor 1-forms, and the di erentiation of the probability semigroups
for functions and ask a basic and yet important question: doesdP,f equals

Pi(d )? This questionis answeredfrom di erent approades,but all require
conditions on TF;. We usethis knowledge of the semigroupsextensiwely in
the next two chapters. Following from the discussionswe get a result on
the LP boundednessand cortractivit y of heat semigroupsfor forms. As a
corollary, we give a cohomologyvanishing result.

Proceedingto chapter 7, the interplay betweendi usion processesnd ge-
ometric and topology properties of the underlying manifold becomesclearer.
The main theoremshere are on the vanishing of the rst homotopy group

1(M) given conditions on the regularity of the di usions and strong mo-
mert stability, i.e. the suprenum over a compactset of the p" norm of the
derivative ow decgs exponertially fast. In particular we concludethat a
certain classof manifold cannot have a strongly momern stable s.d.s. if its
fundamenal group is not trivial. We also look briey at the vanishing of
harmonic 1-formsand cohomologyvanishing.

Finally in chapter 8, we get a formula for d(P;f ) for elliptic systemsin
terms of f (x;) and a martingale, extending the formula given in [26]. We
also obtain a similar type of formula for g forms. In particular we have an
explicit formula for the gradiert of the logarithm of the heat kernelextending
Bismut's formula.



Bibliographical notes are scatteredin ewery chapter. But we would like
to referto [31] and [27] for generalreferences.Seealso[45].



Flow chart

various criteria
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The arrows here denote implications in the indicated chapter.
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1.2 Probabilistic set-up

Bro wnian motions and Bro wnian systems

A path continuousstrong Markov processon a Riemannianmanifold is called
a Brownian motion (BM) if its generatoris %4 , where4 denotesthe Laplace-
Beltrami operator. It is calleda Brownian motion with drift Z if its generator
is %4 + Z. HereZ isa C! smaoth vector eld on M. The drift Z is called
a gradient drift if Z = r h for somefunction h: M I R. We will always
assumeh is C' smooth for simplicity. But in many caseswe only needit to
be C2.

A stochastic dynamical system(X; A) is called a Brownian system(with
drift Z) if its solution is a Brownian motion (with drift Z). Equivalertly
X(x):R™!I T,M is an orthogonal projection foreahi x 2 M. i.e. X X =
ldand Z = AX =1 A+ Itracer X (X ())().

In the text, we often useh-Brownian systemfor a Brownian systemwith
drift r h, and h-Brownian motion for a Brownian motion with drift r h.

Gradien t Brownian o w

Letf : M ! R™ beanisometricimmersion. Dene X (x) : R™ ! T,M as

follows:
X(x)(e)=r <f();e>(x); e2 R™:

A stochastic dynamical system(X; A) with X sode ned is called a gradient
Brownian system (with drift). When A = 0, its solution ow is called a
gradient Brownian ow . It is calleda h-gradient Brownian systemif A = r h.
For sudh a system, we can always choose,for ead x 2 M, an orthonormal

either
r X(v)(e)=0
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or

X (x)(e) =0
Herer X ( )(e) denotesfor the covariant derivative of X (g). In particular
we have

xo o
r X'(X')y=0: 1.2)

i=1

Here X '(x) = X (x)(&). See[31]or [25] for the proof.

The deriv ative ow

Let M¢(x) = fI :t < (x;!)g. Denote by TF; the solution ow to the
following covariant stochastic di erential equation:

Dvi=r1 X(v) dB¢+r A(v)dt: (1.3)

It is in fact the derivative of F; in measurein the following senseas shovn
in[31]:letf :M ! RbeaC!mapand :[0;1]! M asmooth curve with
(0) = x, and (0) = v. Then forany > O:

Jf (Ft( (r))r f (Ft(X)) d (TFt(V))J > g= 0:

ll!mOPf! 2 M¢(Xx) :

By convertion f (Fi( (r));!) = 0if I 62M¢( (r)). Let Xo 2 M, and let
Vo 2 Tx,M. Wewrite X; = Fi(Xo), Vi = TF(Vo) for simplicity. Clearly TF is
a solution to the stochastic di erential equation on the tangert bundle TM

correspnding to equation 1.3. Furthermore it hasthe sameexplosiontime
as x accordingto [26]. In a trivialisation we may not distinguish between
the derivative ow and its principal part, if there is no confusioncaused.
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It"o form ula for forms

First, we recall Itd formula for one forms from [26]. Let T be a stopping
time with T < |, then

Rint

(Virt) = (Vo) + o ' 1 (X (Xs)dBs) (Vs)

RoA RoA 1.4
+ 0T (r X(v)dBs) + 5T L (vs)ds: ¢4

Here L is the dierential operator on 1-forms assaiated with a s.d.s.
(X;A) de ned asfollows (for Levi-Civita connection):

(L )x(v) = gtracer 2 (X (x)(); X (X)()(V)
+2 (traceR(X (x)( ); V)X (x)()) (1.5)
+Lax + tracer (X (X)())r X(v)():

If A = %4 + Lz and is closed,then asshavn in [26]:

1
L = §41+ Ly:

For higher order forms, there is a similar formula from [26]; we quote here
the formula for gradiert systems.But rst we needsomenotation (see[1]):

Let A be alinear map from a vector spaceE to E. Wede ne (d) %A from
E ::: EtoE ::: E asfollows:

13



Here s Itd formula for gradient Brownian systemsfor g forms as given

in [26]:

V)= () + o1 (X(x9)dBa)(ve)

1.6
SR 0 X OB + R aana( yvgds: O

Moment exponents: For p 2 R, K M compact, we have moment
exmpnents g (p):

«(p) = M sup™ IogETF.J°
ti1 x2Kt
and point momert exponerts (p):
T l . -
x(P) = lim +IogEjTuFj:

We will say a ow is moment stableif (1) < O for ead x, and strongly
moment stableif (1) < O for eath compactset K. It is called strongly
p"-momentstableif ¢ (p) < O for ead compactsubsetK of M. For discus-
sionson various exponerts and related problems, seeArnold[2], Baxendale
and Stroock [7], Carverhill, Chappel and Elworthy [11], Chappel[12, and
Elworthy [26][25].

Invariant measure: A -nite measurem on M is called an invariant

measurefor F , if the following holds for all t > 0 and L?* functions f :

z z
y Pif (x)m(dx) = y f (x)m(dx):

Some notation: Let dx be the Riemannian volume elemen on M. Then
R
M is said to have nite volumeif VolM) = , dx < 1 . Similarly M is

saidto have nite h-volumeif h-Vol(M) = ', €"dx < 1 . e.g. R" has nite

1

volume for )=z

e?" the Gaussiandensity givenby h(x) =  Zjxj.
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1.3 Unbounded operators on Hilb ert space

Let H be a Hilbert space. An operator T on H is a linear map from a
subspaceof H to H. The subspacas calledits domain, which we denote by
D(T). We alsodenoteby ker(T) the kernelof T, and I m(T) ( or Ran(T))
the imageof T in H. A closeal operator T is an operator with its graph
(T)=1(; T ): 2 D(T)gaclosedsubspaceof H H. An operator S
is called an extension of T if ( S) (T),ie. D(S) D(T)andS=T
on D(T). If T hasa closedextension,it is closable In this casethe smallest
extensionof it is calledits closure, which we denoteasT.

Prop osition 1.3.1 [59|[p.250]. If T is closable, ( T) = (T), i.,e. D(T)
contains precisely those suchthat: there existf ,g D(T) with !
inHandT ,! ;inH,some 2H (andthenT = ).

An interesting classof operators are operators with densedomain, called
denselyde ned operators. Let T be sud an operator, there is a well de ned
adjoint operator T de ned by:

D(T)=f 2H<T ; >=< ; > some 2H;al 2D(T)g

Forsuh and weset: T =

Noticethat if S T, thenT S.IfT T,Tiscalledasymmetric
operator. There are alsothe following properties of adjoint operators:

Theorem 1.3.2 [59][p.253]. AssumeD (T) is densein H, then:

1. T isclosa,and T is symmetric.
2. T is closableif and only if D(T ) is dense,in whichcaseT = T

3. If T is closable, then(T) =T .
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A symmetric operator is self -adoint if T = T . It is essentialy self-
adjont if its closureis self-adjoirt, equivalertly if it hasonly one self-adjoirt
extension.

Hereis another test for essetial self-adjoirtness:

Theorem 1.3.3 [59] [p.257]. Let T be a symmetric operator on a Hilbert
smce. Then the following are eguivalent:

1. T is essentialy self-adjoint.
2. ker(T i) = f0g.

3. Ran(T i) are dense.

The Friedric hs extension : Let T be a positive symmetric operator. Let "
be its quadratic form (bilinear form) de ned asfollows:

"(; )= T o> for ; 2 D(T):

Letj j2=1j j2+"(; ). A quadratic form is closel if f ,g is a sequence
in D(T) with lim,; 5 = and limpy; "( n; m) = O, then it follows

2 D(T) and , corvergesto in jj- norm. The closure of " is the least
extensionof " which is closed. The closureof " is in fact the quadratic form
of a unique selfadjoint operator T, which is a positive extensionof T and is
called the Friedrichs extensionof T.

Theorem 1.3.4 (Von Neumanntheorem)[69 Let T be a closal denselyde-
ned operator, thenT T and TT are self-adjoint.

Furthermore, If T is symmetric and T?2 is denselyde ned, then T T is
the Friedrichs extensionof T2. See[59] [p.181]

Given operators S and T, we may de ne new operatorsS + T, and ST.
For this, S+ T isdened onD(S)\ D(T), onwhich (S+T) =S + T ,
while D(ST)=f : 2D(T);T 2D(S)g,and(ST) =: S(T ).
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Theorem 1.3.5 (spectral theorem-functional calculus form) [59]

Let A be a self-adjoint operator on H. Then thereis a uniquemap " from
the boundel Borel functions on R into L(H) so that

1. " is an algebaic *-homomorphism.
2. ™ is norm continuous, that is, jj “()jjL¢+y  jihijs -

3. Let fh,g be a segquene of boundel Borel functions with lim,;  hp(x)
convegingto x for eachx andjh,(x)] jxj for all x and n. Then, for
any 2 D(A), limyn;  “(hy) = A .

4. If hyo(x) ! h(x) pointwise and if the sequene jjh,jj1 is bounddl, then
N N
(hy) ! "(h) strongly.

5.FA = ,"h) =h() .

6. If h 0, then "(h) O.

1.4 Semigroups and Generators

De nition 1.4.1 A family of operators f T;g on a Banachspace (X;j j) is
called a one parameter semigoup (of classCy) if they satisfy the following:
(not to be confusel with the Cy semigoup later in chapter4.)

1. Tivs=TiTs;t O;s O
2. To=1.
3. Foreachty, O, f 2 X,
tI!inngth T fj=0:
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For sud a semigroup, all T, are bounded operators with jT,j Met, for
0O t< 1 andsomeconstaitsM >0, < 1.

The third condition in the de nition is equivalent to eadt of the following
if T, satis es the semigroupproperty (1) and (2) in the de nition above:[17,
[59]

1. It is weakly cortinuousat O: w limy oTif = f,eah f 2 X. i.e. for
any 2 X ,thedual spacelimy o (Tif) = (f):

2. Themap (t;f) 7! Tf from[0;1) X ! X isjointly continuous.

Denote by D(A) = ff :limy oL existsy. Let Af = limy o 01 if

f 2 D(A). The operator A on X is calledthe in nitesimal geneator, which

enjoys the following properties:

Theorem 1.4.1 [17] Let T, be a semigoup of class Cy, A its geneator.
Then the following hold:

1. The operator A is closel and denselyde ned.
2. TfD(A)g D(A).

3. If f 2 D(A), Tif is continuously di er entiableon [0; 1 ) and satis es:

Qnf) _ A(Tif) = T(Af):
@
4. Furthermore if a function g:[0;a]! Dom(A) satisi es
@
_—~ = A
@ G

for all t 2 [0; a], then gy = TaQo.

De nition 1.4.2 A contraction semigoup is a semigioup of classCy with
Ty 1forallt O.
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Theorem 1.4.2 (The Reisz-Thorin interp olation theorem) [18]

Letl po;p1; ;& 1. LetT bealinear operator from LP\ LPt to

L% + L% which satis es:
iTfjg  Mijfjp,

forallf andi= 1,2 Let0O< t< 1anddene p, qby:
t 1 t
PP
i + u:
G G
jp forall f 2 LPo\ LPr,

+

-+ Ol TIE

ThenjTifj (M)t (Mo)! Y

In particular if T is a bounded operator both on L, and L, : then T
extendsto a operatoron Ly, for 2< p< 1 . Furthermoreif T is both anL,
and L; cortraction, it is an L, cortraction for all sud p (restricting to L2
functions).

Finally we quote the following theoremon dual semigroupsfrom [17]:
Theorem 1.4.3 [17] If A is a geneartor of a one parameter semigioup P

on a re exive Banachspmoe X, then P, is a one parameter semigoup on X
with geneator A .

1.5 Dieren tial forms

Let M be a Riemannianmanifold with Levi-Civita connectionr and a pos-

itive measure given by e2"®dx, for a smooth function h on M, where

dx denotesthe volume elemen determined by the metric. Denote by AP

the spaceof di erentiable p forms. Let be a p-form; there is an elemen
#(x) 2 A"PTyM sud that for any x 2 M, andv 2 *"PT,M, (X)(V) =

< #:v>,. Fortwo p-forms and , wede ne:
<5 >=E< )y P >
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< >= < >, e"WNdx

Let L2(AP; ) be the completionof f 2 AP :j j2 =< ; >< 1g,
and L?(A) = - L2(AP), where = denotesdirect sums. Then L2(A) is a
Hilb ert spacewith the inner product de ned above (forms of di erent order
are consideredorthogonal). Those forms in L? are called L? forms. Let
Ci (AP) be the spaceof smooth p forms with compactsupport, and C} the
spaceof smaoth functions with compactsupport. There is the usual exterior
di erential operator d on C} with adjoint ", here " is the formal adjoint
of d for

d:Cg (AP) ! Cg (AP);
h.Cl(AP) I CL (AP Y.
Denoteby d the adjoint ofdin L?2(AP; )and the L? adjoint of operator

,sothatd = M (M = dwhenrestrictedto C} . Notice that C} is dense
in L2, soall the operators concernedhave densedomain.

Denoteby (*"PTyM) the dual spaceof the antisymmetric tensortangert
L
bundle of order p on R:. Let (*"TyM) = ~ (*PTyM) . For eah e 2 T,M,
there is the annihilation operatorie : ("P*1T,M) ! (*PTyM) given by:

Herewe have identied ("PT,M) with antisymmetric multilinear forms.

Let Y be a vector eld on M with S; the correspnding solution ow.
There is the interior product of by Y given by:

forv, 2 TM. If isal-form,wewrite i fori «» . Here# denotesthe
adjoint. There is alsothe Lie derivative Ly of in direction Y

20



Herev; 2 T,M. They are related by the following formula [1]:
Ly =d(iy )+iy(d):

Take an orthonormal basise;;:::;e, of TyM, the formal adjoint of the
exterior di erential operator on L2(M;dx) is given by:

X
( x= le (I e ):

1
For a functionf onM,

(f)=f1 P
Alsofor 2D(), 2Ct,

z z z
<d; >eM"dx= < ; (" )>dx= < 2i, > dx:
Thus "= 2i; n. Similar argumerts show that: "= e 2" &" and
hEy=f N g (1.7)

Let 4 be the Hodge-laplae operator on forms de ned as:
4 = (d+ )%
and 4 " the Bismut-Witten Laplacian de ned by:
Ah= (d+ M=

Clearly 4 " = 4 + 2L, ,,. The restricted operators on ¢ forms are denote by
4 9 and 4 "9 respectively. If q= 0, we simply write 4 and4 ".

Div ergence theorem Let Y bea vector eld. De ne the divergenceof Y
to be: divY = tracer Y. It is the formal adjoint of r on L?(M;dx). The
h-divergenceof Y is given by:
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divhY = e 2div(eY): (1.8)

This is the formal adjoint of r in L?(M;&"dx):
z z
f (div,Y)e™ dx = <Y;rf>eMdx
The divergencetheorem holds for h-divergencesij.e. let U be a precompact
opensetin M with piecewisesmooth boundary, then:

4 Y4

div,Y € dx = <Y; > éhds: (1.9)
U @

Where is the unit outer normal vector to @J, and dS the Riemannian
surfaceareaelemen(corresponding to dx). The equationcanbe proved from
equation 1.8 and from the usual divergencetheoremwith h = 0.

1.6 Parabolic regularit y etc.

Recall that h is a smooth function on M. Let P" be a L? solution to the

following equationon g forms:
8
< Suixt) = 34" u(xt)

u(x;0) =
Then P is in fact a classicalsolution(i.e. C2 in x and C! in t). Fur-
thermoreit is smooth if and h are. See[56 and [24].

The following theorem s given by Strichartz for the Laplacian, but it is
easyto seeit is true for %4 h (de ned on page 21, c.f. theorem 2:1:4). Let
ez'4" be the heat semigroupde ned by functional analysis.

Theorem 1.6.1 [62] There is a heat kernel p!'(x; y) satisfying:

1. The function pP'(x;y) is smothon R* M M, symmetricin x and
y, and is strictly positive for t > 0.
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R
2. P y)e"™¥dx  1for all x andt > 0, and

Z
e "f(x) = plxy)f (y)e"® dy (1.10)

forall f 2 L».

3. jez*"fj, jfj, forallt> 0 andf 2 L2\ LP, 1 p 1 with
lim, ojez**"f fj,=0, forp6 1, and

4. 8ei"f = 14Mex™"f forall f 2 L2andt > 0, and theseproper-
ties continue to holdfor all f 2 LP, 1 p 1 if wedene et " f
by equation 1.10. Moreover we have uniquenessof the semigioup for
1< p< 1 in the following sense:if Q; is any strongly continuous
contractive semigoup on LP for xed p suchthat Q;f is a solution to

9= 14" thenQf = e2*"f.
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Chapter 2

On the Bism ut-Witten
Laplacian and its semigroups

Main result: From the essetial self-adjoirtnessofd+ ", we getthe Hodge
decompsition theoremand a result on dP" = P,"d, which we useextensiely
later. Theseresults are generally consideredwell known, but there doesnot
appearto be a suitable referencewhich givesthesein exactly the corntext we
want, esgecially for the Bismut-Witten Laplacian 4 ". This problem arose
when | was trying to work out dP" = P"d, and occurred again when D.
Elworthy and S. Roserberg were working on their paper [35]. This chapter
is the result of discussionsamongthe three of us, part of the result is in fact
usedin [35].

2.1 The self-adjoin tness of weighted Lapla-

cians

Cherno [14] has proved that d+ " and all its powers are essetially self-
adjoint on C§ (with h = 0, but exactly the sameproof givesthe result for
h 6 0 making useof the h-divergencegheoremstated on page 22 asseenlater
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in the cortext). In particular the Hodge-Laplacianoperator4 " = (d+ ")?
is essetially self-adjoirt. From this weobtaind+ " = d+ M andthe Hodge-
Kodaira decompmsition, and therefore: d = Mand( ") = d. Consequetly
weget: 4" = (d "+ hd). Thus all the operationson 4 " are exactly as
for 4 . We will give Cherno 's proof for the self-adjoirtness,adaptedto our
cortext.

First we introduce the terminology. Let L be a rst order di erential
operator on the complexi ed cotangert bundle (" TxM ). Considerg =L,
which is called a symmetric hyperbolic systemif L + L is a zero order
operator, i.e. it is givenlocally by multiplication by a matrix valued function
of x. The symbol for L is a linear map from (*TyM ). ! ("TxM) for
eahx2 M andv2 T,M:

(v)(e) = L(f )(x) fL (x): (2.2)

Heref 2 C* (M) with d(x) = v,and :M ! (*TM) is asmooth form
on M with (x) = e. The local velocity of propagation ¢ assaiated to L is
de ned asa function on M :

c(x) = supfjj  (V(x)jj :v 2 T,M;jjvjj = 1g:

We are mainly interestedin the following operator L = i(d+ ") for the proof
of the next two theorems. It indeed givesrise to a hyperbolic systemsince
L+ L = 0,andhassymbol: (v)(e) = v~ e ixe Herev? isdened by:
v(w) =< v¥;w > for w 2 T,M. The local velocity for L is constanly 1,
from the following:

For eath xed v 6 0, we may write e into the sum of two orthogonal
parts: e = ey + e satisfying: v~ e = 0, and jv”™ ejj = jvjjeyj, by letting e
be the componert of e alongv. Soi,» e = 0. Thus

j (Vi=sup(jv" e €)= sup(jv” eyj+ jiy &) = jvj:

jej=1 jej=1
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Lemma 2.1.1 (Energy inequalit y) [14]LetM beaRiemannian manifold
with Riemannian distane . The geodesic ball radius R centered at xq is
denotal by B (Xo; R). Let Xo 2 M, u a smath solution to @@ = L on [0; a]
B(Xo;R). Letr and a be real numbers with r + a R, then the following
inequality holds:

z z
ju(a)j2e® dx ju(0)j%e® dx:

B (xo;r) B (xo;r+a)

In particular if u(0) vanisheson B (xo;r + @), then u vanishesthroughout
KforK=1f(t;x):0 t a; (X;xo) r+(a t)g

Proof: We rst introduce a (h-)divergencefree vector eld Z on[0;a] M
asfollows. Let f be a real valued function on [0;a] M, denote by % the
di erential of f in the time componert, and d the spacedi erential. Then
de ne Z by:

d(Z)=<2Z;rf >:jUt12% < U (F)u >

Write Y(f) =< u;; (d)u; >. Notice Z is given in the form of the sum
of time and spaceparts, sothereforeis the divergence:

divp,Z = 2< ut;@ut > divyY;

@

wherediv,Y denotesthe h-divergenceof Y in its spacevariables.

But div,Y =< (L L )ui;u, >, sincefor any function f 2 C} :

z z
f div,Y e"dx
M

<Y:rf> &hdx
ZM
= <u;L(fu) fLu;> eMdx
z

f<L u;u > < u;Luy>gf edx
M
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z
f<u;(L Lu> edx
M

ThusdivpZ =< ug; (L + L )uy >= 0. Applying divergencetheorem for the
h-divergence we get:

z
div,Z e”"dtdx
ZK

0

<Z; >éeMds
7& z z
ju(a)j e dx ju0)j?edx+ < z: > eMds:

B (xo:r) B (Xo;r+a)

Here isthe marntle part of the boundary of K, and the unit outer normal
vector to , which isin fact givenby: = r = (L;r ), for (t;x) =
t+ (Xo;X), and somepositive constart

<Z; > = juj® <u; (d)u>

juj® jd jjuj®= o

The required inequality follows. [

Let L = i(d+ M. We shall view the equation % = i(d+ Muasa

symmetric hyperbolic systemof partial di erential equationsas follows:

. L . o
Let f!q;:::;1,,9 be local sectionsof A = B=0 A, which are pointwise
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. P
orthonormal. Then we may wite v="7v (x)! and

(d+ Mv= X A (x)%! 2 B v (x)!

(e
Let v;w 2 C! (A), the spaceof smooth formsin A. We shall assumethat
oneof them has compactsupport. The idertity

< (d+ h)v;w>:< v; (d+ h)W>
and an integration by parts show that
Al X)= A (x); anyi; ; ;andx:

We shall let Aij(x) denotethe matrix whoseenries are A; (x). On setting
u= v+ iw, the equation: % = i(d+ ")u canbe written as
0 1 0 1 0 1

X0
_@@VA: Ai(x)_@_@VA+B(X)@VA;
1 @ W W
0 1
0 A
wherev = (Vi;:::;Vo,) andw = (W 11 Woy) andA;(x) = @ (x) A
Ai(X) 0

IS symmetric.

Thus locally there is a unique smooth solution to the Caudy problem for
this hyperbolic equation by standard theory. Seee.g. [48].

Theorem 2.1.2 [14] Let M be a complete Riemannian manifold, and let
L = 1I(d+ "). Thereis a unique smath solution to the hypertolic

equation: & = L, for each initial valueu, 2 Cg . Moreover u; 2 Ci , each
t.

Proof: Take a local trivialization of the tangert bundle TM. Fory 2 M,
there is a constart r(y) > 0 sud that B(y;r) is cortained in a single chart.
Then by the local existenceand uniguenesstheorem: for ead u(0) smaoth
on B(y;r), there is a unique smooth solution on Ky = f(t;x) : 0 t
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r; (x;y) r tg, from the energyinequality. Notice the propagation speed
is identically 1 for L.

For R > 0, Xg 2 M, the gedesicball B (xo; R) is compacton a complete
Riemannian manifold. Let u(0) be smaoth on B(xo;R). We can nd a
commonr > 0 for all points in the ball B(xo; R r) sud that the statemen
above holds, given initial data on B (Xo; R). Moreover the solutions coincide
on overlapping areasfrom the local uniqueness. Altogether they de ne a
solution on the truncated cone:

f(;x):0 t r; (X;x9) R tg:

The solution at t = r in turn senesasinitial data on B(xg;R r), then we
have a solutionon: fr t 2r; (X;Xo) R r tg. Continuing with the
procedure,we obtain a unique solutionf (t;x) :0 t 1, (X;Xxo) R tg.

In particular this showv that the solution up to time N on B(Xo;R N)
is determined by solution at time N 1 onthe ball B(xo;R N + 1), and
thereforeby initial value on B (Xo; R).

Letu(0) OonM. Foreath numberN andR,u 0on[0;N] B(Xo;R)
from the above argumen. Sothe uniquenessholds.

We showv next that there is a globally de ned solution for ead smaoth
data ug with compactsupport inside the ball B (xo; @), somea. As hasbeen
shown there is a unique solutionon K = [0;1] B(xgp;a+ 3 t). Moreover
the solution vanishesoutside B (Xo; a+ 1). Extend the solutionto [0;1] M
by setting it to be 0 outside K. The solution so de ned is smaoth and h
as support in B(xg;a+ 1) at time t = 1, which senesin turn as initial
data and givesus a solution on [0;2] M. We can by this meanspropagate
the solution for all time. It is clear that the solution u; thus obtained has
compactsupport for ead t. [

Theorem 2.1.3 [14] Denote by V;u the solution givenin the theorem alove
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for u 2 Ci. ThenV, is a unitary group from Ct ! C} with L(Mu) =
Vi(Lu), and extendsto L? as a unitary group.

Proof: We only needto prove the unitary part. Take u, w from C} .Than

d
a<\/tu;\/tw> = < LViu; iw > + < Vu; LViw >

<(L+L)Viu;Viw>= 0:

The fact that V; is a group comesfrom the uniquenessof the solution, and
L (Mu) = V,(Lu) follows from the standard semigroupresult. [

Theorem 2.1.4 [14] The operator T = d+ " and all its powersare essen-
tially self-adjoint.

Proof: Let A= T", n> 0. It isasymmetric operator. Accordingto theorem
1.4weonly needto shovn = 0ifA = i ,i= p—1. SupposeA =i
Let 2 C}. Consider< V;; > which is boundedin t sinceV, is a unitary
operator.

dn

W<Vt;

\Y
|

"< TV, >

"<V, A >=i"< Vi >
So< V;; >= Ce!', for someconstart C. Where satises: "+i"*t = 0,
and sois not a pure imaginary. Thus< V,; >= 0, sinceit is boundedin

t. In particular < ; >= 0. Thus = 0. A similar argument works with
A = . |

2.2 The Hodge decomp osition theorem

To explorethe relationship of theseoperators, let us rst notice that d

and d beforegiving the following lemmas:
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Lemma 2.2.1 On L?(M;edx), D(d®) = D(d), D(( M? = D( "), and
(d)2=(M2=0. It is alsotrue that: D(d) = D(( ") d), and ( ") d = 0.

Similarly for d ".

Proof: Take 2 D(d), there are therefore , in C} corvergingto in
L2,andd ,! d inL2 Butd® ,=0,sod 2 D(d),andd®> = 0.

Let 2 D(d), thenforall 2 D( ") = C}, wehave:

Sod 2D( )and( ") (d )= 0. The rest can be proved analogously N

Prop osition 2.2.2 Let M be a completeRiemannian manifold. Then:

d+ "=d+ n=d + ().

Proof: Wewrite for " in the proof. Sinceboth d , and  are closedfrom
theorem1.2,soisd + sinced and map to dierent spaces.For the
samereasond+ is alsoa closedoperator. Noticing d : d , we have:

d+ d+ d + (2.2)

We also have:
d + (d+ ) (2.3)

from the following argumert:

Let 2D(d + ). Forany 2 D(d+ ), thereis the following:

<(d+ ) ), >=< ;(d >+< () >=< ;(d+ ) >:

The last equality comesfrom theorem 1.3.2. We now take adjoint of
both sidesof 2:2 and 2:3 and get:
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(d+ ) (d+ ) (d+ ); (2.4)
d+ = (d+ ) d+ ): (2.5)

But by theorem 2:1:4,(d+ ) =d+
Soconbine 2:2 with 2:4 and 2:5, we have:

d+ d+ (d+ ) d+

Therefored+ = (d + ) = d+ , and ead is a self-adjoirt operator.
Thus we have proved that:

Remark: Let4h= (d+ M2 it isnow clearthat:

4h= (d+ M?2= (dh+ hd):

Proof: First we know that d+ " is self adjoint from 2:1:4. By theorem
1:3:4, 4 " is selfadjoint. But there is only one self adjoint extensionfor 4 M.
The result follows. Furthermore (d+ ™)? is in fact the Friedrichs extension
of 4 " from the remark after theorem 1:3:4.

The following is a standard result:

Prop osition 2.2.3 Let T be a self-adjoint operator on Hilbert space H with
densedomain. Then

Proof: Let 2 D(T), 2 ker(T). Then

<T; >=<,;T >=0:

Solm(T) is orthogonalto ker(T).
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Let 2 (Im(T))?. Then by denition for any 2 D(T), we have: <
; T >= 0. Howewer this shavsthat: 2 D(T )= D(T),andT = 0.
ThusT = 0. Thereforel m(T)? Ker(T). This nishes the proof. [

We are ready to prove the following Hodge decompsition theorem:

Theorem 2.2.4 Let M be a complete Riemannian manifold with measure
edx, heeh2 Ct (M). LetL?(H)=f :d = " = 0g. Then:

M M
L2 P=1Im(h) Im(d) L?*H)

and
L2(H) = Ker4d M

Pro of: From the propositions above, we know:
M
L2=1Im(d+ ) Ker(d+ ):

We only needto prove the following:

M
Im(d+ )=1Im(d) Im():

It is clear the two spaceson the right hand side are orthogonal to eath
other. Take 2 Im(d+ ). By denition there are , 2 D(d+ ), sud
that (d+ ) ,! . Sinced and arein dierent spaceswe may write

= 1+ ,sudthat: d ! 4,and ,! 5. Thusfollows:

M
Im(d+ ) Im(d) Im():

Next let 2 D(d). Let 2 Ker(d+ ) = Ker(d)\ Ker( ). Take

n 2 Ct cornvergingto sud that ! = 0. Then there is the
following:
<d; >=1lm<d; ,>=lim< ; ,>=<; >= 0O
n'l n



Thereforewe get: Im(d) ker(d+ )?. Similarly Im() ker(d+ ).
Thus

M M
L2 P=1Tm(P) Im(d) L3H):

from Im( ") = Im( "), and I m(d) = I m(d).

For the proof of the secondpart, recall d = 0. For 2 D(4),
<4 >=<(d+ );@d+ ) >=jd >+ j*

SoL2?(H) = Ker(4): The proof is complete. [

Prop osition 2.2.5 Let M be a completeRiemannian manifold, then:

d=(™,and "=4d.

Pro of First notice " is an extensionof d. Let 2 D( "), we may write
= 1+ ,+h. Hereh2 L?(H), 12 1Im(d), and ,2 Im( "). Howewer

Im(d) D(d),Im(" D(M. Soh+ 2D(d D("), and ,isinthe

domainof( ") . Butthen ,2D( ")\ D(") D(M)\D(d)=D(d+ M,

by lemmal. So , 2 D(d), and therefore 2 D (d).

This gives:D( ") D(d), i.e. = d. Similarly wecanprove "=d. N

Remark: Restrictedto C! forms, the above lemma can be obtained by an

approximation method as suggestedoy Ga ney [38].

With theseestablishedwe arehappy to used, ", and4 " for their closure
without causingany confusion.

2.3 The semigroup associated with 4"

Since 4 " is non-positive, there is a semigroupez'" with generator 40
de ned by the spectral theorem. Furthermore ez4"  soles:
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Here 2 L?() isal? form.

Prop osition 2.3.1 Let M be a complete Riemannian manifold. Let 2
D(d)\ D( "), thendez"" = e""(d ), and "ez™4" = ext4"( M ).

Pro of: SeeGa ney[39] for a proof of the lemma for C! forms (h=0). Let

hy) = ye 2% ha(y) = [ wni(y)(ye 2¥°), and ga(y) = { nn(y)y: Denote
by h,(A) and g,(A) the operators de ned by the spectral theorem corre-
sponding to an operator A. Then

ha(A) = gn(A)e 7A° = e 7A°g,(A):

Now jo.(y)] Jjyi, all nand g,(y) ! v, sothe spectral theorem gives the
following convergenceresult:

nI!ilm ow(A) =A ; 2D(A):

Thusfor 2 D(A), we have ( P; is automatically in D(A)):

2 . lipa2 1ip2
Ho= lim e Mgy (A) = e 2A:

Ae A* = lim gn(A)e 2
Now let A=d+ " Let 2D(d+ "), then:

(d+ h)e%t4h — e%t4h(d+ h) .

Thus the proof is nished noticing both sidesof the equality above consist
of orthogonal forms. [
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Chapter 3

In varian t measures and
ergodic prop erties of BM on
manifolds of nite h-volume

Let M be a complete Riemannian manifold. There is an invariant measure
for h-Brownian motion, i.e. for the di usion processwith generator%4 " In
this chapter we give a direct proof of the existenceof invariant measuresand
deducesomeergadic properties, which are usedin chapter 6 and 7. These
ergadic properties are essetially known and well treated in [52] and [61], at
least when the weight h is zero. Howewer in their treatment, the processes
are required to have the Cy property if the manifold is not compact. Our
treatment avoids the problem of having to assumethe C, property for the
Brownian motion concerned.

The following lemmais a standard result from semigrouptheory:

Lemma 3.0.2 LetM be acompleteRiemannian manifold giventhe measure
e"™dx. Letf 2 L2. Denoteby P" the heat semigoup. Then

36



R
o PP ds2 D(4 ") and moreover:
z

t
%4 h( . PM'fds) = P"f  f:

To prove this, we only needto show for all g2 C¢ :
z z z

t
PM'f ds %4“9 e"dx = P f ge™dx:
M

M 0
using the fact that %(4_h) = %4_h. Seechapter 2. Noticing the dual semi-
group (P) equalsP/, we obtain:

 Rpntds 4hg edx
v PJf (4 "g) edxds;
v T P24 "g) edx ds;

u T4 N(Phg) e"dx ds
Y i g(PShg) e?"dx ds

RMf 0 2(Pfg)ds e™Mdx;
wf(P'g g)eMdx

R (PP f)getdx:

The proof is nished. [

Next we noticeif M is a completeRiemannianmanifold of h- nite volume,
then 1is in the domain of 4 M (let h, be the sequencen C} approximating
the constart function 1 asin the appendix, then h, ! 1in L?). Thus we
have nonexplosionfor a h-Brownian motion in this caseasis well known (see
[40] for the caseof h = 0). A quick proof is asfollows:

@M 1
@ 2

1
4"(PP1) = SPM(4 ") =0
We also have:

Theorem 3.0.3 Let M be a complete Riemannian manifold, then €"dx is

an invariant measure for P, i.e.
z z

P ()&dx = f (x)edx (3-1)
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for each L! function f .

Pro of: First notice if the invarianceproperty 3:1 holdsfor functionsin C} ,
it holds for all L* functions sinceP," is cortinuouson L1,

Next there is the following divergencetheorem: let bealL?! 1-form with

halsoin L1, then

z
h eMdx=0
M
which can be proved by taking approximations of L* forms by smooth com-
pactly supported forms and using the Greentheorem on page22, as proved

in [42] for h = 0.

R
Let f 2 C¢, then ,PIfdsisin the domain of the h-Laplacian 4 " by
the previouslemmaand we have:

Z
(PP f)eMdx =
M

12 z,
= 4" PlMdsg)edx = o
2 ™ 0

Recallfor an elliptic systemour semigroupP; hasthe strong Feller prop-
erty, i.e. it sendsB(M) to C(M). See[54]. For sud processeshere are
seeral notions of recurrence.The basicde nition is asfollows:

De nition  3.0.1 Denote by P* the prolability law of a processX starting
from x. The processX is called recurrent if for eachx 2 M, the trajectories
of X return P* a.s. in nitely often to any givenopen setin M. It is called
transient if for each x 2 M, the trajectories X tend P* a.s. to innity as
t! 1.

Let G be the potertial kernel of the di erential operator A = 24 + L;:

Zl
Gf ()= Pif (xdt (3.2)
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Then in potertial language,X is transient if and only if G is everywhere
nite on compactsets,i.e. whenG appliedto ¢ for K compactis nite. It
is recurrert if and only if G is idertically in nite on open sets. So a strong
Feller processis either transiert or recurrert asproved in [4] following [3].

Theorem 3.0.4 Let X; be an h-Brownian motion on a complete Rieman-
nian manifold of nite h-volume,then X is recurrent.

We only needto shaw that it is not transiert. Assumex; is transien. Let

K be a compact set, then limy; (X)) = 0as. Solim(E «(x;) = 0
: R

by the dominated corvergencetheorem and , E ¢ (x;)e®"dx ! 0. But

R
v E k(X )€Mdx =h-vol(K). This givesa cortradiction. [

Prop osition 3.0.5 Let M be a complete Riemannian manifold of h- nite
volume. Let be the invariant prokability measure, then we have for any
compact setK:

h-vol(K) _

Jm PECk 0 = Fgiy =

(K):

Here "vol" denotesthe h-volume.

Pro of: First notice x 2 L2, soP ¢ corvergesin L? to a harmonic
function. The corvergenceis alsoin L?! sinceh-vol(M) < 1 , and alsothe
limit function is a constant. So

y4 y4

lim P « e"dx lim P « e"dx
th M M ti1

(lim P! «)h-vol(M):

But 7 Z
P! «eMdx = k €dx = h-vol(K ):
M M
Thus hvol(K)
.+ _ hwvol(K)
dm PE k= poiy
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Completeness and prop erties
at innit vy
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Chapter 4

Prop erties at innit y of

diusion semigroups and
stochastic o0 ws via weak
uniform covers

4.1 Intro duction

|. Background

A diusion processis said to be a Cy diusion if its semigroup leaves
invariant Co(M), the spaceof cortinuous functions vanishing at in nit y, in
which casethe semigroupis said to have the C, property. A Riemannian
manifold is said to be stochastically completeif the Brownian motion on it
is complete, it is also said to have the C, property if the Brownian motion
on it does. One exampleof a Riemannian manifold which is stochastically
completeis a complete manifold with nite volume. SeeGa ney [40. More
generally a complete Riemannian manifold with Ricci curvature bounded
from below is stochastically completeand hasthe C, property as proved by
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Yau [68. Seealso Ichihara [44], Dodziuk [2Q], Karp-P. Li [49, Bakry [5],

Grigoryan [4]1], Hsu[43],Davies [19], and Takeda[64] for further discussions
in terms of volume growth and boundson Ricci curvature. For discussions
on the behaviour at in nit y of di usion processesand the Cq property, we

refer the readerto Azencott [4] and Elworthy [32]. But we would like to

mertion that a ow consistingof di eomorphisms (c.f. page 79) hasthe Cq

property by arguing by cortradiction asin [32].

Those papers above are on a Riemannian manifold except for the last
reference. For a manifold without a Riemannian structure, Elworthy [31]
following 1t 6 [46] shaved that the di usion solution to (1.1) does not ex-
plode if there is a uniform cover for the coe cien ts of the equation. Seealso
Clark[15]. In particular this shows that the s.d.e(1.1) doesnot explode on
a compactmanifold if the coe cien ts are reasonablysmaoth. See[10], [25].
To apply this method to chedk whether a Riemannianmanifold is stochasti-
cally complete,we usually construct a stochastic di erential equationwhose
solution is Brownian motion.

1. Main results

The main aim [53 of this chapter is to give uni ed treatment to some
of the results from H. Donnelly-P. Li and L. Scdwartz. It givesthe rst a
probabilistic interpretation and extendspart of the latter. We rst introduce
weak uniform coversin an analogousway to uniform covers, which givesnon-
explosiontest by using estimationson exit times of the di usion considered.
As a corollary this givesthe known result on nonexplosionof a Brownian
motion on a complete Riemannian manifold with Ricci curvature going to
negative in nit y at most quadratically in the distancefunction[44].

One interesting example is that a solution to a stochastic di erential
equation on R" whosecoe cien ts have linear growth has no explosionand
hasthe C, property. Notice underthis condition, its assaiated generatorhas
guadratic growth. On the other hand let M = R", and let L be an elliptic
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di erential operator :

X X
<X, @ X,
]

@i @] i @i ’

wherea; and b are C2. Let (sj) be the positive squareroot of the matrix
. P P

(aj). LetX'= " sj g, A=" ;hZ. Thenthe s.d.e.de ned by:

X . )
(1te)  dxe=  X'(x)dB! + A(x)dt

i
hasgeneratorL. Furthermoreif j(a; )] hasquadratic growth and b haslinear
growth, then both X and A in the s.d.e. above have linear growth. In this
caseany solution u; to the following partial di erential equation:

@
@

satises: U 2 Co(M), if ug 2 Co(M) (seenext part).

= Lut

I1l. Heat equations, semigroups, and o0 ws

Let M be a compacti cation of M, i.e. acompactHausdor spacewhich
cortains M as a densesubset. We assumeM is rst courtable. Let h bea
corntinuousfunction on M. Considerthe following heat equationwith initial
boundary conditions:

@ _ 1 _. .

@ 2 f: x2M;t>0 4.1
f(x;0)=h(x);x2 M (4.2)
f(x;t) = h(x);x 2 @4: 4.3)

It is known that there is a unique minimal solution to the rst two equa-
tions on a stochastically complete manifold, the solution is in fact given by
the semigroupassaiated with Brownian motion on the manifold. So the
above equationis not solhable in general. However with a condition imposed
on the boundary of the compacti cation, Donnelly-Li [21] shaved that the
heat semigroupsatis es ( 4.3). Hereis the condition and the theorem:
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The ball convergence criterio n:. Let fx,gbeasequencén M corverging
to a point x on the boundary, then the gealesicballs B, (x,,), certered at X,
radius r, cornvergeto x asn goesto in nit y for ead xed r.

An exampleof manifolds which satis es the ball corvergencecriterion is
R" with sphereat in nit y. However this is not true if R" is given the com-
pacti cation of a cylinder with a circle at in nit y added at ead end. The
one point compacti cation also satis es the ball corvergencecriterion. An-
other classof examplesis manifolds with their geometriccompacti cations
and with the conetopology, i.e. the boundary of the manifold are equivalent
classef gealesicrays. Seg[23]. Recallthat two gealesicraysf i(t);t Og
andf ,(t);t Og are saidto be equivalert if the the Riemannian distance
d( 1(t); 2(t)) betweenthe two points 1(t) and ,(t) is smallerthan a con-
stant for ead t.

Theorem 4.1.1 (H.Donnelly-P . Li) LetM beacompleteRiemannian man-
ifold with Ricci curvature boundel from below. The over determinal equation

( 4.1)-( 4.3) is solvablefor any given continuous function h on M, if and
only if the ball convelgene criterion holdsfor M.

Notice that if the Brownian motion starting from x corvergesto the
samepoint on the boundary to which x corvergesthen ( 4.1)-(4.3)is clearly
sohable. Seesection4 for details. We would alsolike to considerthe opposite
guestion: Do we get any information on the di usion processesf we know
the behaviour at in nit y of the assaiated semigroups?This is true for many
cases. In particular, for the one point compacti cation, Scwartz has the
following theorem[60],which provides a partial corverseto [32]:

Theorem 4.1.2 (L. Schwartz) Let F; be the standad extensionof F; to
M = M [ flg , the one point compacti c ation. Then the map (t; x) 7! Fy(x)
is continuousfromR, M to L°( ;P; M), the space of measurablemapswith
topology induced from convegene in prokability, if and only if the Semigoup
P; hasthe Cy property andthemapt 7! P;f is continuousfromR; to Co(M).
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4.2 Weak uniform covers and nonexplosion

De nition  4.2.1 [31] A stochastic dynamial system (1) is said to admit
a uniform cover( radiusr > 0, bound k), if there are charts f ;;U;g of

di e omorphismsfrom open setsU; of the manifold onto open sets (U;) of
R", suchthat:

1. Ba i(U), eachi. (B denotesthe open kall alout 0, radius ).
2. The open setsf ; *(B,)g cover the manifold.
3. If () (X) is givenby:

(1) (X)V(E) = (D i) 1yX( ; v)(®)

with ( i) (A) similarly de ned, thenboth ( ;) (X) andA( ;) are boundel
by k on B,,. Here A is the geneator for the dynamial system.

Let M = R". Equation (1.1) can be interpreted as It b integral.

De nition 4.2.2 A diusion processfF;; g is said to have a weak uni-
form cover if there are pairs of connected open setsf U?; U,gt_, , and a non-
increasing sequene f ,g with , > 0, suchthat:

1. U® U, and the open setsf U’g cover the manifold. For x 2 U? de-

note by "(x) the rst exit time of F;(x) from the open setU,. Assume
"< as.unless " =1 almostsurely.
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2. There existsfK ,gl_,, a family of increasing open subsetsof M with
[ Kin = M, suchthat each U, is contained in one of these sets and
intersects at most one boundary from f @, @},-; .

3. Letx2 U%andU, K, thenfort< :

Pfl: "(x)<tg Ct% (4.4)

p
4. 1. =1,

Notice the introduction of f K ,g is only for giving an order to the open
setsfU,g. This is quite natural when looking at concrete manifolds. In a
sensethe condition says the geometry of the manifold under consideration
changesslownly as far asthe di usion processis concerned.In particular if
the , canbe taken all equal, we take K, = M; e.g. when the number of
open setsin the cover is nite. On a Riemannianmanifold the open setsare
often taken as geadesicballs.

Lemma 4.2.1 Assumethere is a uniform cover for the stochastic dynamic
system(1), then the solution has a weak uniform cover with , = 1, all n.

Pro of: This comesdirectly from lemma5 , Page127in [31]. [
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An exampleof a stochastic di erential equationwhich hasaweakuniform
cover but not a uniform cover is given by example 0 on page 50 and the
exampleon page 57.

Remarks:

1. If T is a stopping time, then the inequality ( 4.4) givesthe following
from the strong Markov property of the process.:

letV U% andV K, thenwhent< ,:
Pf "(Fr(x)) < tjFt(x) 2 Vg Ct?; (4.5)
since
P fz "(Fr(x)) < t; Fr(x) 2 Vg
= PN <yPr(xdy) CUPIFr(x)2 Vg,
here Pt (x; dy) denotesthe distribution of F+(x).

2. Denoteby P’" the heat solution on U, with Dirichlet boundary con-
dition, then ( 4.4) is equivalert to the following: whenx 2 U?,

1 P )(x) Ct% (4.6)

3. The methodsin the article work in in nite dimensionsto give analogous
results (when a Riemannianmetric in not needed).

Exit times:  Given sud a cover, let x 2 U%. We de ne stopping times
fTk(x)g asfollows: Let To = 0. Let T1(x) = inff F(x;!) 62U,g be the rst
exit time of F;(x) from the set U,. Then F1,(x;!) must be in one of the

open setsf Udg. Let

L=l P, (X)) 2 UL Ty(x;! ) < 19 ;
1

L=fl tF(x) 2 U0 1 U%Ti< 1g:
j=1
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Thenf lg aredisjoint setssuch that [ = fT; < 1g . In generalwe only
needto considerthe nonempty setsof sud. De ne further the following: Let
T,=1,if T, = 1. Otherwiseif I 2 ¢, let:

To(x; 1) = Tu(x; ! )+ X(Fr,(1)): 4.7)

In a similar way, the whole sequenceof stopping times f T; (x)g and sets
f lgl., aredened forj = 3;4;:::. Clearly . sodened is measurable
with respect to the sub-algebraF; .

Lemma 4.2.2 Given a weak uniform cover as atove. Let x 2 U? and U,
Km. Lett< k. Then

PFl:iTe(x!) Te 1(!)<tTq 1<1g Ct% (4.8)

Pro of: Notice for sud x, Fr, (X) 2 Km+k 1. Thereforefort < .« wehave:

P TG !T) Tk (') <t Tk 1< 19

fl
*

P! iTe(x!) Teal!)<tg\ [h

Pt I(Fr .00 <t [ 'g

3
Ct? P( 1 Ct%
j=1

asin remark 1. Here 4 is the characteristic function for a measurableset
A, and E denotestaking expectation. [

P . . .
Lemma 423 If ,t, =1, t, > 0non-increasing. Then there is a non-

increasing sequene f s, g, suchthat 0< s, ty:
. P
0] Sh=1
.. P
(ii) s2<1
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Pro of: Assumet,, 1, all n. Group the sequencédt,g in the following way:

ST P HENM DS DS T (S e |
sudhh that 1 to+ iii+te, 2,1ty + i+ by, 2, i 2. Let
t | t tka+
S1= 11,827 %111 Sk, T T, Siprr T SF5 00 Skg T g, ke T gl
Clearly the s,'s sode ned satisfy the requiremerts. [

Sowithout losing generality, we may assumefrom now on that the con-
stants f g for a weak uniform cover ful ll the two conditions in the above
lemma. With these established,we can now state the nonexplosionresult.
The proof is analogousto that of theorem6 on Page129in [31].

Theorem 4.2.4 If the solution F¢(x) of the equation (1) hasa weak uniform
cover, then it is complete(honexplosion).

Pro of: Let x 2 Ky, t > 0,0< < 1. Pick up a number p (possibly
: P+ . : :
dependingon and n), suc that =P, ; > t. This is possiblesince

P
Pf (x) < tg PfTo(x) < t;Tp 1< 19

G
= Pf (Tk(x) Tc 2(X)) < Ty 1< 1g

k=1

PFTe(X) Tk 1(X)< ne;Tk 1< 19
k=1

ce2*" 2 et 2
k=n k=1
Let ! O,weget: Pf (x)<tg=0. [
Remark: The argumern in the above proof is valid if the de nition of a
weak uniform cover is changedslightly, i.e. replacingthe constart C by C,
(with someslown growth condition, say piz P J-pzl Cn+; is boundedfor all n) but
keepall |, equal.

As a corollary, we have the following known result:
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Corollary 4.2.5 Let be the explosiontime. If Pf < tog = 0, for some
to > 0. Then there is no explosion.

Prove by induction. In the following we look into someexamples:

Example 0: The ow Fi(x) = x+ B; onR" f0g doesnot have a uniform
cover. The problem occursat the origin. But it doeshave a weak uniform
cover as constructed below. First note that we only n§ed to worry about

the origin. Take U, = fx : jXj ang, for a, = L% Let Ur? = U, 1,

n+l
K,=U,, andC, = kp n. Herek is a constart. Now

Pf . <tg Pfsutijsj & @
S

kt?

— — C,t?
[Bn  ana]? "

by the maximal inequality. Then

1R
im —  Cp:j = O
P p2

Seethe remark above to seef U, g is a "weak uniform cover".

Example 1 : Let fU,g be a family of relatively compact open (proper)
subsetsof M sud that U, Up+r and [ 1, U, = M. Assumethere is a
sequencef numbersf g with P n n = 1 ,sud that the following inequality
holdswhent < , ;andx 2 U, 1: Pf Y"(x) < tg ct?. Then the diusion
concerneddoesnot explode by taking fU,+; U, 1;U, U, 1gto beaweak

uniform cover and K, = U,.

4.3 Boundary behaviour of diusion pro cesses

To considerthe boundary behaviour of di usion processeswe introducethe
following concept:
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De nition  4.3.1 A weak uniform cover f U?;U,g is said to be regular (at
in nity for M), if the following holds: let f x; g be a sgquen@ in M convemging
tox 2 @, and x; 2 U,?j 2 fU%gi_,, then the correspnding open sets
fUy gy  fU,gp convegesto x aswel. A regular uniform cover can be
de ned in a similar way.

For a point x in M, there are a successiorof related open setsf W)?gé:l ,
which are de ned asfollows: Let W} be the union of all open setsfrom fU,g
sudh that U? cortains x, and W;? be the union of all open setsfrom f U, g
sudh that Up intersects one of the small balls U?  de ning W, Similarly
fWPg arede ned. Thesesetsare well de ned and in fact form an increasing
sequence.

Lemma 4.3.1 AssumeF,; hasa regular (weak) uniform cover. Let fx,g be
a sequene of M which convelgesto a point x 2 @ . Then W? conveges
to x as well for each xed p.

Pro of: Note that by arguing by cortradiction, we only needto prove the
following: let fz.g be a sequencezy 2 WY , thenz, ! x,asn! 1 . First
let p= 2.

By de nition, for eat Xy, z, there are opensetsUJ and U§ sud that
xe 2 U0,z 2 U5 andUS \ US 6 ;. Furthermore U, ! x ask! 1.
Let fy,g be a sequenceof points with y, 2 U2 \ UJ . But y, ! x sinceU,,
does. SoUn,, ! x againfrom the de nition of a regular weak uniform cover.
Thereforez, corvergesto x ask ! 1 , which is what we want. The restcan

be proved by induction. [

Theorem 4.3.2 If the diusion F; admits a regular weak uniform cover,
with , = , all n, thenthemapF/( ) : M I M can be extendé to
the compacti c ation M continuously in prokability with the restriction to the
boundary to be the identity map, uniformly in t in nite intervals. (We will
say F; extends.)
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Pro of: Takex 2 @/ and a sequencd x,g in M cornvergingto x. Let U be
a neighbourhood of x in @1 . We want to prove for ead t:

lim P! Fo(xa;!) 62U;s< tg= 0

Since x, cornvergesto X, there is a number N (p) for ead p, sud that if
n>N,WpP U. Lett> 0, Choosep sud that 2—p‘ < . For such a number
n> N(p) xed, we have:

P fl :Fs(xp;!)62U;s<tg
Pfl 1Fs(x;!) 62WP ;s< tg
Pfl i To(xn)(M) <t Tp 1(Xn) < 1g

X t
Pka(Xn) Tk l(xn) < _;Tk l(xn) < 19 :
k=1 p
Ct?
o
Here C is the constart in the de nition of the weak uniform cover. Let p go
to in nit y to completethe proof. [

Remark: If the , can be taken all equal, theorem 4.2.4, theorem 4.3.2
hold if (4.4) is relaxedto:

PfT"(x) < tg f(t);

for somenonnegatiwe function f satisfying limy o %2 = 0.

Example 2: Let M = R" with the one point compacti cation. Consider
the following s.d.e.:

(I tb) dXt =X (Xt)dBt + A(Xt)dt:

Then if both X and A have linear growth, the solution hasthe C, property.

Pro of: There is a well known uniform cover for this system. See[15], or
[31]. A slight changegivesus the following regular uniform cover:
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Take a courtable set of points fp,gn o M sud that the open sets
U=fz:jz poj< Blgin=12::andUf= fz:jz  poj < 2g cover R".
Let Uy=fz:jz poj< 6g;andU,=fz:jz p,j< @g, forn6 0. Let ,

be the chart map on U,:
Z Pn.
jPn]
This certainly de nes a uniform cover(for details seeExample 3 below). Fur-

n(2) =

thermoreif z,! 1 andz, 2 U?, then any y 2 U, satis es the following:

jPnj
2

o 1. .
> > Zjzaj ! :
1Y) 3JZnJ 1;

sincejp,j ¥l Thus we have a regular uniform cover which gives the
required Cy property. [

Example 3: Let M = R", compacti ed with the sphereat innity: M =
R"[ S" ! Considerthe sames.d.easin the exampleabove. Supposeboth
X and A have sublineargrowth of power < 1:

X (X)) K(xj +1)
JA(X)] K(xj +1)

for a constart K. Then there is no explosion. Moreover the solution F;
extends.

Pro of: The proof is asin example2, we only needto construct a regular
uniform cover for the s.d.e.:

Take points po; p1; p2;::: in R™ (with jpoj = 1, jpaj > 1), sud that the
opensetsfUlgdened by : Uy = fz:jz poj < 2g,U°=fz:jz pj< Blg
cover R".

Let Up=fz:jz poj < 6g, U =fz:jz pj< ®lg andlet ; bethe
chart map from U; to R":



Then f ;;Ug is a uniform cover for the stochastic dynamical system. In
fact, fori 6 0,andy 2 B; R":

iC) o REELON) KJ L+ 2ipj ) < 18K

ipij ip

Similarly j( i) (A)(y)j 18<,andD? ;= 0.

Next we show this cover is regular. Take a sequencexy corvergingto x
in @R". Assumexy 2 U2. Let z, 2 U,. We want to prove f z,g corvergeto
x. First the norm of z, corvergesto innit y ask! 1 , sincejpyj > @ and
1Zd) > jpxd %jpkj .

Let bethe biggestanglebetweenpoints in Uy, then

iz pj  pni ipni t
tan— su — —— I 0O
2 zzuE) jpnj 2ipnj 2

ThusfU,; ngisauniform cover satisfying the corvergencecriterion for the
spherecompacti cation. The required result holds from the theorem. [

This result is sharp in the sensethere is a s.d.e. with coe cien ts having
linear growth but the solution to it doesnot extendto the sphereat in nit y
to be idertity:
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Example 4. Let B be a one dimensional Brownian motion. Considerthe
following s.d.eon the complexplane C.

dXt = iXtdBt:

The solution starting from x is in fact xe®t* z, which doesnot cortin uously
extendto be the idertity on the sphereat in nit y.

Example 5: Let U be aboundedopensetof R". Let (X;A) beas.d.s. (in
It®® form) on U satisfying

X(x)j  kd(x; @);

and

JAX)]  kd(x; @)
for someconstart k, then there is no explosion. Here d denotesthe distance
function on R" and @QJ denotesthe boundary of U.

Pro of: Choosepoints fx,g sud that the balls B (x,; % d(xn; @QJ)) certered
at x, radius % d(x,; @QJ) cover U. De ne a map:

n:B(xn;%d(xn;@l)) I Bj

by
X  Xp

=8 @y

Then
6 X ( ,*(x)]  6kd( ,'(x); @)

(T ) g @) a0 @)

by the triangle inequality of the distancefunction. Thus we have a uniform

12k

cover and so nonexplosion. [
This result is sharp in the sensethat there is an example (in It form)
given in [65] which satis es:
JX(x)j + JA(X)]
d(x; @)

2
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for 0< < 1, but hasexplosion. Hereis the example(on fj xj < 1g R?):

dx! (1 jxj?) xidB, %(1 jX¢j%)% xi dt

. 1 .
dx? (1 jx?) xZdB, 5(1 jx¢j?)? xZ dt:

Here0< < 1. See[65 for more discussionson nonexplosionon open sets
of R".

4.4 Boundary behaviour contin ued

A di usion processs a Cy di usion if its semigrouphasthe C, property. This
is equivalernt to the following [4]: let K be a compactset, and Tk (x) the rst
ertrance time to K of the di usion starting from x, then limy; PfTk (X) <
tg= Ofor eath t > 0, and eadr compactsetK .

The following theoremfollows from theorem3.2when , in the de nition
of weak uniform cover can be taken all equal:

Theorem 4.4.1 Let M be the one point compacti c ation. Then if the di u-
sion processF;(x) admits a regular weak uniform cover, it is a Cy di usion.

Pro of: Let K be acompactsetwith K  Kj; herefK;gis asin de nition
2.2.Let > 0,t> 0, thenthereisanumber N = N(;t) sud that:

t

je2 T ojra T IIIE juon 22
Take x 62X ,o2n. Assumex 2 Ky, somem > j + 2N. Let Ty be the rst
ertrance time of Fi(x) to Kj.2n 1, T1 bethe rst ertrance time of Fi(x) to
Kj+2n 3 after To, (if To< 1), andsoon. But PfT, < t;T; 1< 1g Ct?
fort < jion 251> 0, sinceany open setsfrom the cover intersectsat most
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oneboundary of setsfrom f K,,g. Thus

v 1
PfTk(X) < tg Pf Ti(X)<t Ty 2<1g
1
v 1
PfTi(X) < j+2N 25 T l(X) <1g
i=1
X 1 %
C? j2+2N q C? j2:
1 1
The proof is completeby letting ! O. [

Example 6: Let M be a complete Riemannian manifold, p a xed point
in M. Denoteby (x) the distancebetweenx and p, B, (x) the geaesicball
certered at x radius r, and Ricci(x) the Ricci curvature at x.

Assumption A:
Z 1

qli_dr =1: (4.9)
1 K(r)

HereK is de ned asfollows:

K(r) = f inf Ricci(x)” Og:
Br(p)

Let X{(x) be a Brownian motion on M with Xy(x) = x. Considerthe
rst exit time of X{(x) from B1(x):

T= irtlfft 0: (x;X¢(x)) = 1g:

Then we have the following estimateon T from [43]:

If L(x) > | K( (x) + 1), then

P T (x) L(&)g g L)

for all x 2 M. Herec,;c, are positive constarts independent of L.
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This can be rephrasedinto the form we are familiar with: when0 t <

C1

K( (x)+1) '’
PfT(x) tg e 2
Ci1c2 cqc
But limy 0% = 0. Sothereisa o > 0, sud that: e "t~  t2, when
t< . Thus:
Estimation on exit times: whent < Pm" 0s
PIT(x)<tg t% (4.10)

Let , = pﬁ ~ 4, then we also have the following :

R s 1 Z, 1
n - R g——dr=1": (4.12)
1 1 K@n+1) 1 K (3r)

With this we may proceedto prove the following from [43]:

Corollary: [Hsu] A completeRiemannianmanifold M with Ricci curvature
satis es assumptionA is stochastically completeand hasthe Cy property.

Pro of: There is a regular weak uniform cover asfollows:

First takeany p2 M, and let K, = B3,(p). Take points p; sud that
U% = B4(p;) coversthe manifold. Let U, = B,(p;). ThenfU?; U,gis aregular
weak uniform cover for M [ .

Remark: Grigoryan hasthe following volume growth test on nonexplosion.
The Brownian motion doesnot explode on a manifold if
z 1
r
— . dr
Ln(Vol(BRr))

Here Vol(Br) denotesthe volume of a gealesicball certered at a point p in
M. This result is strongerthan the corollary obtained above by the following
comparisontheoremon a n dimensionalmanifold: let! , ; denotethe volume
of the n 1 sphereof radius 1,
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Sinh(!fl %r)g(n Ddr:

Notice K (R) is positive whenR is su cien tly big provided the Ricci curva-

7 Y
VOI(Br) !n 1 ORf’fl (E(R?

ture is not nonnegative everywhere. So Grigoryan's result is stronger than
the one obtained above.

The de nition of weak uniform cover is especially suitable for the one
point compacti cation. For generalcompacti cation the following de nition
exploresmore of the geometry of the manifold and givesbetter result:

De nition 4.4.1 Let M be a compacti c ation of M, x 2 @1. A diusion
processF; is said to havea uniform cover at point X, if there is a sequene
A, of open neighlmurhoodsof x in M and positive numbers ,, and a constant
c> 0, suchthat:

1. The sgguene of A, is strictly decreasing, with \ A, = x, and A,

@\n+l .

. . . P
2. The sguene of numtkers | is non-increasing with » = 1 and

P
2
nn<1'

3. Whent< ,,andx2 A, Ani,
Pf A 1(x)<tg ct%

Here “n(x) denotesthe rst exit time of F;(x) from the setA,,.

Prop osition 4.4.2 If there is a uniform cover for x 2 @/, then F(x)
conveigesto x continuously in prolability asx ! x uniformly in t in nite
interval.
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Pro of: The existenceof f A g will ensureF ,(x) A, 1, which allows us
to apply a similar argumert asin the caseof the one point compacti cation.
Herewe denoteby # the rst exit time of the processF;(x) from a setA.

Let U be a neighbourhood of x. For this U, by compactnesof M, there
is a number m sud that A, U, since\ i_;Ax = x. Let0< < 1,
= (Ep—z)%. we may assume < 1. Choosep= p( ) > 0 sud that:
k k

t
mt mer t 10T qep 12 -

Let X 2 An+pi2. Denoteby To(x) the rst exit time of Fy(X) from Am ps1,
T1(x) the rst exit time of Fy,(x) from A, , wherede ned. Similarly T;;i >
1 are de ned.

Notice if Ti(x) < 1 ,thenFy ) 2 Am+p i Amspa i, fori=0,12;:::.
Thus for i > 0 there is the following inequality from the de nition and the
Markov property:

PITi(X) < mepiQ C2hup i
Thereforewe have:

Pf Yx)<tg  Pf A"(x)< tg
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PfTo+ :ii+ T < t;Tp, 1< 19

IDfTi < m+p i;Ti 1< 19

The proof is nished. [

4.5 Prop erties at innit y of semigroups

Recall a semigroupis said to have the C, property, if it sendsCyo(M), the
spaceof cortinuous functions on M vanishing at in nit y, to itself. Let M
be a compacti cation of M. Denoteby the point at in nit y for the one
point compacti cation. Corresponding to the Cq property of semigroupswe
considerthe following C property for M :

De nition  4.5.1 A semigoup P; is said to havethe C property for M,
if for each continuous function f on M, the following holds: let fx,g be a
seguene convelging to x in @M, then

lim Pt (xn) = £ (%); (4.12)

To justify the de nition, we noticeif M is the onepoint compacti cation,
condition C will imply the C, property of the semigroup. On the other
hand if P, hasthe C, property, it hasthe C property for M [  assuming
nonexplosion. This is obsened by subtracting a constart function from a
cortinuousfunctionf onM [ : Letg(x)=f(x) f(), theng2 Cyo(M).
SoPig(x) = Pif (x) f(). Thus

I P (xa) = im PgO) +1() = 1)
if ”mn!l Xn = .

61



In fact the C property holds for the one point compacti cation if and
only if there is no explosionand the Cy property holds. These properties
are often possessedby processese.g. a Brownian motion on a Riemannian
manifold with Ricci curvature which satis es ( 4.9) hasthis property.

Before proving this claim, we obsene rst that:

Lemma 4.5.1 If P; hasthe C property for any compacti c ation M, it must
havethe C property for the one point compacti c ation.

Proof: Letf 2C(M[ ). Deneamap fromMtoM[ : (x)=xon
the interior of M, and (x) = , if x belongsto the boundary. Then isa
cortinuousmap from M to M [ , sincefor any compactsetK , the inverse
setM K= YM] K) is openin M.

Let g be the composition map of f with : g=f :M ! R. Thus
g(x)jM = f (x)jM, and g(X)jas = f(). Sofor a sequencd x,g corverging
tox 2 @, lim, Pf (Xn) = limy Prg(Xn) = g(x) = (). [

We are ready to prove the following theorem:

Theorem 4.5.2 If a semigoup P; hasthe C property, the assaiated di u-
sion processF; is complete.

Pro of: We may assumethe compacti cation under considerationis the one
point compacti cation from the the lemma above. Take f 1, Pf(x) =
Pft < (x)g. But Pft < (x)g! lasx! from the assumption. More
precisely for any > 0, there is a compact set K sud that if x 62K ,
Pft< (X)g>1

Let K beacompactsetcortaining K . Denoteby the rst exit time of
Fi(x) from K. SoF (x) 6 onthe setf < 1g. Thus:

Pft< (x)g Pf <1;t< (F (x))g+Pf =1g
= Ef <1 Ef t< (F (X))jF gg+ Pf = 1g .
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Here A denotesthe characteristic function of set A. Applying the strong
Markov property of the di usion we have:

Ef <1 Ef « rx)F 99= Ef <1 Eft< (y)jF = ygo

Howewer
Ef t< (y)jF = yg> 1 ,
So
Pft< (x)g Pf =1g + Ef 1 (1 )g
= 1 Pf <1g:
ThereforePft < (x)g= 1, since is arbitrary. |

In the following we examinethe the relation betweenthe behaviour at 1
of a di usion processand the di usion semigroup.

Theorem 4.5.3 The semigoup P; hasthe C property if and only if the
di usion processF; is completeand can be extendel to M continuously in
prokability with Fi(X)jgu = X.

Pro of: AssumeF, is complete and extends. Take a point x 2 M, and
sequencd x,g corvergingto x. Thus

lim Pif (xq) = lim Ef (Fi(xn)) = Ef (x) = £ (x)

for any cortinuous function on M, by the dominated corvergencetheorem.

On the other hand P; doesnot have the C property if the assumption
above is not true. In fact let x,, be a sequenceconverging to x , sud that
for someneighbourhood U of x, and a number > 0:

Iilm PfFi(x,) 62Ug =

n

There is thereforea subsequencéx, g sud that:

iIlilm PfFi(xn) 62Ug =
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Thus there existsN > 0, such that if i > N:
PfFi(x,)2 M Ug> 5:

But sinceM is a compactHausdor space,there is a cortinuousfunction f
from M to [O; 1] sudh that fj,, = 1,andf g = O, for any opensetG in U.

Therefore
P (xn) = Ef (Fi(xn))
e g (CtXn)) P(@)
= PfFR(xn)2M Ug> 5
Solim Pf (x,) 6 f(x) = O _

As is known, a ow consisting of di eomorphisms has the Cy property.
But this is, in general,not true for the C property. Seeexample4.

Corollary 4.5.4 Assumethe diusion processF; admits a weak uniform
coverregularfor M [, thenits di usion semigioup p, hasthe C property.
The sameis true for a geneal compacti c ation if all , in the weak uniform
cover can be taken equal.

Example 7:[21] Let M be a completeconnectedRiemannianmanifold with
Ricci curvature boundedfrom below. Let M be a compacti cation sud that
the ball corvergencecriterion holds (ref. section1). In particular the over
determined equation ( 4.1)-( 4.3) is sohable for any corntinuous function f
on M if the ball convergencecriterion holds.

Pro of: We keepthe notation of example6. Let K = f infy Ricci(x) ~ 0Og,

= ¢, wherec; is the constarnt in example6. Let p2 M be a xed point,
and K, = Bz, (p) be compactsetsin M. Take points fpig in M sud that
fB1(pi)g cover the manifold. Then fB1(p;); B2(pi)g is a weak uniform cover
from (4.10)and (4.11). Moreover this is aregularcover if the ball corvergence
criterion holds for the compacti cation.
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Part |11

Strong completeness,
deriv ativ e semigroup, and
momen t stabllit y
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Chapter 5

On the existence of o0 ws:
strong completeness

5.1 Intro duction

A stochastic dynamical system(X; A) is said to be completeif its explosion
time (x) is in nite almost surely for eadh x in M. It is called strongly
completeif there is a version of the solution which is jointly cortinuous in
time and spacefor all time. In this casethe solution is called a continuous
ow . Examplesof s.d.s. which are completebut not strongly completecan
be found in [31], [47], and [52].

The known results on the existenceof a cortinuous o w are concetrated
on R" and compact manifolds. On R" results are given (for It equations)
in terms of global Lipschitz or similar conditions. SeeBlagovescenskiiand
Friedlin [9]. The problemsconcerningthe di eomorphism property of ows
have beendiscussedby e.g. Kunita [51], Carverhill and Elworthy [10]. See
Tanigudi [65 for discussionson the strong completenessof a stochastic
dynamical systemon an opensetof R". For discussionsf higher derivatives
of solution owson R", seeKrylov [50] and Norris [58].
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On a compact manifold, a stochastic di erential equation with C? coef-
cients is strongly complete. In fact the solution ow is almost as smaoth
asthe coe cien ts of the stochastic di erential equation. More preciselythe
solution ow is C" ! if the coe cients are C'. Moreover the ow consists
of di eomorphisms. SeeKunita [51], Elworthy [30], and Carverhill and EI-
worthy [10]. For discussiondn the framework of di eomorphism groupssee
Baxendale[6] and Elworthy [31].

In generalwe know very little about strong completenessOur aim is to
prove strong completenesgiven nonexplosionand certain regularity proper-
ties of the solution.

To beginwith we quotethe following theoremon the existenceof a partial
ow from [31] (rst provedin [5]], extendedlater in [31],and [10]):

Theorem 5.1.1 [31] SupmseX, and A are C", for r 2. Then there is

a partial ly de ned ow (F¢(); ()) whichis a maximal solution to (1:1) such
that if

M(!)=fx2 M;t< (x;!)g;
then there is a set ( of full measure suchthat for all ! 2 :
1. M((')isopenin M for eacht > 0, i.e. (;!) islowersemiontinuous.

2. Fe(51) :M(") ! M isin C" ! andis a di e omorphism onto an
open subsetof M. Moreoverthe map: t 7! F¢( ;! ) is continuous into
C" Y(M(!)), with the topology of uniform convelgen@ on compacta of
the rst r-1 derivatives.

3. Let K be a compact setand ¥ = inf,,x (). Then

lim supd(xg; Fi(x)) = 1 (5.1

t% K (1) x2K
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almostsurely on the setf X < 1g . (Here xq is a xed point of M and
d is any completemetric on M .)

Remark: (1). For ead compactsetK, X > 0almostsurely This is easily
seenfrom (x) > 0 a.s. for eat x and the fact that a lower semiconinuous
function on a compactsetis boundedfrom belony and assumests minimum.

(2). As pointed out in [32], if there are two partial ows (F}!; 1), and
(FZ; ) which satisfy conditions 1-3 of theorem 5:1:1 for the C° topology,
then we have uniqueness:for all x, 1(x) = »(x) almost surely. Conse-
quenly inf,,y 1 = infyom 2 almostly surely, and for eat compactsetK ,
K = X almost surely In particular if we have a version of the solution
which is jointly cortinuous, then we actually have a version smooth in the
C" ! topology by part 3 of the theorem above.

From the theorem we seethat starting from a compact set, the solution
can be chosento be cortinuous until part of it explodes. This and the
following example suggeststhat strong completenesss a very demanding
property, and there is arich layer betweenbeing completeand being strongly
complete.

Example: [30],[3]] Let X (x)(e) = e, and A = 0. Considerthe following
stochastic di erential equationdx; = dB; on R"-fOg for n > 1. The solution
is: Fi(x) = x + By, which is complete since for a xed starting point X,
Fi(x) almost surely newer hits 0. But it is not strongly complete. However
for any n-2 dimensional hyperplane (or a submanifold) H in the manifold,
infyon (X;!) = 1 a.s., sincea Brownian motion doesnot charge a set of
codimension2. To get an example on a complete metric space,apply the
inversionmap z 7! % in complexform asin [10. The resulting systemon R?
is (X'; B) where 5 3

2 2
2X
)e‘(x;y):4y X y 5

y2 X2
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The correspnding solution is in fact (in complex notation): 1+§Bt. We'll
corntinue this exampleon page 75.

This leadsto the following de nition suggestedo me by D. Elworthy:

De nition 5.1.1 A stochastic dynamial systemon a manifold is called
strongly p-completeif “ = 1 a.s. for everyK 2 S,.

HereS, is the spaceof imagesof all smooth (smooth in the senseof extending
over an open neighborhood) singular p-simplices. Recalla singular p-simplex
in M is a map from the standard p-simplexto M. For corveniencewe also
usethe term singular p-simplex for the image of a singular p-simplex map.

The example above on R"-fOg (for n > 2) givesus a s.d.s. which is
strongly n-2 complete, but not strongly (n-1)-complete. It is strongly (n-
2)-completesincea singular (n-2)-simplex has nite Hausdor (n-2) measure
andis thusnot chargedby Brownian motion. It is not strongly (n-1) complete
from proposition 5.2.3on page 71.

Of all these "completeness”notions, we are particularly interested in
strong 1-completenesswhich helps us to get a result on d(P¢f) = ( Py)f
(seepage 92) and is usedto get a homotopy vanishing result in theorem
7:3:2 replacingthe obvious requiremen of strong completenesslt turns out
on most occasionswe only needstrong 1-completenessnd this follows from
natural assumptions.

Oncewe get strong completenessnaturally we would like to know when
doesthe ow consist of di e omorphisms i.e. there is a version of the ow
sud that exceptfor a set of probability zero, F( ;! ) is a di eomorphism
from M to M for ead t and! . This is basically the "onto" property of the
ow, sincethe ow is always injective as shaved in [52] and by part 2 of
theorem 5.1.1. We will discussthis at the end of the next section.

69



Note: Resultsin this chapter remain true when (1.1) is changedto a time
dependert equations.

5.2 Main Results

If not speci ed, by (F;; ) we meanthe partial ow de ned in theorem 5:1:1.

Prop osition 5.2.1 If the stachasticdi er ential equation consideed is

strongly p-complete,then N = 1 a.s. for any p dimensionalsubmanifoldN
of M.

Pro of: Let N be a p dimensionalsubmanifold. Sinceall smooth di erential
manifolds have a smooth triangulation [55], we can write: N = [ V;. Here
V; are smooth singular p-simplexes.But V' = 1 a.s. for ead i from the
assumption. Thus F ( )jy, is cortinuous a.s. and thus sois Fjy itself. Thus

N'= 1 a.s.from remark 2 on page 68. [

Note if p equalsthe dimensionof M, p-completenesgivesbad the usual
de nition of strong completenessj.e. the partial ow de ned in theorem
5.1.1satises infy,oy (X) = 1 almost surely as shoved above. Seealso
remark 2 after theorem 5:1:1. In this casewe will cortinue to use strong
completenesgor strong n-completeness.

We needthe following cocycle property from [31] for the next proposition:
For almostall ! , forall s> 0,t> O,

Fees(X 1) = Fu(Fs(x; 1 ); s(1)): (5.2)

Note that the exceptionalsetfor (5.2) can be taken independen of s and t,
accordingto arecen survey by L. Arnold (manuscript). Howewer we do not
needthis re nement here.
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Prop osition 5.2.2 Let = infy,y (X). If thereis a numker > 0 such
that: Pf g= 1, then =1 almostsurely.

Pro of: There is no explosionby corollary 4.2.5. Let o be the set of !
sudh that if I 62 o, then (t;x) 7! F¢(x;!) is cortinuouson [0; ]| M.
ConsiderF (; (!')) which is cortinuouson [0; ] M if (1) 62 (. Let
1= ol f!' 1 (1)2 o0 Thus 2 for! 62 ; and ; hasmeasure
zero. Inductively we get = 1 almostly surely. |

The following proof was suggestedo me by D. Elworthy, improving an
earlier result proved in more restrictive situation:

Prop osition 5.2.3 A stochastic dynamial systemon a n-dimensional

manifold is strongly completeif strongly (n-1)-complete.

Pro of: Since strong n-completenessolds for compact manifolds, we shall
assumeM is not compact. Let B be a geadesicball certered at somepoint
pin M with radius smallerthan the injectivity radius at p. SinceM can be
covered by a courtable number of sud balls, we only needto prove B =1
almost surely,

Let B be sud a ball. It clearly divides M into two parts, one bounded
and the other unbounded. Write M @ = Ko[ Ng. Here Ky is the
bounded piece. Fix T > 0. By the ambient isotopy theorem there is a
di eomorphism from [0;T] M to [0;T] M givenby: (t; x) 7! (t; hy(x))
for hy somedi eomorphism from M to its image, and satisfying:

hij@ = Fia:

Seth = ht(Ko), Nt = ht(NO) Then

M = K[ Fi(@)[ hi(No);
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and
Fi(B) K (5.3)

onf! :t< B(l)g.

Now o _
[
[0t 7Kt = Projl H(Ko [0;T]) ;

here Proj' denotesthe projection to M. Thus [, ; tK; is compact. By
(53), F(B) = F(Ko)[ Fe(@), for0 t T~ B staysin a compact
region. So B T almost surely from part 3 of theorem 5.1.1. [

Take a sequenceof nestedrelatively compactopen setsf U;g sud that it
isacoverforM andU;, U.;. Let ' bea standardsmamth cut o function
sud that:

8
< 1 X 2 Ui+1

0; X624

Let X' = X, Al = TA, and F' the solution ow to the s.d.s. (X';A").
Then F' can be taken smaooth sinceboth X' and A' have compact support.
Let Si(x) be the rst exit time of F/(x) from U; and S = inf,ok Si(x) for
a compactsetK . Thus S¥ is a stopping time. Furthermore F/(x) = Fy(x)
before SK .

Clearly SK K, andin fact lim;; S = X asprovedin [10.

Let
Ki=flmage()j :[0;’]! MisC! <1g:

Theorem 5.2.4 LetM be a completeconnected Riemannian manifold. Sup-
pose all the coe cients of the stochastic di er ential equation are C?, and
assumethere is a point x 2 M with (x) = 1 almostsurely. Then we have
H=1 forallH 2 K1, if
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lim supE jTxFgrj sk <1 (5.4)
i x2K ] ]

for every compact setK 2 K{ and eacht > 0. In particular when ( 5:4)
holds we have strong 1-completenessand strong completenessf dimension
of M is lessor equalto 2.

proof: Letyg 2 M. We shall shav (yo) = 1 . Take a piecewiseC?! curve
o connectingthe two points x and y,. Supposeit is parametrized by arc
length o:[0; o]! M with ((0) = x.

Denote by K, the image set of the curve. Let Ky = fF(x) : x 2 Koqg,
and (= F, . Thenonf! :t< Ko(l)g, ((!) isa piecewiseC! curve.
Denoteby “( ) the length of .

Let T be a stoppingtime sud that T < Ko then:

7 .
o d
Crey()) [
Zo‘0 ds
o jT (s) FT (' )j ds:

Froy( (s);!) jds

Thus for eath t > O:

7.
E( 1) r« o E( 1«iT (9Frj) ds (5.5)
o SUPE (JTxFrj 7<) (5.6)
X2Ko

Assume Ko< 1 . Take To with Pf Ko< Tog> 0. Now [ o ¢ 7, Fe(X;!) isa
boundedset a.s. sinceF(x) is samplecortinuousin t and (x) = 1 . Thus
thereisR(! ) < 1 a.s. sud that:

sup d(Fi(x;!);x) R()<1: (5.7)
0t To
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But by theorem5:1:1, almostly surelyonf Ko < 1g

lim supd(x;F(x;!))=1": (5.8)

t% Ko x2Ko

Soby the triangle inequality we get:

supd(F(x;! ), Fe(x; 1)) supd(Fe(x;!);x)  d(xFe(x;!)):
x2Ko

X2Ko

Combining (5:7) with (5:8), we get, almostly surelyon f! : Ko < Tyg:

lim supd(F(x;!);F(x;!))

t% Ko x2Kg

lim supd(Fi(x;!);x)  sup d(x;F(x;!))
t% Ko x2Kyg 0t To

= 1:

Thereforelim,, «, ~( (! )) = 1 almostly surelyonf o < Tyg.

LetT; =: SJ-K° bethe stoppingtimes de ned immediately beforethis theorem,
which convergeto Ko. Then there is a subsequencef f T, g, still denote by
fT; 0, sud that:

M (1) xoer, = 1;

Thus

Ejllilm (1) Kot =1

Howewer from equation ( 5.6) and our hypothesis( 5:4) , we have:

M E*(1,0)(1) xocr, olim SUPETyFrj ger, < 1
" j"1 x2Kp

74



sinceT; < Ko almost surely. Applying Fatou's lemma, we have:

Ell_m \( Tj) Ko<Tg “ﬂ E\( Tj) Ko<Tg <1l:
jn j %1

This givesa cortradiction. Thus Ko = 1 . In particular (y) = 1 for all
y2 M.

Next takeK 2 K 1. ReplacingK, by K in the proof aboveweget ¥ = 1 :
This is becausan the proof above we only usedthe fact that there is a point
x in Kowith (x) =1 and|TF,j satis es (5:4).

To seestrong 1-completenessjust notice the set of smooth singular 1-
simplexesS; is cortained in K 1. The proof is nished. [

Remark:

(1). We only needinequality 5:4 to hold for one sequenceof exhausting
opensetsf U;g. In particular they may be di erent for di erent compactsets
K.

(2). The secondinequality holds if we assume:

SUpE SutpjTX st s< (X) < 1

x2K S

for eath number t and compactset K. However we keepthe inequality with
stopping times since it is sometimeseasierto calculate from the original
stochastic di erential equation, and gives sharper result as will be shavn
later in the examples.Seelemma 5.3.40n page 84.

(3). The requiremen on the connectnesscan be removed by assuming
that the s.d.e.is completeat one point of eatc componert of the manifold.

Example: (1). The requiremen for the manifold to be completeis nec-
essary e.g. the exampleon R? f0g on page 68 satis es equation (5.4)
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but is not strongly complete (seealso the exampleon page 120). In fact

the transformed ow F(z) = ﬁ on R? by inverting doesnot satisfy the

condition of the theoremon its derivative and it is not strongly 1-complete.
(2). Theorem 5.2.4doesnot work with equation (5.4) replacedby

sup EjT«Fj < 1 . This can be seenby using the above exampleon M =

R? fOg but with the following Riemannian metric:
e\’

= —; v2 TM;

JVJ ija \" X 1

sincethe metric is completeand for eadh compactsetK,

. ~ 1
SUpE|T,F;j = supE- -< 1:
szp i szp X+ Bij

We say a s.d.e. is completeat one point if there is a point xo in M with
(Xo) = 1. From the theorem we have the following corollary, which is
known for elliptic di usions.

Corollary 5.2.5 A stachastic di er ential equation with C? coe cients and
satisfying hypthesis(5:4) in theorem 5:2:4 is completeif it is complete at
one point.

With strong 1-completenessve may apply the following Kolmogorov's
criterion on regularity [31]to get strong p-completeness:

Kolmogoro v's criterion: Let M be a completeRiemannianmanifold with
d(;) denoting the distancebetweentwo points. Let F be a set of M -valued
random variablesindexedby [0; 1]° for which there exist positive numbers ,
¢, and sud that:

Ed(F(sy);F(s2) ds1 si™
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hods for all s;;s, in [0;1P. Then there is a modi cation F of F sud that
the paths of F are cortinuous. Herejs; s,j is the distance betweenthese
two points (induced from RP).

There is a correspnding result for pathwise cortinuous stochastic pro-
cessed F();t Og parametrized by [0; 1]°. There is a version which is
jointly cortinuousint andx on[0;T] [O; 1) for eath T, if the following is
satis ed:

ESUpd(Fs(ﬁ);Fs@)) dsi Sy
S

for all s;; S, in [0; 1. This comesnaturally by letting N = C([0; T]; M) with
the following metric: d(f;g) = sup, ¢ 1 d(f (s); g(s)).

Recallamap : [0;1P ! M is called Lipschitz cortinuous if there is a
constart ¢ sud that:

d( (s); (1)) ds 4 (5.9)

forall s, t in [O; 1]°.

Denote by L, the spaceof all the image setsof suc a Lipschitz map. This
spacecortains K.

Theorem 5.2.6 LetM beacompleteconnected Riemannian manifold. Con-
sider a s.d.e. which is completeat one point and with C? coe cients. Let
1 d n. Thenwehave X = 1 for eachK 2 Ly if for each positive
numler t and compact setK there is a numker > 0 suchthat:

SUpE supjTyFg% <« <1:
t

x2K S

In particular this implies strong d-completeness.
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Pro of: Let be a Lipschitz map from [0; 1] to M with imagesetK . Take
a compactset K with the following property: for any two points of K , there
is a piecewiseC? curve lying in K connectingthem.

For examplethe set K can be taken in the following way: Let be a
minimum length curve in M connectingtwo points of K ; its length will be
smaller or equalto dia(K). Let K be the closureof the union of the image
setsof sut curves.

Let x = (s) andy = (t) betwo points from K. Let be a piecewise
C! curvein K connectingthem. Denoteby H the imagesetof and " its
length. By proposition 5:2:4, " =1 . Thusfor any To > 0 we have:

Z - ! d+
E sup[d (Fy(x); Fe(y) 1" E  supjT Fijds
t To 0t ;0 |
supjT (oFj* ds
t To |

~d+ lE

"¢ sup  E supjTeFj%

x2K t To

Takingin m um over a sequenc®f sud curveswhich minimizing the distance
betweenx andy we get:

E supd(Fi«(x); Fi(y))% d(x; y)® supE supjTyFj%
t To

x2KR t To

The Lipschitz property of the map gives

E supd(Fe( (s);Fe( () Gs tj* SUpE supjT,Fij®
t To

x2K t To

Thus we have a modi cation of F( ( )) of F( ( )) which isjointly con-
tinuousfrom [0; Tg] [0;1]! M, accordingto the Kolmogorov's criterion.
Sofor a xed point X in M
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sup sup d(F¢( (s);!);X0) < 1:

t2[0;To] s2[0;1]@

On the other handonf K < 1g,

lim supd(F¢(x;!);Xo) = 1

t% K x2K
almost surely. This give a cortradiction. So X =1 forall K 2 Lg.

Notice ewery singular d-simplex has a represetation of a Lipschitz map
from the cube[0; 1]° to M (by squashingonehalf of the cube to the diagonal).
This givesthe required strong p-completeness. [

This theoremis usedin section7.3to get a cohomologyvanishingresult.

Flows of di eomorphisms

To look at the di eomorphism property, we rst quote the following the-
orem (rst proved by Kunita) from [10]:

Let M = R". Assumeboth X andA areC?. If the s.d.s. is strongly complete,
then it hasa ow which is surjective for ead T > 0 with probability oneif
and only if the adjoint system:

dy: = X(yr) dBy A(yy)dt (5.10)

is strongly complete.

For a manifold this works equally well sinceequation (5.10) doesgive the
inversemap up to distribution. Thusif both equations(1.1) and (5.10) satisfy
the conditions of the theorem for strong completenessthe solution ow F;
consistsof di eomorphisms. When there is a uniform cover for (X; A), there
is no explosionfor both (1:1) and (5:10) . In this case,the solution consists
of di eomorphisms if for K compact:
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SUpPE sup jTFs" ** + JTe, 10 Fsl 1o 1;
t

x2K S

sinceboth (1.1) and (5.10) are strongly completeby theorem5.2.6.

5.3 Applications

In this sectionwe look at the stochastic di erential equationto seewhen
the conditions for the theoremsabove are ful lled.

As beforelet M be a Riemannian manifold. Let xo 2 M, vo 2 T4, M.
Noticing jv;j is almost surely nonzerofor all t, [52], we have the following
formula for the p" power of the norm of v, from [26] for all p:

i = v+ p7 Iy SiveP 2 < 1 X (ve)ive > OB
+pR(§jvsjP 2< 1 A(Vs); Vs > ds
+§PTR(§jvsjp 2<r 2XT(X';vs); vs > ds
+§PTR(§jvsjp 2<r XH(r X'(vs)); Vs > ds
+§PTR5jvsjp 2< 1 Xi(vs):r Xi(vs) > ds
+3p(p 2)" 0 v 4 < 1 X (ve); v >2 ds:

(5.11)

onft< g. Letv2 T,M. De ne Hy(v;V) asfollows:

P . .
Hp(v;v) = 2<r1 A(X)(v);v>+ [ <r 2X'(X';v);v >
UM X XI(W)ivs + M < XE(W)ir X (V) >

P :
Hp 2) Pk <1 XiW)v>2:

Let be a stoppingtime, then

Ra . . . )
Ve P Vol p My ¢ Ve 2<r X (Ve): Ve > dBL

RtA

5.12
+B° 07 jvsj? ZHp(Vs; Vs)ds: ( )
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This gives:

Zt" . .#2
jvin j%P 2V + 4p? vl 2<r X'(vs); Vs > dBL

1
Z in 2

i jVsi® 2Hp(Vs; vs)ds

+4p
o o L o ) 2
2jvoj® + 4pP2™ 1 jvsi® 2 <1 X'(Vs); Vs > dB}
l 0
Z ia 2

i jVsi® 2Hp(Vs; vs)ds

+4p
Let T be a positive number, then:

Esup 1jvin j® 2w .
1,2P m "R 0o i 2
+2Mpt Ehsug T oo VP < XU(Vs); Vs > dBg
Ria .. :
+4pPEsup 1 o JVsiP 2H,D(vs;vs)dsz:
Applying Burkholder-Davies-Gundy inequality and Helder's inequality we
get:

z T
E tsqujvtA % 2jVoj?® + ATP’E s jVi® *HZ(vs; vs)ds
Z _
+2m* mpZCOE s jVsjzp < X(Ve); Vs >2 ds:
0

Here ¢ is the constart in Burkholder's inequality.

Let U be a relatively compact open set. Denote by (x) the rst exit
time of F;(x) from U. For simplicity we write instead of (Xo).

SinceX and A are C?, there is a constart ¢ sud that: jr X'(xs)j?> < ¢
andjHp(v;v)j < gvj? onthe setfs  (Xo)g. Let k, = 4(cp*(T + 2™ mcy),
we have:
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ZT
E supjvi» i* AP+ 2T M RE  Cjv® s ds
Zt
+HATP’E  Cjvgj® ¢ ds
0
ZT
= 2vj®+ KE  jvf® ¢ ds
i
2Jvoj® + kbE  E supjvyj® , ds
0 u s

|
Z; !

2jvoj®® + kyE . E supjves j? . ds

u s |
ZT

2jvoj® + ko E . E iugjvw i ds:

By Gronwall's lemma:

E supjvir % 2jvojPeeT:
t T

On the other hand, taking an orthornormal basisf e g; of T,,M, we have:
| |

! o !
E squijoFtA i ¢c E squijoFtA (€)j® o T:
t t

1

Here c denotessomeconstart depending only on p and n. Thus we arrived
at the following usefullemma, which is fairly well known.

Lemma 5.3.1 (1). For each relatively compact open set U, there is a con-
stant ¢ depending only on the bounds of the coe cients of the stachastic
di er ential equation on U suchthat for all p:

E supjTxFs» (0j® 2067 (5.13)
st
Here ¢, is a constant degendson n = dim(M).
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(2). Assumeloth jr Xj andjHpj are boundel. By the latter we mean
jHp(v;V)j  Kkjvj? for someconstantk and all v2 T,M. Then

' op

SUPE  supjTxFs: | 2c, et (5.14)
t

X2M S

for all p. Here c is a constant and ¢; degndsonly on n = dim(M). In
particular this is the caseif X, r X, r 2X, andr A are all bounde.

For the proof of ( 5:14), let = Y in the above calculation, for f U,g
a sequenceof nestedrelatively compact open set exhaustingM . Then take
the limit. |

As a corollary, we have the following result on strong completeness:

Corollary 5.3.2 Let M be a completeconnected Riemannian manifold. As-
sumejr Xj is boundal and there is a constantk suchthat jH(v;Vv)j < kjvj2.
Then the s.d.s. is strongly completeif completefor one point. Note the last
condition is satis ed if jXj+ jr Xj+ jr 2Xj+ jr Aj is bounde.

Note we do not useany sort of nondegeneracyn the above corollary.

Let M = R". Assumethe s.d.e. is given in It® form. We have as a
corollary the following known result:

Corollary 5.3.3 A stachastic di er ential equation on R" (in Itd form ) is
strongly completeif all coe cients are C? and glokally Lipschitz continuous.

Pro of: First we have completenessasis well known. Write:

dx; X (xy)dB; + A(x¢)dt

X (x¢) dBy+ A(x¢)dt:
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p S
HereA=A 1 Tr X'(X'). So

X . 11X . .
rA=rA = rX'(v;X") = rX'(r X"(v):
2 1 2 1

Note alsoon R™: r 2X'(X';v) = r 2X'(v; X') on R". Substituting these
in equation 5:12 the secondderivativesof X' disappear. Thus
P ' )
Ho(viv) = 2<r A(v);v>+ T <r X'(v);r X'(v) >

P .
+Hp 2) T <rXi(v)v>2:

Sothe boundednes®fr X andr A give us strong completeness. |

Lemma 5.3.4 Let fU;g be a sequene of relatively compact open sets ex-
haustingM , and SjK the stoppingtimes de ned before theorem 5:2:4 on page
72. Here K is a compact set.

AssumeHp(v;Vv)  kjvj? for someconstantk. Then for all j

SUPE (TxFinsx ) ezt (5.15)
M

Pro of:  First we have: E sup, thFSASjKij < 1 forx 2 K by a similar
proof asfor ( 5:13). Sofrom (5:12) on page 80, we obtain:

Z ingk
]

EfVingel” = Vol + DE WP 2Hy(Vs;ve) ds:

sincethe martingale part disappears. Thus, just as before, there is the fol-
lowing estimate:

EjTeFosej? e

from Hp(v;v)  Kkjvj? and Gronwall's lemma. [

Remark: In fact (5:15) holds if SJ-K is replacedby S;(x). Here S;(x) is the
rst exit time of F(x) from U, .
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From the proof, we have the following corollary of theorem 5.2.4:

Corollary 5.3.5 A s.d.e. is strongly 1-completeif it is completeat one point
and satis es:

Hi(v;v)  Kjvj*

Here k is a constant.

The case of Bro wnian system

Next we considerspecial cases. First we assumethe s.d.s. consideredis a
. . . . P L
Brownian motion with drift Z. Then Z = % 7r X' (X" + A, and

1x 2y i [ 1x [ [
rZ(v):é r X(v;X)+§ r X' r X'(v) +r A(v):
1 1

On the other hand,

D E D E D E
r 2XH(X"v);v r2XH(v;X":v R(X":v)(X');v

Ric(v;v):

HereR is the curvature tensor and Ric is the Ricci curvature. Thus:

Ho(v;v) = 2<r1 Z(X)(V);v> Rick(v;Vv) + i mir X1(v)j?

P .
Hp 2 Pk <rXi(v)v>?:

(5.16)

And thereforewe have the following theorem:

Theorem 5.3.6 Assumethe s.d.s. is a Brownian motion with gradient drift
r h. Then if %Ric Hesgh) is bounda from below with jr Xj boundel the
Brownian motion is strongly complete. Here Hesgh) = r 2h.
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pro of: By aresultin [5], we have completenessf 2 Ricc-Hess(h)is bounded
from below. The strong completenesgollows from theorem 5.2.6and lemma
5.3.1. m

In the above theorem,the s.d.s. may be a Brownian motion with a general
drift if we know the system does not explode a priori. The nonexplosion
problem s discussedn chapter 4 and chapter 7.

The case of gradien t Bro wnian system

Next we considergradiert Brownian motion asin the introduction and follow
the ideasof [28]. Let  bethe spaceof normal vectorsto M at x. Thereis
the secondfundamertal form:

x . IxM  T,M 1

and the shape operator:

Ayt TyM x I TxM

related by h ,(vy;Vv2);wi = hA(ve;w);vai. If Z(x) :R™ ! is the orthog-
onal projection, then

r X'(v) = A (v;Z(X)&)

asshaved in [31] and [25].

Let fq;:::f, bean o.n.b. for TyM. Consider .(v; ) asa linear map
from TxM to . Denoteby j x(v; )ju.s the correspnding Hilbert Sdimidt
norm, andj j , the norm of a vectorin . Accordingly we have:

XD . E XX 2
r X'(v);r X'(v) = PA(v; Z(x)e); fji

1 i=1j=1
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X0 0 i
= h x(v;fj); Z(X)ei

i=1j=1

Xr\ - -
= io«(vifi%

j=1

= J X(V; )jﬁ;s3

There is also:

xw Do o = .

rXNVV = k()P

1

giving
Hp(v; V) = I(:;icz()\-/;V)Jr 2_<2 rZ(V);v> +j «(V; )i (5.17)
+257) (V)

Thus the corollary:

Corollary 5.3.7 Assumethe second fundamentalform is boundel. Then the
gradient Brownian motion with drift r h is strongly completeif %Ric Hesgh)
is boundel from below. It consistsof di e omorphismsif both %Ric Hesgh)
and ZRicci + Hesgh) are boundel from below.

Pro of: The strong completenesds clear from the previous theorem. The
di eomorphism property comesfrom the fact that its adjoint equationis also
a gradiert Brownian system(with drift -r h).

Further, there is the following Gauss'stheorem:

Ric(v;v) = h (v;v);trace i | (v; )jﬁ;s:
Giving:

Hp(v;v) = < (v;v);trace > +2j «(v;)ids

+57(P 2 «(viv)j? + 2< Hesgh)(v);v > : (5.18)
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Thusthe completeness&nd strongly completenes®f a gradiert Brownian
motion rely only on the bound on the secondfundamenal form and the
bound on the drift: thereis no explosionif h= 0andj «j k(jxj) with k a

function on R, satisfying:
z
1
mdr =1

from Gausstheoremand the exampleon page 57 in chapter 4. Furthermore
a gradiert Brownian motion is strongly completeif the secondfundamenal
form is bounded.
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Chapter 6

Deriv ativ e semigroups

6.1 Intro duction

Assumethe derivative of the solution ow of equation(1:1) has rst momert:
EjTxFs s« (9] < 1 ,wemay de ne asemigroup(formally) of linear operators
P; on 1-formsasfollows: forv2 T,M and a 1-form

Pe (V)= E (TxF(V) « (6.1)

It is in fact a semigroupon L* (), the spaceof boundedi-forms, if

S)L(JpEijFt t< (x)j <1l: (6-2)

We are interestedin three problems:

1. Whenis P; well de ned, asa strongly cortinuous semigroup?
2. Whenis dPf = Py(d)?
3. Whenis P, = e“"" |ifA= 1417
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If all answersto the questionsare yes,we can obtain informations of heat
semigroupsand answer the questionwether P; sendsclosedformsto closed
forms. Theseproblemsare also the basisfor the next two chapters and will
be discussedin detail and in great generalily in this chapter. For related
discussionsseeVauthier[66] and Elworthy[25)].

Howewer rst let A = 24" We have nonexplosionif dPf = Py(d)
forf 2 C andif EjT,Fj < 1 for all x, aswill be shovn in proposition
7:2:2 in chapter 7. Soit is natural to assumecompleteness.For a complete
stochastic dynamical systemon a complete Riemannianmanifold, two basic
assumptions:

E sutpjTX Fj<1 (6.3)
S

and
SUPEjT(Fj* <1 (6.4)
X2M

will give ewverything we need:
1. P, =e" for 2L%,

2. dPf = Py(d), for f 2 C}

3. and strong 1-completeness.

as shown later. c.f. theorem 5:2:4 on page 73, theorem 6:3:1 on page 92
and proposition 7:2:2 on page 108. This basic assumptionis satis ed by
solutions of a s.d.e. with all the coe cien ts and their rst two derivatives
boundedas shown in section 5.3.

But rst we recall the properties of probability semigroupsfor functions.

6.2 Semigroups for functions

Let P; be the probability semigroupon bounded measurablefunctions de-
termined by our stochastic dynamical system. Let A be its generator. Then

90



P . .

A= % X'X"+ A on C} , the spaceof smooth compactly supported func-
tions. If further we assumecompletenessthen it sendsbounded cortinuous
functions to boundedcortinuous functions as shaved in [31].

Let A = %4 h then P; is a strongly cortinuous L? semigrouprestricting
to L?\ L* (see[33]). Assaiated with 24 ", there is also the functional
analytic semigroupe%“‘h. Thesetwo semigroupsagreeasin [33. Seealso
the proposition belon. Thus from theorem 1.6.10n page 23, P;f is smaoth
on L2\ L'. Moreover P; is LP cortractive on L2\ LP\ L? forallt, 1
p 1. See[37]for more discussionson the LP cortractivit y of probability
semigroups.

Finally we have the following known result :

Prop osition 6.2.1 Let M be a complete Riemannian manifold, then

z
P.1(x) = e2""1(x) = PP (x; y)e"¥dy:

Pro of: First we shaw Pif = e2*4"f for f 2 L2\ L! . SinceP, is a strongly
cortinuousL? semigroupon L2\ L! | it extendsto a strongly cortinuousL 2
semigroupP; on the whole L? space.Let A be the generatorof P;. Then A
is a closedoperator by theorem 1.4.1 and agreeswith %4 honC}. Thus
A = 14 " sincethere is only one closedextensionfor 24 " from the essetial
self-adjoirtnessof 4 " obtained in chapter 2.

Applying the uniquenessheoremfor the semigroupof classCy(theorem
1.4.1),we get P;f = e24"f. ThusP,f = e2%4 ™" on L2\ L,

Next let f g,g be an increasingsequenceof functions in C} approading
1 with 0 g, 1. Sud a sequenceexists as shovn in the appendix.
Then ez "g, | e2"1 sincepl(x; ) isin L! (c.f. theorem 1:6:1). But
e%“‘hgn(x) = Piogn(x) ' Pi1(x) for eatr x. Sothe limits must be equal:
Pl=e*"1, ]
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6.3 P and dP;

With the help of results on strong 1-completenesswe have the following
theorem which improves a theoremin [31], where strong completenessand
boundson curvatures are assumed.

Theorem 6.3.1 Assumestrong 1-completenessand supmsefor each com-
pact setK, there is a constant > 0 suchthat:

SUpEjTFjt* < 1:
x2K

Then P,f is C! and
d(Pif) = ( P)(d)

for any C! function f with both f and d bounde.
Pro of: Let (x;v) 2 TM. Takeagedalesiccurve :[0;']! M starting from x

with velocity v. By the strong 1-completenessk;( (s)) is a.s. di erentiable
with respectto s. Sofor almostly all ! :

PR (9:1)) (ROt _ 17%s
S

.I .
S . d T F((r);!) dr:

Let

Z g

1
ls= - d T Fs((r);!) dr:

We want to show: limg oEls = E limg ols. By the strong 1-completeness,
we know T (yF¢(_(r)) is cortinuousin r for almostall ! . Thus:

1%
E Isim)g . d (T yFe((r))(!)dr

Ed (TFy(V)):

Elimlsg
sl 0
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On the other hand, Ed (T ()F:(_(r))) is cortinuousin r if jT ()Fj is uni-
formly integrablein r with respect to the probability measureP. This is so
if
SUPE|T (Fj'" < 1:
r
Thus

y4
. 17s
Im<  BEF TeoR(r)!) dr=Ed (TF(V)

and the proof is nished. [

Corollary 6.3.2 Let M be a complete Riemannian manifold. Supmse our
s.d.s. is complete. If
E supjTiFsj < 1
st
and

SuUpEjTFjt* <1
x2K

for eacht > 0, and K compact, then dPf = ( Py)(d) for all functions f
with both f and d boundeal.

In terms of the coe cien ts of s.d.e.,we have:

Corollary 6.3.3 Let M be a complete Riemannain manifold. Supmse our
s.d.s. is completeand satis es:

Hie (viv)  Kjvj?:
Then dPf = Py(d) if bothf and d are boundel. Here

Hp(v;v) = 2<r1 A(X)(V);v> + P{Ql <r 2X'(Xhv);v>
+ P1m< r X'(r X'(v));v> + P1m< r X'(v);r Xi(v) >
Hp ) P <1 XV 2
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Pro of: From corollary 5.3.50n page 85, we have strong 1-completeness.
Furthermore

SUPEjT(Fj 7 < 1
X2M

if Hie (v;Vv)  Kjvj2. [

Remark: For a stochastic di erential equationon R" (in It form),

Ho(Viv) = 2< 1 AGQ(V)iv> + T < XI(v)ir Xi(v) >

+(p Z)Pl’“ﬁ< r X'(v);v >3

ason page 83. Also notice if

X1 k(@ + jx))

and
< AX); x> k(1 + jxj)ixj;

then the systemis complete. Thus our result on dP,f = P;(d) improvesa
theoremin [31], where global Lipschitz cortinuity is assumedof the coe -
cierts. Hereis a brief proof for the nonexplosionclaim we made:

Let X2 M, Xs = Fs(x). Onf! :t< (x;!)g,
Zt Zt
jxtj2 = jXOj2+ 2 0 < Xs;x(xs)st > +2 0 < XS;A(XS) > ds
Zt
+ X (xs)j’ds:
0

Let T,(x) be the rst exit time of F¢(x) from the ball B,(0). Write T,
Th(Xo) for simplicity. Then
. . . . Z t/\ Tn Z t,\ Tn . .
Ejxinr,i® = jxoj* + 2E < Xs;A(Xs) > ds+ E jX (xs)j?ds
0 0
ZinT,
jxoj? + 6k (1+ jxsj%)ds:
0
By Grownall's inequality:
Ejxint,j2  (jXoj% + 6kt)e®":
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Thus PfT, < tg = 0, sothere is no explosion.

Lemma 6.3.4 LetM be a completeRiemannian manifold. Considera s.d.s.
with geneator A = 24 ". Letf 2 C¢ . Then the following are equivalent:

1. e " ()= Py(d):

2. P(d) = d(Pf):

This is becauseP,f = ez*"f from section6.2 and ez "*(df) = d(ez"f)

from proposition 2:3:1.
Corollary 6.3.5 Let M be a complete Riemannian manifold. Assumethe

conditions of the alovetheoremand A = 24 . Then for f 2 C} ,

P(d) = ez " (d ):

Remark: We will show later that if d(Pf) = Py(d) for f with f and d
bounded,then there is no explosion. Seeproposition 7:2:2 and its corollary.

Finally asknown in the compactcase[25], we also have:

Prop osition 6.3.6 AssumeE [T Fij « (v Is nite and continuous in t
for t 2 [0;a). Here a is positive constant. Let be a 1-form in C} . Then

@pP )
@ t=0

with limy o Py (V) = (v) for eachv 2 T,M. Here L is asde ned on page
13

In particular if A = %4 + L, and is closal:

@P ).
@ -



If the s.d.s. consideed is a gradient system, we do not require  to be
closal in the alove.

Pro of: Take vy 2 T4 ,M. Applying Itd formulato we have:
Z t

. P a1 _
Hn}) f(vo) = Hn?)f o E(L xS(Vs) t< )dS— L Xo(VO)

since L is a local operator(so L remain bounded and cortinuous) and
EjTx,Fs(Vo)j is cortinuousin s.

6.4 Analysis of P; for Brownian systems

This sectionwill be dewted to discussionf P, in the special caseof A =
24" The situation here is particular nice, since the generator are both
self-adjoirt and elliptic. Howewer to start with we would like to mertion
the following relevant theorem for a generalelliptic generator, which is an
improvemern of a theorem of Elworthy from [26](part 1,3 and 4 are new):

As usuallet f U,g be a sequencef nestedrelatively compactopen setsin
M with U, U+ and[ U, = M. Denoteby T, the rst exit time of F¢(x)
from U,.

Theorem 6.4.1 LetA = 14 +L,. Letf :t > Og be a regular solution
of the heat eguation:
@ 1

_ 1
— =747+ Lz ¢

@ 2
with d { = O for all t. Then {(vo) = ( P:) o(vo) if one of the following

conditions hold:

1. Supmsej sj and jr j are uniformly boundel in s in [0;t] for any t,
and assumethe s.d.s. is completewith jr Xj boundel and
z t
EjT Fsj’ds< 1; x2 M:
0
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2. Assumecompleteness, o boundeal, andE sup, ;jTxFsj < 1 for each
t and x.

3. Supmse] j is uniformly boundel in s in [0;t] for all t, and assume
the s.d.s. is completewith sup, E jTFy, j'* 1.« < 1 for some
constant > 0 and eacht.

4. Assumefor eacht, j sj convelgesuniformly in s 2 [0;t] to zem as
x! 1 and
im EjTFr, oo moet <1

Pro of: (a). Let xo 2 M, andvy 2 T4,M. First assumecompletenessApply

It formula to 1 ((x) for xed number T > 0, to get:
Z t z t
T t(Vt) = T(VO) + 0 rr s(X (Xs)st)(Vs) + 0 T s(r X(Vs)st):

Lett= T, we get:
Z1
olvr) = 7(Vo) + o o1 s(X(xs)dBs)(vs)
Z1
+ 1 s(r X(ve)dBy):

Take expectations on both sidesto get:

1(Vo) = E o(vr)

under either of the rst two conditions.

(b). For the rest we apply the Itd formula with stopping time:
VA t"Th
T 1 (VinT,) = 1(Vo) + o 1 s(X(Xs)dBs)(Vs)
z t"Th

o T s X(vs)dBy):

Settingt = T, we get:

ovr) tern T T (Vr,) TSTS
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Z 1aT,
= (Vo) + 0 I s(X(Xs)dBs)(Vs)
Z 1aT,
t T s(r X (vs)dBs):
Taking expectations of both sidesabove to get:

E( ovr) t<r) * E( 1 10(vr)) 757.) = 1(Vo):

(c). Assumingpart 3, 1 1,(vr,) 15T, IS uniformly integrable. So

M ECT 1) o) =B Imor g ()l 1, =0

sinceT, ! 1 from completenessvhile
E o(vr) t<rn ! Pi( 0)(Vo):

(d). For part 4: Let > 0. Thereisanumber N > 0s.t. if n > N,
j t(x)j< foralltandx 62U, :

Thus
EG 1 m(vr)i 1s10)  E (vrid 1s10):

Letting ! 0,wegetlim,Ej 1 1,(vr,)j ts1,] = 0. Thusthe result.

Remarks: (1). For gradiert system,we do not needthe assumptiond = 0

in the theorem.

(2).Let M be a complete Riemannian manifold and A = 24 ". This

. . 1 h; .
theorem givesus the equivalenceof P, and ez**"' for closedforms, while

corollary 6.3.50nly givesus the equivalencefor exact forms.

(3). Let 2 Cg. Then ertd Mt is aregular solution to the heat equation.

But we know dezt* "' = e2*4"d from section2.3. Soin the above theorem

we only needd o = Oinsteadofd = Ofor all t.
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Corollary 6.4.2 Let M be a manifold with Ric-2Hess(h) boundel from be-
low. Consider a Brownian systemwith gradient drift. If for someconstant
> 0
SHPEITFTnjl+ Tt <15

then e24" = E (TF) for bounda closel 1-forms . Note the required
inequality holdsif Hy, (v;v) ¢jvj? for someconstsntc.

Pro of: Note there is no explosionby [5]. Furthermore if Ricci-2Hess(h)is
boundedfrom belown by a constart c, then

thhj eCt
asin [25). Here W," is the Hessian o w satisfying:

h
D\gt = %Ric(Wh; )+ < Hesgh)(W}"); >*:

Thereforeez" = E (W) for bounded 1-form . See[26] for a proof.

Henceez'" s uniformly boundedin t in nite intervals. Apply part 3 of

theorem 6.4.1and lemma 5.3.4,we get the conclusion. End of the proof. B

Note alsoif h = O(useW, for W,"), we may get more information on the
heat semigroup:

je“" | Ej PEjWj?

P 7):
But P; hasthe Cy property if Ricci is boundedfrom belon. Thus et4” (x)
convergesto zerouniformly in t in nite intervals asx goesto in nit y.
For more discussionson ralations betweenthe Ricci o w and the deriva-

tive ow, see[29.
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The following result doesnot assumecompletenesslt is interesting since
it doesnot assumeany condition on the heat semigroupeither. In fact this is
usedin the next chapter to get a nonexplosionresult. Seeproposition 7.2.2.

Prop osition 6.4.3 Let p> 1, take g to be the conjugate numker to p: %)+

% = 1. Then Py is aLP semigoup, if for eacht > O:

SUpE (jTyFj? « )< 1: (6.5)
M
Also if there is a numhber a> 0 suchthat:
SupsupE (jTyFsj% «« )= c< 1: (6.6)
s a M

andthemapt 7! jT4Fi « is continuousinto LP( ;F;P) att = 0 for each
X, then Py is a strongly continuous LP semigioup.

Furthermoreif alsolimy osup,y E (jTxFtj «« ) = 1, then P, is astrongly
continuous semigoupin L" forp r 1.

Pro of: Takea 1-form 2 LP. Then
z z

j Pu jPedx E J iRy < (EiTxFij? « )s edx
p 14
X
p 14
= SUpEjTxFj? « ] J'QGZthZ

The last equality comesfrom the fact that €?"dx is the invariant measurefor
F:. Sowe have shoved P; isin LP.

To shawv the strong cortinuity of Py in t, we only needto prove P,
is cortinuousfor in C¢ by the uniform boundednessrinciple(seePg in
[22]).

Take 2 C} . First we have pointwise cortinuity from the LP cortinuity
of [TFj « :

ImiE (TF() «  ()(v))i’= 0
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forall x in M andvy 2 TyM.

Next we shov P; corvergesto in LP(M;e®dx). Lett < a, then

EC(TF) )" E R « SUPSUD(E (TF° « )4

a x2M

P .o
= CqE J JEt(X) t<
By the invariance property, we also have:

z z
GE iR « &dx=j fehdx

But

] Pt P Gl P P+ ¢cj jP
3 . .
CIGE | Ry =« +Gi j™

Here ¢, is a constart. For the last term we may change order of taking
expectation and taking limit in t. Thus by a standard comparisontheorem,
we have:

z z
lim j P jPe"dx = limjE (v) « jPe?dx:
M Mt o

tr 0

So P; convergesto in LP.

Finally noticewith the last assumption,we canprovethat P; isastrongly
cortinuous semigroupboth on LP and L* . It isa L! semigroupsince for
2L,

j Pt le SupEijFt t< ]] j|_l:
x2M

Its strong cortinuity comesfrom the last assumption.

By the Riesz-Thorininterpolation theorem P; is a semigroupon L" for

p r 1 . Furthermore:
z z

lim P j e?dx 1irr(|) ] Pt i’ P jL:Pe®"dx = O
M !

tr 0
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End of the Proof. |
Remark: This proof works whene\er there is an invariant measurefor F;.

Corollary 6.4.4 For a gradient Brownian systemwith drift r h, we have

1 h; 1
5t4

Pt = e
for 2 Ct if for all t and someconstanta > 0
SUPEjTyFj® « < 1;

M

SUPSUpPEjTyFij? « < 1;

s a M
andthe mapt 7! jTyFj « is continuousinto L?( ;F;P).

In particular the conditions hold if there is a number > 0 suchthat for
all t:
SUPSUPE T, Fij*" 1« g < 1: (6.7)
st M

Pro of: From proposition 6.3.6, the semigroup P; has generator%4 h for
gradiert systemon C} . The result follows from theorem 1.4.10n page18.
|

Recall we de ned H, for gradiert h-Brownian system (section 5.3) as

follows:
Hp(v;Vv) = Ric(v;v) + 2 < Hesgh)(v);v >
HW)iRs + BE1 (V)i
Following Strichartz, we discussthe LP boundednessf heat semigroups
for forms:

Corollary 6.4.5 Let M be a complete Riemannian manifold with Ricci-
2Hess(h) boundeal from below. Supmse there are constantsk and > 0
suchthat

Hie (V;V)  kajvj*:
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Then e2*" is LP bounde uniformly in t in nite intervals [O; T], for all p
betwesn 1~ and in nity.

Pro of: Considera gradiert Brownian systemwith generator%4 h_ 1t hasno
explosionif Ricci-2Hess(h)is boundedfrom below [5]. Let 2 C{ , corollary
6.4.20n page 99 givesus:

e’ = E (w):

Let = 1 bethe conjugatenumberto 1+ . We have:

z z
iE (TF)j €dx Ej j (EjTFj* ) e dx
M M
supsup EjTaFj* (G j. ) :
t T X

However sup, t supy EjTxFijt* < 1 if Hye (v;v)  Kkjvj? asin section5.3.
Thus the LP boundedness. [

Next we considerthe LP cortractivit y of heat semigroups(seepage18 for
de nition). Dene P; for k forms asfollows:

Po (Vi vE) = E (TF(V); i TR(VY) « (6.8)

Lemma 6.4.6 Consider a Brownian systemwith drift r h on a complete
Riemannian manifold. Suppse P, = e2*" for k forms 2 L! . If there
is a constant > 0 suchthat

S)L(JpEijFt t< (x)jk(1+ ) 1

Then the heatsemigoup €24 " on k forms is contractive on LP (on L2\ LP),
for p between 1*~ and 1 .
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Pro of: Let 2 C}. By the argumert in the proof of the last corollary, we

have
. %t4h . ” - Lo
je Jo= ) e
On the other hand we have, for 2 L?!:

jee" g e

Thus e2*" is both L= and L! cortractive by the uniform boundedness

principle. Finally we apply the Reisz-Thorin interpolation theoremto get
the required result. [

Let M beacompactmanifold. Then P, = e2*"" for closedC?2 1-form
,and P, = e2*" for C2 forms of all order if we are consideringgradiert
systems. See[26] for detail. From this we have:

Corollary 6.4.7 Let M be a compact manifold. Consider a gradient Brow-
nian systemwith geneator 4 . Then

(). The rst real cohomolay group vanishesif the Ricci curvature is
positive de nite at one point and there is a numbker > 0 suchthat

SUPEjT,Fj** 1
M

whent large.

(2). The cohomolayin dimensionk vanishesfor a manifold whosecurva-
ture operator is positive de nite at one point or for a 2-dimensionalmanifold
whichis not at if our gradient Brownian systemsatis es

SUPE T Fj*®* ) 1
M

whent large.

Pro of: We apply the following theorem from [63]: Supposethe real coho-
mology in dimensionk is not trivial, then the heat semigroupfor k formsis
not LP cortractive for p 6 2 in the following cases:
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(1). n = 2 and the manifold is not at.
(2). k = 1 and the Ricci curvature is strictly positive at one point.
(3). The curvature operator is positive de nite at one point.

Note we have LP cortractivit y for somep 6 2 from the assumption,thus
nishing the proof. [

Example:

Let M = S"(r) be the n-sphereof radius r in R"**. Then the second
fundamenal form is givenby: ,(u;v) = riz < u;v > X. The derivative
o w for the gradiert Brownian motion on it satisfy:

z

t
EIVIP = Vol + 5 Ejvel® 2Hp(us; v)ds:

and Hy(v;v) = (p n)j‘r’—’f. So

L N - (R
Ejvi? = jvoje 217

SeeElworthy [26]. Thus

p(p_n)

SUpEjT«FijP e ar?
M

which is lessor equalto 1, whent big if p  n. The above corollary con rms
that the kth cohomologyvanishesfor the n-sphereif k < n. Howewer note
that the n™ cohomoly of the spheredoesnot vanish.

We'll comebadk to this topic in the next chapter.
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Chapter 7

Consequences of moment
stabilit y

7.1 Intro duction

In the rst section, we will shov the rst homotopy group vanishesif the
Brownian motion on M is strongly momer stable and satis es certain reg-
ularity conditions, as for compact manifolds in [27]. Also interesting here
is the result on nite h-volume of the manifold. In section 2, we look at
the existenceof harmonic functions and at cohomologygiven strong momernt
stability.

7.2 Geometric consequences and vanishing
of (M)
We shall rst show if the heat semigroupfor 1-formsis "continuous" onL? ,

then the h-Brownian motion on M hasno explosion. In the following lemma
we only usedpointwise conditions, improving a result of Bakry [5] proved by
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essetially the samemethod.

Lemma 7.2.1 Let M be a completeRiemannian manifold. Assumethere is
a point Xxo 2 M with a neighlmurhood U suchthat for each x 2 U there is a
constant C;(x) with the following property:

jee“ ", C(X)id s ;

forf 2 C: andt to. Heretg is a positive constant. Then the h-Brownian
motion dcoes not explale.

Pro of: Let h, be an increasingsequencen C} sud that lim,; h,! 1,

0 h, 1andjr h,j< % Sud a sequencexistsasshavn in the appendix.
Then e24"h,(x) ! e "1(x) for eath x, sinceezt*"h, = P;h, and by the
bounded corvergencetheorem. Here e2'4"1 is de ned asin theorem 1:6:1.

By Staudertype estimate asin the appendix, we have:

dez "h,(x) ! d(ez* " 1)(x)

for all x in M. Howewer fort tp, andx 2 U

jdez "h,(x)j = jez " (dhn)jx

. . Ci(x
Ci(x)jdhnjs %!

(0
Thus d(ez4 "1)(x) 0 around Xo. SO

S (x0) = 34" Dxo) = O

This gives: €24 "1(xo) = 1, for t < to. But P1(xo) = e2'4"1(xo) from
proposition 6.2.1. Thus P,1(Xo) = Pfty < (Xxo)g = 1. Consequetly
P;1 1 for all t. Next we notice Brownian motion does not explode if it
doesnot explode at one point. The proof is nished. [
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Prop osition 7.2.2 Considera h-Brownian motion on a completeRieman-
nian manifold. Assumethere is a point Xo 2 M and a neighlourhcod U of
Xo suchthat: E (jTyFj « )< 1 forallx2 U andt< ty. Heretp > Ois a
constant. Then P, 1= 1if dPf = ( P)(d) for f 2 C} .

Pro of: This is a direct consequencef lemma 6.3.4 and the lemma above.
|

Note: If dP.f = ( Py)(d) for f with both f and & bounded, then set
f 1, the sameargumen in lemma 7.2.1shovs Py1= 1.

The proposition above indicates there is not much point to discussthe
possibility of dP, = ( P;)d whenthereis explosion. From this there alsoarises
an interesting question, which we have not answeredyet: If E (jTFy « ) <
1 fort < ty, doesit hold for all t?

Corollary 7.2.3 Let (X;A) be a gradient s.d.s. with geneator 4 ". Then
it hasno explosionif its derivative ow TF; satis es the following conditions:

1. For eacht > 0,
Sl\l/'lll:)Eijth2 t< (x) <1

2. Thereis a numhker a> 0 suchthat:

supsup Eijst2 <) <1;
s ax2M

3. Themapt! jT4Fj « (x is continuousinto L2( ;F;P).
Pro of: This comesfrom proposition 7.2.2and corollary 6.4.4. [

Note that the conditions in the corollary can be chedked in terms of the
extrinsic curvatures of the manifold (seesection 5.3). Thus this givesus a
result on nonexplosionof the Brownian motion(not necessarilygradiert) on
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M. Howewr it is not clear that this improves Bakry's result: there is no
explosionif Ricci-Hess(h)is boundedfrom below.

Following Bakry [5], we get a nite volume result:

Theorem 7.2.4 Let M be a complete Riemannian manifold. Assumethe
s.d.s. has geneator %4 h and for eacht 0 and each compact set K we

have:
(1). dPf = ( P)(d), for f 2 C} .
2. 7,
SUPEjTiFs « jds< 1:
0 x2K

Then the h-volumeof the manifold is nite.

Pro of: Letf 2 C} with nonempty support K. Then limy; P exists
in L2 and is h-harmonic: 4 "(lim,; Pf) = 0. This comesfrom the self-
adjointnessof 4 " and an application of the spectral theorem. Let P, f be
the limit, thenr (P, f) = 0. SoP; f must be a constart.

Assumeh-vol(M) = 1 , then P, f must be zero. We will prove this is

impossible.Take g 2 C} , then:
z z
(P, f  f)gedx= lim (Pf f)ge?dx:
M th M

But
z Z Z: g

(Pf  f)gefdx= ( =P ds)gedx

z Mio @ T
t 14t

(4 "Psf)ge?dx ds= < d(Psf);dg> edxds
M 20 2
t

1
20 M

I =
=
N

NIFRNF- NI
o =
<

N
N

< PMY(d );dg> e¥'dxds = < & ;PM(dg) > e®dxds

N
N

< d;PM(dg) > e’dxds

o

K
since4 "1 is self-adjoirt and sothe dual semigroup P!  equalsP"™.
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Next note the stochastic dynamical systemis completeunder the assump-
tion from proposition 7.2.2. Let

Cs = supE (jTxFg)) :
x2K

Thus
z 122
i (P f)gedx 5 jr fJE (jTxFsj) ir gj1 €"dxds
M 2 0 K 7 7
t
}jr di1 Csds  jr fjePdx
2 0 K

1. L
EJr gy jr fjus C.ds:
0

Let g = h,, we get:

z 1 Z,
j (Pf  f)h,eMdxj —jr fj.. Csds! O
M 2n 0
R R
But limpy y( fhy)efdx=, fe?dx, fromjfh,j jfj2 L And we
R
can choosea function f 2 C} with ", f €"dx 6 0. This givesa cortradic-
tion. Thus the h-volume of M must be nite. |

Corollary 7.2.5 Let M be a complete Riemannian manifold. Assumethe
geneator is 4 " and there is no explosion. Then if for eachx and t:

E supjTyFsj < 1 ;
st
and for each compact setK
VA 1

SUPEjTiFsjds< 1 ;
0 x2K

the manifold has nite h-volume.

Pro of: By theorem 6:4:1, dPf = Pf under the assumption. Applying
the above theorem, we get the conclusion. [
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Corollary 7.2.6 Let M be a non-compact complete Riemannian manifold
with

n 1
n 1 (x)2
for eaxhx 2 M. Then if d(Pf) = ( Py)(d), (for F; a Brownian motion
on M), it cannot be strongly moment stable(de ned on page 14). Here

Ric, >

denotesthe distance function on M from a xed point O.

Pro of: This is a direct application of the following theorem from [13]: The
volume of M is in nite for noncompactmanifolds with the above condition
on the Ricci curvature. But by theorem 7:2:4 strong momert stability im-
plies nite volume. Note the Brownian motion here hasno explosionby the
exampleon page 57. [

7.3 Vanishing of (M)

Theorem 7.3.1 Let M be a Riemannian manifold with its injectivity radius
biggerthan a positive numbker ¢. Assumewe havean s.d.s. (X;A) on M
which is strongly 1-complete(with C? coe cients), then the rst homotopy
group :(M) vanishesif for each compact setK,

lim supEjTFj = O:
1 yok

Pro of: Take to bea C?! loop parametrizedby arc length. Then F, isa
C?! loop homotopicto by the strong 1-completenessLet “( ;) denotethe
length of F( ).

If wecanshov F; s cortractible to apoint in M with probability bigger
than zerofor somet > 0, then the theorem is proved from the de nition:
1(M) = 0if every continuousloop is cortractible to one point.
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We have:

7.
E'() = E JT @F((s)ids

"o SngjT (s)Fil:

Thus
tI!|1m E'(¢)=0:

Taketo sudh that E™( ¢,) < 5. Then "( ,) < 5 with probability biggerthan
zero. For such ! wth “( )(!) < 5, F, (!) is cortained in a gealesic
ball with radius smaller than %c. Sincethe gedlesicball is di eomorphic to
a ball in R", it is cortractible to onepoint. ThusF;, (!) is cortractible
to onepoint for a setof ! with probability biggerthan 0. This nished the
proof. [

Theorem 7.3.2 Let M be a complete Riemannian manifold. Consider a

s.d.s. (X;A) with geneator %4 h. Supmwsethe s.d.s. is strongly 1-complete

and satis es dPf = ( P;)(d) for f 2 Ct. Then the rst homotopygroup
1(M) vanishesif

Z,

SUPEjTFyjdt< 1 :
0 x2K

Proof: Let :[0;°g]! M bea C?! loop parametrizedby arc length. Then
Fy is again a C! loop homotopicto  from the strong 1-completeness.
Denoteby "( ) its length.

We only needto shov F; (!) is cortractible to onepoint for some! and
for somet.

First we claim there is a sequencef numbersft; g convergingto in nit y
sud that:
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E(4)! O (7.1)

Since:
z, z, zZ.
E*( ()dt E T (sFijdsdt
0

"EJT (o Fjdsdt
0

"0 SUpE]T (S)thdt <1:
0 s

Solimy; E'( ) = 0, giving (7:1). Therefore ( ;) ! 0in probability.

Let m = €?"dx bethe normalizedinvariant measureon M for the process.
Let K be a compactsetin M cortaining the image set of the loop and
which hasmeasurem(K) > 0. Let a > 0 be the in m um over x 2 K of the
injectivity radius at x.

By (7.1), there is a number N sud that forj > N,

Note h-vol(M) < 1 by theorem 7:2:4, the ergadic theorem(seechapter 3)
gives:
tI'ilm PfF(x) 2 Kg= m(K)

forall x 2 M.

Take a point x in the imageof the loop . There existsa number N; sud
that if j > Ny, then:

PfF,(x) 2 Kg>

m(K).
5
Thus
. 1
Pf ()< éa,FtJ(x)Z Kg

= PIF () 2 Kg PfF (%) 2 K;°( 4) > %ag
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PfF, ()2 Kg Pf (y)> %ag
_ m(K)

4

But by the de nition of the injectivity radius, there is a coordinate chart
cortaining a gealesic ball of radius § around F (x). So the whole loop
Fy,
cortractible to one point. [

is cortained in the samechart with probability > % (for t big), thus

Corollary 7.3.3 Let M be a completeRiemannian manifold. Assumenon-
explosionfor the h-BM. If E sup, jTxFsj <1 and

z 1

SUpPE|jTyFyjdt < 1

0 x2K

for everycompact setK, thenwehave (M) = 0.
In particular if E sup, {jTxFsj < 1 thenF cannot be strongly moment

stablegiven nonexplosionunlessM is simply connected.

Pro of: Apply theorem 5.2.4,theorem 6.4.1,and the theoremabove.

Corollary 7.3.4 Let M be a complete Riemannian manifold of nite h-
volume. Assumethe h-Brownian motion on M is strongly 1-complete and
satis es:

Z,

SUpPE|TyFyjdt < 1
0 x2K

for each compact setK. Then (M) = f0g.

Pro of: This comesfrom the proof of theorem 7.3.2. [

Hereis a corollary which generalizesa result of Elworthy and Roserberg
to noncompactmanifolds. See[28].
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Corollary 7.3.5 Let M be a completeRiemannian manifold. Supmsethere

is a h-Brownian systemon M suchthat jr Xj is bounda and H(v;v) <
c?jvj? for ¢ 6 0. Then we have (M) = f0g. In particular if M is a

submanifoldof R", we have (M) = f0g if its second fundamentalform

is bounded, and Hq(v;Vv) < c?jvj%. Here

Ho(v;v) = Ric(v;Vv) + 2< Hesgh)(v);v >
x oo X1 :
+ X'+ (P 2) 5 <1 X(v);v>?

1 1 VI
Pro of: There is no explosionsince Ricci-2Hess(h)is bounded from below
from the assumptions. On the other hand H;. is bounded above since
jr Xjisboundedand sod(P,f) = ( P)(d) for f in C{ . Seecorollary 6.3.3.
The result follows from theorem 7.3.2 sincethe s.d.s. is strongly momert
stable from Hq(v;V) c?jvj2. The secondpart of the theorem follows
from the fact that the sum of the last two terms in the formula for H, is
i (v;)jds+ (p Z)#j (v;Vv)j? for gradiert Brownian systems.

7.4 Vanishing of harmonic forms and coho-
mology

We comebadk to the discussionon cohomologyvanishing of page 104 and
aim to extend some of the results in [26] on cohomologyvanishing given
momen stability to noncompactmanifolds. See[33],[26].

Let C! ( P) be the spaceof C! smooth p formson M. A p-form is
closedif d = 0, exactif = d for somep-1form . Hered is the exterior
di erentiation de ned in section 1:5. A h-harmonic form is a form with
4" = 0. The p" de Rham cohomolay group HP(M; R) is de ned to be the
quotient group of the group of smooth closedp forms by the group of C*
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exact forms:
Ker(d:Ct( P)! CL( ™))

HAMIR) = T ci( P 1 ci( 7).

There is alsothe cohomologygroup H{ (M ; R) with compactsupports:

Ker(d:CL( P! CL( P2))
Im(@:CL( POl CLH(P)"

Hg (M;R) =

Let h be a C! smooth function. There is the Hodge decommsition
theorem( seepage 33):

M M
L2 P=1Im( M) Im(d) L3(H):

Let beaform with d = 0 and decompsition. = + + H . Here
2 Im()and 2 Im(d). Then = Osinced = 0byd = 0and
dH )= 0.

Thus we have the Hodge'stheorem: every cohomologyclasshasa unique
harmonic represerativ e if Im(d) is closed,in particular: the dimension of
HP(M;R), asalinear space,equalsthe dimensionof the spaceof h-harmonic
L2 p formswhend hasclosedrange.

The vanishingproblem have beenstudied by corvertional methodsby e.g.
Yau [67]. The problem has been consideredin a probabilistic cortext, see
e.g. Vauthier [66], Elworthy and Rosetberg [33],[34]. The idea we are using
hereis that the probabilistic semigroup P; on forms often agreeswith the
heat semigroup(seechapter 6). Thus the existenceof harmonic formsis di-
rectly relatedto the behaviour of di usion processesnd their derivatives. In
the following we follow Elworthy and Rosererg's approad to get vanishing
results for harmonic 1-forms. But we use P, instead of the standard proba-
bilistic formula obtained from the Weitzerbock formula. However we do not
intend to include all the possibleresultsin this thesis, but only demonstrate
the idea. A secondtheoremwe give herefollows from an approad of Elwor-
thy [27]. This approad usesintegration of p-formsalongsingular p-simplices
and ts very well with our de nition of strong p-completeness.
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Prop osition 7.4.1 Let M be a complete Riemannian manifold, consider a
s.d.s. with geneator 24 "

(2). Assumee:*"" = P, for closal 1-forms 2 LY. Let p be the
conjugate numkber to g. Then there are no nonzeo LP h-harmonic 1-forms,
if

Jim fllog stuMpE (jTxFij « )< O (7.2)

(2). Assumeez4"' = P, for closa boundeal 1-forms . Then there
are no boundeal h-harmonic 1-forms if for eachx 2 M

lim fllogE (iTxFij « )< O: (7.3)

Pro of: (1). We have nonexplosionand nite volume in the rst caseac-
cording to the nonexplosionresult on page 108. Let be a nonzerohar-
monic p-form in LP. Then there is a point xo 2 M with (Xo) 6 0. Thus
R jpedx > 0 by cortinuity. So

1 Z
0 = lim fIog j jPe’dx
' z
= lim %Iog j Py jPe?dx
' z
= lim %Iog JE (TxFo)jP edx
' z
tIlilm %Iog Ej J'ET(x) (Eijthq)%ezhdx
' z
1 p 1
. - . .q =4 . - . .p h
Jim n |09XSZUMD(EJTthJ )¢+ lim : log Ej j§ € dx
im P log supEjT,Fjo + lim }Iogz i jPedx:
o1 qt oM xt t1 t X .

R
But j jPe®dx < 1, giving a cortradiction.

(2). The proof of the secondpart is just as before. First note we have
nonexplosion.Let be a closedboundedharmonic 1-form. Let xg 2 M with
] Jx, & 0. Then:
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_ . 1 . . . 1 . %t4 h;1 .
0 = [im <logj (Xo)j = lim —logje (Xo)]

1 .
= lim HE (T Fo)]

1 . .
lim f|ogJ j1 E (JTx,Fi))

til
.1 : :
lim T logE Ty, Fij:

thl

But this is impossiblefrom the assumption. End of the proof. |

Remarks (1). Let p < 2. Assume( 7:2). Then P, = e*"' on C}
implies P, = e2**"™" on LP. Sincein this caseq = ap—l > p, so P isa
strongly cortinuous LP semigroup from proposition 6.4.3. We may then
apply uniform boundednesgprinciple.

(2). If weknow that M has nite h-volumeto start with, then all bounded
harmonic 1-formsvanishesif E (sups {jTxFsj) < 0 and if F; is strongly mo-
mert stable from theorem 5.2.4.

Following Elworthy [27] for the compact case,we have the following the-
orem:

Theorem 7.4.2 Let M be a Riemannian manifold and assumethere is a
strongly p-completes.d.s. with strong p!" -momentstability. Then all bounded
closal p-forms are exact. In particular the natural map from H{ (M;R) to
HP(M;R) is trivial.

Pro of: Let be a singular p-simplex,and a boundedclosedp-form. We
shall not distinguish a singular simplex map from its image. Denote by F,
the pull badk of the form and(F;) =F; . Then

z z

= (F)

(Fo)

118



by de nition. But (F;) is homotopicto from the strong p-completeness.
Thus:

z Z
RGN
This gives:
z z
= (F) :
Take expectations of both sidesto obtain:
z z
Ej j = [mEj (F) j
' z
I t|!i1m EjTFj°
j j1 lim supE|TFP
t1l xo
=0
R
from the strong p" momert stability. Thus = 0,and so is exact by
deRham'stheorem. |

Corollary 7.4.3 Let M be a completeRiemannian manifold. Assumethere
is a completes.d.s. on M with strong p" moment stability and satisfying
sup,k E sups (jTxFsjP™t < 1 for each compact setK . Then all bounded
closal p-forms are exact. In particular SuppseM is a closal submanifoldof
R™ with its second fundamentalform boundel. Then if Hp(v;V) Ajvj?
for someconstant c, then the conclusionholds. Here H, is asde ned on page
85:

Hp(v;v) =  Ric(v;Vv) + 2< Hesgh)(v);v >
+j (v Jifst (P 2)j\%j (v; v)j%:

Pro of: Direct applications of the above theoremand theorem5.2.6.
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7.5 Examples

Example 1LetM = R", h(x) = j xj2. Then h-vol(R") < 1 . Furthermore
we have:
H.(v;v) = 2< Hesgh)(v);v>= 2jvj%

Thusthe s.d.s.on R":
dXt = dBt r h(Xt)dt = dBt 2Xtdt

is strongly completeand strongly p" momen stable.

Example 2 Let B}, B2 be independen Brownian motions on R%. Then
z

t S t
Fixy) = (x+ €% 2dBLyeb! 2)
0

is a Brownian ow on the hyperbolic spaceH?2. It is strongly completeand
satis es:
E supjTFsj < 1:
st
So P, = e2**" for bounded1-forms. Thusthis Brownian systemon H?2 is

not strongly momert stablesinceH 2 hasin nite volume(c.f. theorem 7.3.2).

Example 3 Considerthe Langevin equation on R?:

dx; = dB; cxdt:

Here and c are constarts. The solution can be written down explicitly:

4

t
X¢ = Xoe t+ e At 9 dBy:
0

It has Gaussiandistribution and generator%4 h for h = % and has no
explosion. Its derivative ow is given by:

TF(v) = e v
and enjoys the following properties:
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1. I
SupE supjTFsj? = 1;
X st

N

. Strong 1-completenes$rom theorem 5.2.4,

d(Pif) = ( P)(d)

forf 2 C from theorem 6.3.1,

z 1 z 1
SUpE|jT,Fsjds = e ®ds= 1;
X 0

5. The solution processis recurrert and hase”dx as nite invariant mea-
sure,sinceh-vol(R") < 1 .

If we considerthe sameequationonM = R? Qg instead of on R?, then all
the properties hold exceptfor the strong 1-completenessas shall be shavn
below.

Clearly part 1 and part 4 hold. The solution is recurrert on R? f0g
sinceit is recurrert on R?. Furthermore €"dx is still the invariant measure
sinceR?  f0g has negligible boundary and from the completenessof the
s.d.e.onR? fO0g. With thesethe conclusionof proposition 3.0.5certainly
holds.

Supposethe processs strongly 1-complete. The ergadic property givesus
1(M) = f0g from the proof of the theorem 7.3.2and part 4 of the properties.
This is a cortradiction. Thus we do not have the strong 1-completeness.

Finally part 3 holds since on R? f0g, ( P)(d)(v) = Ed (v) and
P.f (x) = Ef (x + B;) ason R?.

In the following we look at somesurfacesvhosesecondundamenal forms
are bounded. We will showv that the Hyperboloid satis es our hypothesis
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which imply (M) = 0, and Brownian motions on both the torus and the
cylinder cannot be strongly momert stable. First we recall the basictheory:

Let M be a surfacein R® parametrizedby x = x(u;Vv). The unit normal

vector is given by:
Xu Xy,

Xu Xj
There is the shape operator S: T,M ! T,M given by:

S(v) =: Dy:

Here D denotesthe di erentiation on R3. The secondfundameral form
[1(u;v) = I(u;v) isgivenin terms of the shape operator S:

[(u;v) = < S(u);v>: (7.4)
Let

e=< ; Xw> f=< ;Xxw> 0g=<; X >

E=<XuXu> F=<XiX > G=<XyXy>:

There is then the Weingarten equation:

eF fE

— fF eG
S(xu) = Ec r2Xut  Eg Xy
— gF fG fF gE .
S(XV)_ EG |:2XU+ EG |:2XV-

Example 4 [Surfaceof revolution]

Considerthe surfacegiven by:
(ci(s) cos ;ci(s)sin ;c(9)):
For this surface:

E=[a(sf; F=0 G= [0+ A9

- ci(s)cds) .
[c102+c2Q2’
f = 0;
g= cyd5)c2005)*+ c1005)ca0ls) .
[c109)]2+[ c2@s)]2
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So

0 1 0 10 1
a K, O a
S@ g A=-@ A@ g A -
G 0 K, &
Here
€ c2(s)
ci(s) [c1Q?+ [cQ?
K,= 9= ¢ ds)c;005) + c,005)c.ds) |
G :

q 3
[c.ds)]? + [cA9)]?

The normal vector is:
c,0cos - c,0sin _ c,0

T O 0l o ofr o)

Example 4a [The Hyperboloid]

We will show the surface
22 (xX*+y)=1
satis es the conditions of theorem 5.3.6 and theorem 7.3.2. Considerthe
following parametrization: (scos ;ssin ;p s2+ 1).

2
ThusE = s, F=0,G= & e= P, f =0,9=

(1+s2) 1+2s2 °
The unit normal vector is:

p 2

SCos SCos 1+ s
P P e ———
1+ 232 1+ 252 1+ 252

= ( ):

Also the Ricci curvature is given by: Ricci(v) = KK,jvj?, while K; =

1 — 1 H
P K, = Pt Clearly the secondfundamerial form is bounded,

thus the Brownian motion on the surfaceis strongly complete. Next we

construct a Brownian motion with drift which is strongly momern stable and
thus verify (M) = 0.

According to section 5.3:
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<r X'(v);v> < Av;<g; > )v>

= <g; >I(v;v):

Let h = ¢jxj%. Let gradh and Hesgh) denote the gradiert and the
Hessianof h in R3 respectively. Then for x = (X1;X2;X3) 2 M,

< Hesgh)(v);v >

< r X(v)(gradh);v > + < Hes#(v);v >

= 2c<r X(W(X);v>  2Gvj?
X3
= 2 xi<e; >I(v;v) 2Gvj?
1
2c

. 2.
pml(v,v) 2qVvj<:

So

< Hesgh)(v);v >= pil(v;v) 2Gvj:
1+ 2s?

Sincel(v;v) is negative and bounded,we may choosec big sud that

: it vz 1(ViV)? :
Hi(v;v) = Ric(v; V) + jl(v; )j VE + 2< Hesgh)(v);v >
o L (v;v)? 4c .
— 2 .2 n . 2
= K 1Kojvje+ jl(v; )j RVE + r,ml(v,v) 4qjvj

12

Y

The systemwith the chosendrift is then strongly momernt stable, sosatis es
the conditions of theorem 7.3.2.

Example 4b The torus given by
((a+ bcosv) cosu; (a+ bcosu) sinu; bsinu)
has: E = (a+ bcosu)?, F = 0, G = I, e= cosu(a+ bcosu), f = 0,
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g=Db K; = afg% and K, = % So the Brownian motion here is
strongly complete,but it cannot be strongly momert stable since (M) 60.
In fact fora= b= pl—i the rst momert is identically 1 ascalculated,e.g.in

[26].

Example 4c ThecylinderS! (1 ;1) parametrizedby (cos ;sin ;s) has
K;= 1andK, = 0. The normal vector is:

= (cos ;sin ;0):

As for torus, the Brownian motion hereis strongly completebut not strongly
momen stable. To convince ourself we will try to add a drift as for the
Hyperboloid. Let h = ¢jxj2. Then

< Hesgh)(v);v > 2cl(v;v)  2gvj?

2Gvij2  2Gvj2 = 2Gvyj?:

Herev = (v1;Vv2): Now

5 2
oV . _2(1 20) Vs ZCV%
Hi(v;v) = Vz(j\/? 2c) = jvoj V2 +\2 :

Clearly the sameargumen doesnot work.

125



Chapter 8

Form ulae for the deriv ativ es of
the solutions of the heat
equations

8.1 Intro duction

In chapter 6, we examinedcarefully P, andthe heatsemigroupez'4 " for one
forms, and obtained someconditionsto ensure P, = e24"". In fact we may
expect moreoncewe know P; doesagreewith ez "' The semigroupe%t4 i
canbegivenin terms of the line integral 8.1and a martingale, following from
Elworthy [26] for compactmanifolds. In particular we have a formula for the
gradiert of the logarithm of the heat kernel, extending Bismut's formula [8].
See[16] for an in nite dimensional version of the formulae by Da Prato,
Elworthy, and Zabczyk. Seealso Norris [57] for another approad.

The discussiongor one forms alsowork well for higher order forms. We

de ne P, for gformsason page 103,and look briey the relation between
P; and the heat semigroupe%t4 " for g forms. In the end we give a formula
for the exterior derivative of ez'4" in terms of the derivative ow of a h-
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Brownian motion and itself.

In the following we write P" = e"" | If isa g-form, we may use
P insteadof P .

8.2 For 1-forms

R o
Let be a 1-form, we de ne dxs to be the line integral of along

Brownian paths asin [26]:

z, z

t V4 t
dxs o (X (xs)dBs)

) " (xe) ds: (8.1)

NI =

0

Hereis the formula for 1-form, which is a direct extensionof the formula
in [26] for compact manifolds:

Prop osition 8.2.1 Let(X;A) ke a completeC? stochasticdynamical system
on a complete Riemannian manifold M with geneator %4 h. Supmse for
closa 1-form in D(4 ™\ L,

(P) = et

and for eachx 2 M,

Zt
EjTcFsj?ds< 1 :
0

Then

Z Z
. 1 t t
PM (vo) = fE . dxs J < X (xs)dBs; TFs(Vo) > (8.2)

for all vo 2 T4x,M.
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Pro of: Following the proof for a compact manifold asin [26]. Let
Z

1-t
Q()= 5 P )s: (8.3)
Di erentiate equation 8:3 to get:
@ 1
@Qt = épth( ")
We also have:
th h h
dQ: ) = god (Ps' )ds
1t
= 5, 4Py )ds
= Ph

sinced "(P!" )= PM(d " ) is uniformly cortinuousin s and
d(Py )=Pdd =0

from proposition 2:3:1. Consequetly:

4NQ( = P+ M

Apply Itd formula to (t; x) 7! Qr  (x), which is smooth becauseP! is, to
get:

z

Qr () = Qr ()+ dQr s XX (x)dBy)
14t A Zt @
+§ 0 4 QZT S (Xs)d3+ 0 @QT sz(txs)ds

= Qr (Xo)+ Ot P ( )(X (xs)dBs) . dxs:

Lett = T. We obtain:
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Z . Z
dxs = Qr( )(xo0) + 0 P'P s( (X (xs)dBs);

E dxs < X(xs5)dBs;TFs(vo) >= E  P{ ¢ (TFs(vo))ds:
0 0

But

Z+ Z
E P} . (TFs(vo)ds= EPy . (TFs(vo))ds: (8.4)
0 0

Sinceby Fubini's theorem we only needto shav EP! ( (TFs(v)) is inte-
grable with respect to the double integral:

ZT zT
. EjPY ¢ (TFs(Vo))jds j 1 . EjTFr(vo)jds< 1 :

Next notice:

E P! ((TFs(vo)) = E (TFr(vo)) = PP (Vo):

from the strong Markov property. We get:
(z. Z; )

: 1
P (vo) = TE  dxe < XdBoTFy(v) >

End of the proof. [

Remark: If we assumesup, EjT,Fj2 < 1 for eat t in the proposition, we
do not needto assume 2 L. Sincerst wehave P, = e*" for such

by the uniform boundednesgrinciple and also equation ( 8.4) holds from
the following argumert:
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Z7
EjP? ¢ (TFs(v)jds
0,
= Eif Ef (TFs1)jFs9(TFs(v))jds
Zy
. Ej (TFr(v))jds
Z !
S)l(JpEjTXFT(v)jZ . Ej j& (xds

TE jitw S)L('IpEjTXFT(V)jZ <1l:

R R
But 'y Ej j2, € dx= ] j?&"dx< 1. SoEj je,(x) < 1 sinceEj jz
= P7(j j?)(x) is cortinuousin x. Thus we may still apply Fubini's theorem
to get: ( 8.4).

When = d for somefunction f, formula 8.2 may be rewritten as:

z t
AP )V = (ET() < TRl X (B> (85)

In fact this works in a more generalsituations. Hereis a a very intuitiv e
proof by D. Elworthy and myself (let BC? be the spaceof boundedfunctions
with boundedcortinuous rst derivative):

Theorem 8.2.2 Let (X;A) be a completenondegenerte stachastic dynam-
ical systemso there is a right inversemap Y (x) for X (x) eachx in M. Let
f bein BC! s.t. ( P)(d) = d(Pf). Then for vo 2 Ty, M:

z
1 t
d(Pf)(vo) = TEF(xt) < dBs;Y(TFs(vo)) > (8.6)
R
provided < dBg; Y (TxFs(Vo)) > is a martingale for all t. Here Pif is a

. P .. o
solution to @@ = 1" X'X'+ A with initial valuef.

Pro of: Let T > 0. Apply It formula to the smooth map (t; x) 7! Pt f (X):
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Zy
Pr «f (Xt) = Prf (Xo) + . dPr <f (Xs)(X dBs):

Letting t=T, we have:
Zt
f(x7) = Prf(Xo) + . dPr Sf (Xs)(X dBs):

So:
Zg
Ef (xr) < dBs; Y(TFs(vo)) >
Z 0
= E  dPr Sf (TFs(vo)) ds
2,
= E _(Pr 9d (TFy(v))ds
Zy
= ( Pr)d (vo)ds= T d(P+f)(vo):
End of the proof. u

R
Note 4 E < dBg; Y (TxFs(v)) > is a martingale if
z t
EjY (TxFs(v))j2ds< 1 :
0

In terms of the metric on M determinedby Y, this condition becomes:
VA t

EjTFsj?ds< 1 :
0

Corollary 8.2.3 Let pl'(x;y) be the heat kernel as de ned on page 23, then
z
1t ,
r 1ogp(;yo)(xo) = Bf £ (TFs) (X (X:)dBs) jX: = yog

under the assumptionsof proposition 8.2.1.

Pro of: The proof is just as for compact case. See[26]. Let f 2 C}.
Di erentiate equation( 1:10) on page 23to obtain:

z
d(P{f )(vo) = LS Pr( 5Y)iVo >, f(y)€"dy:
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On the other hand, we may rewrite equation ( 8:6) asfollows:

4

Zt
d(P{f )(vo) = y Py (xo; V) (Y)E

< TFs(Vo); X (Xs)dBs > jx; = y €dy

1
t o

Comparing the last two equations,we get:
z
1=t .
rRCY)(x0) = P (o V)E ¢ TR(XdByixi =y

Thus nished the proof. |

R
Remark: Assume ;EjY (TxFs)j?ds< 1 for eath x 2 M. If formula ( 8.6)
holdsfor f 2 C! , it holdsforf 2 C2(M), the spaceof C? functions vanishing
at in nit y.

Proof: First assumef positive. Take f, in C} corvergingto f. Then
d(P:f,) ! d(Pf) by Schaudertype estimate asin the appendix. The con-
vergenceof the R.H.S. of the formula is alsoclear. Next takef = f* f

8.3 For higher order forms and gradien t Bro w-

nian systems

Let beapform, alform,the wedgeof and isap+ 1form de ned
as follows ( following the notations from [1]):

1 . .
(A~ )V vPTy = DRt (V) (vl B vPt:
i=1

The symbol® here meansthat the item below it is omitted.

The exterior di erentiation of is given by:
1

K .
d (viiVer) = (D (v) (Ve v Vo ): (8.7)
j=1
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Let beaqform. Let vo = (v§;:::;vg), vi = (TF¢(v3);::1; TF(vg)). Anal-
ogouslyto the caseof 1-forms, we de ne:

(P) (vo)=E (W) (8.8)

Then by the argumert in proposition 6.4.3, P, is a L2 semigroup if
sup E (jTyFj?@ « )< 1.

Prop osition 8.3.1 Let M be a completeRiemannian manifold. Let (X;A)
be a completegradient Brownian systemon M with genentor %4 h and sat-
isfying: |
E supjTFg9 < 1:
st

Then
(P) =et’ (8.9)

for boundal g-forms

The proofis asin 6:4:1. Note a similar result holds for a gradiert Brow-
nian systemwith a generaldrift. In fact we could have a parallel discussion
of the properties of P; for q forms asin chapter 6. We should also point
out that asfor 1-forms,extra conditions on TF; will give ( 8:9) for gradiert
systems,without assumingnonexplosion(seeorollary 7.2.3on page 108).

Givenagform , wede ne ag-1 form asfollows:

R R
o Oxs(Vo) = g X(Xs)dBs TFs(vg);i:i; TRs(vg b

R
17O TR TRV ds:

(8.10)

Herevg 2 Ty,M, i = 1;2;:::;0, and vo = (V§;:::;Vg).
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Prop osition 8.3.2 Let(X;A) be a completegradient Brownian systemon a
completeRiemannian manifold M with geneator %4 h. Supmwsefor a closel
qform 2 D(4 M)\ LT,

(P) =e"" (8.11)
and alsofor eachx in M,
Z

t
E jT«Fsj%%ds< 1 :
0

Then:

Zt Zt
P (xo) = ( 1)q+1%E . dxs A , < X (xs)dBs; TFs() > :  (8.12)

Pro of: Let 2

ot( hphia 1 )(vg)ds: (8.13)

NI =

Qi( )(vo) =

Notice P,"9( ) is smooth on [0; T] M by elliptic regularity, so

@ 14, 0n
—Q( ) = = (P8 ),
@ I
d(Q( ) = 5 4 d (P )ds;
Z
h - 1 t h h h; - N
= — PM )ds= 0O:
Qt( ) 2 0 ( S ) S
Moreover,
140 N
dQ( ) =5  4"(PI )ds= PI*
0
since4 " = d" . Therefore:

aMHQ( )= PN )+ "

134



Next we apply Itd formula (seepageld)to (t;v)j! Qt ( )(V):

Qrc W)= Qr (Vo)+ r Qr s (X (Xe)dBs)(Vs)
+ RéRQT ¢ (@) 3 X()dB)ve)
+3 04"Qr s (v)ds+ 5 &(Qr 5) (vs)ds:

From the calculations above we get:

Zt
QT t (Vt) = QT (V0)+ 0 r QT s (X (Xs)st)(Vs)
Zt
+ Qr s (@) *(r X()dBs))vs)
12+

S h(vs)ds:

Lett =T, thenQr {( ) = 0. By de nition and the equality above, we have:

T o= Qi (X(x)dBsiv)
+ 9 r Qr s (X(xs)dBs)(Vs) (8.14)

+ Qe . (@) 1 X()dBo)ve):

: . R :
We will calculatethe expectation of ead term of ;  dxs after wedging
.. R
with OT < X (Xs)dBs; TFg() > ds. It turns out that the rst term and the
last term vanishes.The latter is from equation 1.2 for a gradiert systemon
page 12.
Take vo = (V3;:::;vg), write Vi = TFg(W).

Denote by wg( ) the linear map:

z {
Ws() = (TFs();:: TRs()) -

Then
Z+ Z:
E o (X (Xs)dBs; ws( ) * 0 < X(Xs)dBs; TFs() > (Vo)
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X A _
= ( D)I'E (Vv ool vd) ds
i=1 | 0. 7.
= ( D9 1) E (viiio;vd) ds
iz 0
i=1 ZT
= q 1)°'E (viinvd)ds
0

Z1
= q( 1)%* . P (v)ds:

. . Rt . .2q . . .
The last step usesthe assumption:  EjTFsj“ds< 1 . Similar calculation
shows:

Z+ Z:
Ef 1 Qr s (X(X)dB)(Ws()) " < X(Xs)dBs; TFs() >9(v)
xd A .

( DI'E , r (Qr s )(v's)(vsl;:::\’/‘s;:::;vg)ds

i=1

Zq

( 1)"™E ,(dQr s N(VE; v ds;
Z

(D™ PP PR () (v)ds
w0 ZT #

(D™ TEP W) P s :

Comparing thesewith 8:14, we have:

. 1 T Z
Prd = ( DTZE - dxN < X(X)dBs; TR() > :

End of the proof. [

Note: With an additional condition: sup,,,, EjTxFsj?d < 1 , the formula
in the above proposition holds for forms which is not necessarilypounded.
Seethe remark on page 129.

Corollary 8.3.3 Let =d bea C? qform, then
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. Z |1 {
Pth,q(d ) = ( Rl)Q+1 %Ef (T Ft( ), .. :TFt( )) (815)
o< X(xs)dBs; TFs() >g:

Pro of: In this case,
z

Zy
0

14t oz | {
+§ 04 (TFs();:::; TRs()) ds:

ol

dxs =

0
1

There is alsothe following equality:

But by It formula,
(W)= ()* s (XdBJ)(ve)
+1%040 (v)ds:
Herev; is the g-1 vectorinducedby TF; asis de ned in the beginning of the

section. So

Zt Zt
d dxs”" < XdBg; TFg() >

0 0
L Z

- Ef (RO TR0

t
< X (Xs)dBg; TFs() >0:
0

End of the proof. |

This corollary canalsobe proved directly asin theorem 8.2.2. The factor
% in the formula may look odd, but it is dueto that the tensorsconcerneds

not symmetric.
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Chapter 9
App endix

Lemma 9.0.4 [5] Let M be a complete Riemannian manifold. There exists
an increasingseguene fh,g C: suchthat:

1.0 hy, 1
(2). liman  ha(x) = 1, eachx.

(3). ir haj %, for all n.

Pro of: This is standard result. Here's a proof from [5]. Let M = R
We may construct sud a sequence f,,g asis well known. For a complete
Riemannian manifold, there is a C! smooth function f on M sud that
jr fj  1andfjfj kgiscompactfor all numbersk. Let h, = f, f. Then
h, is an increasingsequencend satis es the requiremerts.

Schauder typ e estimates

Let M be a smaooth di erential manifold. Let L be an elliptic di erential

operator on M. In local coordinates, we may write:
e,

L=" a;00-2 + % h 2
i @' @l i @
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Here (& (x)) is symmetric positive de nite n n matrix for eadh x. The
coe cien ts are assumedto be C?2.

Considerthe following di erential equation of parabolic type:
Lu = — (9.1)

on a domain R"*1. A solution u to equation( 9:1) is a function which is
jointly cortinuousin (t; x), C?in x and C!in t for t > 0. A function which
satis es the above regularity will be saidto bein C?%1.

Let D beasetof R"*, de ne:

juiz, = max(juj + jDyuj + jDuj + jDuj): (9.2)
Theorem 9.0.5 Let B be a boundel domainin R", D =B (0;1), andu
a C2! solution to the parabolic equation. Let D; be a sulilomain of D with
d(@; @) denoting the distance from the boundary of D, to the boundary
of D. Then

juizi k max;juj:

Here k is a constant degending only on the boundsof a;; , da; , dh, dcin D
and d(@; @).

See[36] Pg,4 for reference.By standard argumert in analysison uniform
convergencewe conclude(see[4] and Pgg of [36]):

Let u, be an increasingsequenceof solutions of the parabolic equation
(9:1). Assumelim,;; up = u pointwisein D. Then u is alsoa solution and
the corvergencads in fact uniformly in C! on compactsubsetD; of D. Thus
Dyu,! Dyu,andDiu,! Diuin Dj.
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