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In [1] we considered the evolution of barycentres of a measure carried by sto-
chastic flows. Under sutiable conditions the barycentre as a stochastic process was
shown to be a semi-martingale and solves a stochastic differential equation. Here
we are mainly interested in the evolution of exponential barycentres of independen
Brownian motions on a hyperbolic plane.

The expoential barycentre of a mass of unit one on the hyperbolic plane H is
preciesely the minimizer of the distance square averaged under this measure. Let
us consider only discrete measures =" | p;0,: where ' are distinctive points
in H. Its barycentre b(u) exists and is unique and is given by the solution of the
following equation:

n
(1) > A, b(u))(0) = 0

i=1
where v(x,y)(s),0 < s < 1 is the geodesic starting from z and ends at y at time
1, and 4 denotes for time derivative of . The barycentre of the measure y exists
and is unique. Furthermore it is a smooth function of (z!,...,2™) by the implicit
function theorem and the following estimate.

LEMMA 0.1. For the map H : H*' — TH defined by

H(z,z!, ... ,2") = ij"y(zazj)(o)v
J=1

(VH(z,2',... L) (), u)y < —&% ||lu|l% Z pip(z,x?), ue T.H
1<j<n

where V denotes covariant derivative with respect to the first variable, and

e(z,a',...,a") = sup |cos (u,¥(z,27)(0))].
1<j<n

PROOF. Write u = uX®*") 4 yNEo") a5 the sum of a vector u along the
geodesic v(z,27) and its complement. Then
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[ @] = sin? (w3(z,07) ) ull
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ut | = cos? (u3(z,07) (O)) ullh
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For € H and u,v € T,H, let (u,v)y denote the scalar product of v and v.
Then

(VH(z,z",...,2")(u), u>H
n 12 . . 112
= prj <HuL(Z’I]) ’H + p(z,27) coth p(z, 2”) HUN(Z’QE]) ‘H)
j=1
< _ . L(z,z”) ’ j H N(z,z7) ‘
<> ([Juse=]} + ot =]

< —lullfy Y pj (cos® (u,4(z,27)(0)) + sin® (u, 4(z,27)(0)) p(z,27))

j=1
Thus for z # 27,
Loz < —mi i J 2.
<VH(va ) y L )(U),U>H = mln(lg?gnp(zvx )al)HU’”H
If 2 = 290 some jo then
(VH(z,2',...,2™) (), u)y, < —minp;llulF.
j

O

However as t goes to infinity a Brownian motion on H converges to a point
on the boundary, as observed by Dynkyn, Prat etc, and so the barycentre of the
measure p; = y ., p;X; where X/ are independent Brownian motions with initial
point ¢ cannot be defined through the above equation. On the other hand given
a reasonable measue on the boundary, which shall be defined below, there is the
concept of Buseman barycentres.

Denote by H the visibility compactification of H and let OH be its boundary
circle so OH is the set of equivalence classes of geodesic rays. In the disc model
OH is the boundary circle and in the half upper plane model it is the union of
the boundary line and the point at infinity. In both cases the visibility topology
coincides with the usual topology when H is considered as a subset of R2.

Let (¢(z,y)(s),s > 0) be the unit speed geodesic connecting z and y starting
at z with ¢(z,y)(0) = & «—0?(2,9)(s). The Buseman barycentre of the measure
%2?21 pjd,; where y? € OH is defined to be the solution of

n
Jim > pi¢(Zo,y?)(0) =0

j=1
if it exists. We prove that the exponential barycentre of n > 3 independent Brown-
ian motions on the hyperbolic plane H converges almost surely to a random variable
in H as time goes to infinity. The limit is exactly the Buseman barycentre of the

corresponding limit points of the Brownian motions on the boundary OH.

More precisely note that a sequence of points v, goes to a boundary point ~y
in the visibility compactification if and only if the function p(-,v5) — p(0,v,) on H
converges uniformly on compact sets where p is the distance function on H. For
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any point z,y € H, v € OH we define the Buseman function:
Oy(a,y) = T (p(y, 1) = p(,7m))

where 7, € H is a sequence converging to v. The limit exists and is independent
of the choice of the sequence v,. Furthermore 3, satisfies the cocycle property:

67(1',’!})4’/87(@/,2) :/B’Y(xvz)v VI,y,ZGH

See [4], [2]. In particular for the chosen reference point o in H, there is the (nor-
malized) Buseman function:

By(z) = lim (p(z,9) = p(0,7)),  z€H,y€IH.

Equivalently
By(2) = hm (p(z,7:) — t), z € H,v € oH

where 7(¢) is the geodesic ray from o0 to v parameterized by arc length. In particular
By(0) = 0 and for any point 7' € OH, # =, lim._., 3,(2) = +o0o0. Note by the
cocycle property if another reference point o’ is chosen, the two Buseman functions
differ only by the constant £ (0,0).

For x; € H, 1 < ¢ <n let ii be the discrete measure given by: g = % S b
We associate to fi a Buseman function as follows:

n

(2) Br(2) = = 7 lim (ple,i() — 1)
i=1
If there is a point in H which minimizes 8; it is called the Buseman barycentre of
the measure ji.
Note that each term p(z,z;(t)) is differentiable in the first variable and that

n

V(= ——hmZv1 (2, 24(t)) t):%zhmw_

— 1= p(z, (1))

For z € H and z € HU GH satisfying = # z, we denote by ¢(z,z)(s) (0 < s) the
hyperbolic geodesic connecting z and = with hyperbolic speed 1: (z,2)(0) = 2
and ¢(z,2)(p(z,2)) =z for x € H and lim,_« ¢(z,z)(s) = z in Euclidean metric

for € OH. Then A( ())(0)
. z,x;(t
P2 2:(1)(0) = Jim =N

i

In [1] it was shown that if n > 3

(3) Z ¢(z,2:)(0) = 0

has a unique solution which shall be denoted by z, i.e. b; has a unique minimizer
Z. Next consider the equation:

ZV(:’JZ"T)(O) = Z ¢(Z’ a:i(t))(())p(z, xi(t)) =0.

For each t the equation above has a unique solution z; = Gp(z1(t),...,z,(t)), as
the barycentre of the measure %2?21 0z:(t), Where G, is a Lipschitz continuous
function. In fact that

lim Gp(z1(t),...,za(t)) = Z,

t—o0
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each x;(t) converges to x; with uniform speed (this includes the case when x;(t) are
Brownian particles.)

The discussion can adapt to the universal cover M of a connected locally sym-
metric manifold M with negative curvature where the concept of Buseman function
and Buseman barycentre are well defined for measures on the boundary. see e.g.
[3]. Furthermore a measure on M with no atom of weight more than % has a
unique Buseman barycentre. The convergence of barycentres carried by a stochas-
tic flow, e.g. by an isotropic flow, depends on the speed of convergence to infinity of
the flow as can be seen by the observation below which follows from a conversation
with V. Kaimanovich: Let p be a measure on 9M with no atom of weight more

than 1/3. If u, is a sequence of measures on M and p a measure on M such
that 3, () = [, By(x)dpn(y) converges to B, (x) = [, By(x)u(dy) uniformly on
compact sets, then the minimizer of 3,, is unique and converges to the Buseman
barycentre of ;1. Note that even though the minimizer of 3, is different from the
exponential barycentre of pu,, the convergence of exponential barycentres to the
corresponding Buseman barycentre for well behaved flows can be deduced using
the argument described above.

The asymptotics of the barycentre of two independent Brownian motions is
slightly different. Let X; and Y; be two independent Brownian motions in H. on
a probability space (2, F;, P). Then the geodesic (XY); = (X:Y;) connecting X,
and Y; converges almost surely, uniformly on compact sets, to a limiting geodesic
(XY)oo. We prove that the barycentre Z; is a martingale converging to a Brownian
motion on (XY)s in the following sense: for each Fi, measurable random variable
u on (XY)s, that is u(w) € (XY )o(w) for almost surely all w, there exists a
sequence of stopping times T, going to infinity such that the law of the process
(Z7,+t);>, conditioned by (X1, ,Y7,), converges to the law of a Brownian motion
of variance 2 on (XY, starting from u.
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