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Abstract

Let M be a compact Riemannian manifold and h a smooth func-
tion on M. Let p/(z) = inf, =1 (Ricz(v,v) — 2Hess(h)z(v,v)). Here
Ric, denotes the Ricci curvature at z and Hess(h) is the Hessian
of h. Then M has finite fundamental group if A" — p? < 0. Here
AP =1 A + 2Ly, is the Bismut-Witten Laplacian. This leads to a
quick proof of recent results on extension of Myers’ theorem to mani-
folds with mostly positive curvature. There is also a similar result for
noncompact manifolds.

An early result of Myers says a complete Riemannian manifold with Ricci
curvature bounded below by a positive number is compact and has finite
fundamental group. See e.g. [9]. Since then efforts have been made to get
the same type of result but to allow a little bit of negativity of the curvature
(see Bérard and Besson[2]). Wu [12] showed that Myers’ theorem holds if the
manifold is allowed to have negative curvature on a set of small diameter,
while Elworthy and Rosenberg [8] considered manifolds with some negative
curvature on a set of small volume, followed by recent work of Rosenberg and
Yang [10]. We use a method of Bakry [1] to obtain a result given in terms of
the potential kernel related to p(x) = inf}, =1 Ricy(v,v), which gives a quick
probabilistic proof of recent results on extensions of Myers’ theorem. Here
Ric, denotes the Ricci curvature at z.

Let M be a complete Riemannian manifold, and h a smooth real-valued
function on it. Assume Ric—2Hess(h) is bounded from below, where Hess(h)
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is the hessian of h. Denote by A" the Bismut-Witten Laplacian (with prob-
abilistic sign convention) defined by: Ah = A + 2Ly, on C¥ the space
of smooth differential forms with compact support. Here Lyj, is the Lie
derivative in direction of VA. Then the closure of A" is a negative-definite
self-adjoint differential operator on L? functions (or L? differential forms)
with respect to e?*dx for dx the standard Lebesgue measure on M. We shall
use the same notation for A" and its closure. By the spectral theorem there
is a heat semigroup P! satisfying the following heat equation:

ou(zx,t)
ot
We shall denote by P!¢ the solution with initial value ¢. For clarity, we
also use Pth’1 for the corresponding heat semigroup for one forms. Then for
a function f in CF,

1
= §Ahu(x, t).

P! f = P"'(df). (1)

On M there is a h-Brownian motion {F;(x) : ¢t > 0}, i.e. a path continu-
ous strong Markov process with generator %Ah for each starting point x. For
a fixed point zy € M, we shall write x; = Fy(xq). Then P} f(x) = Ef(F,(z))
for all bounded L? functions.

Let {W}(=),t > 0} be the solution flow to the following covariant equa-
tion along h-Brownian paths {z;}:

. # #
FWE (o) = —gRice, (Wi (v0),=)" + Hess(h)a, (W), =)™, (o
Wi(ve) = o, vy € Ty M.

Here # stands for the adjoint. The solution flow W}/ is called the Hessian
flow.

Let ¢ be a bounded 1-form, then for xy € M, and vy € T,, M

E¢(W/(vg)) = P! ¢(vo). (3)

if Ricci—2 Hess(h) is bounded from below. See e.g. [4] and [5].

Formula (3) gives the following estimates on the heat semigroup:

1P/ o] < |l EIW. (4)



Let p"(x) = infj,j=1 (Ric,(v,v) — 2Hess(h)(x)(v,v)) and write p for p" if
h = 0. Then covariant equation (2) gives:

E|WP| < B4 Jo o) (5)

as in [4].

Let Pf " be the L2 semigroup generated by the Schrodinger operator %Ah—
1ot Th
50" Then

P fwo) = B | f(a)e™ Jo " ()
by the Feyman-Kac formula. So equation (5) is equivalent to
E|W} < P/l
Let U f be the corresponding potential kernel defined by:

U f (o) :/OOOE Flag)e 2ot @ds| gy

Following Bakry’s paper [1], we have the following theorem:

Theorem 1 Let M be a complete Riemannian manifold with Ric—2Hess(h)
bounded from below. Suppose

sup Ul(z) < oo (6)

zeK

for each compact set K. Then M has finite h-volume(i.e. [y;e*"®dr < o0),
and finite fundamental group.

Proof: We follow [1]. Let f € C%, then H f = lim; .o, P;f is an L? harmonic
function. Assume h-vol(M) = oo, then Hf = 0. We shall prove this is
impossible. Let f, g € C%, then:

[ (Pf = pgettda
M

= /M /Ot (aaspshf) ge?dx

t
:/ / < VP'f Vg > e*dads
0o Jm
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t
< VSl [ 1991 ([ EIW2ds) e

< (sl (_sup [ EIWEGS) 19l

x€sup(g) /0

< |V fleol VgL

Here ¢ = SUD e sup(g) [Ul(g;)] = SUD,csup(o) (fOOO ( fo Fs(x))ds) dt), and
sup(g) denotes the support of g.

Next take f = h,, for h, an increasing sequence of smooth functions
approximating 1 with 0 < h,, <1 and |Vh,| < %, see e.g. [1].
Then ]
/ (P!h,, — h,)ge*dx < c~|Vg|p1.
M n

First let ¢ go to infinity, then let n — oo to obtain:

—/ ge?dx < 0.
M

This gives a contradiction with a suitable choice of g. So we conclude h-
vol(M) < 0.
Let p: M — M be the universal covering space for M with induced Rie-

mannian metric on M. For p(Z r) =z, let {F,(),t > 0} be the horizontal lift
of {Fy(z)} to M. Denote by Ric the Ricci curvature on M, h the lift of &

to M, and ph the corresponding lower bound for Ric — 2Hess(h). Then the
induced {Fy(&),t > 0} is a h-Brownian motion on M. See e.g. [4]. Note
also p" satisfies

sup /ooE(e_éfgﬂh(Fs(i))ds) = sup / <€ zfo )ds) dt
iek 70 zep(K

for any K C M compact. The same calculation as above will show that
M has finite h-volume, therefore p is a finite covering and so M has finite
fundamental group. [

Let r(z) be the Riemannian distance between x and a fixed point of M
and take h to be identically zero:

Corollary 2 Let M be a complete Riemannian manifold with

n 1

Ricy > ————-—,
1 n—1r%(x)

when > 19 (7)
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for some ro > 0. Then the manifold is compact if sup,c Ul(x) < oo for
each compact set K.

Proof: This is a consequence of the result of [3]: A complete Riemannian
manifold with (7) has infinite volume. See also [11]. |

For another extension of Myers’ compactness theorem, see [3] where a
diameter estimate is also obtained.

In the following we shall assume M is compact and get the following
corollary:

Corollary 3 Let M be a compact Riemannian manifold and h a smooth
function on it. Then M has finite fundamental group if A" — p" < 0.

Proof: Let )y be the minimal eigenvalue of A" — p". Then
— 1 1 [t
lim — suplog £ (62 Jo ph(zs)ds) < A <0.
t—oo t

See e.g. [7]. Thus there is a number Ty such that if ¢ > Ty,

sup F (e—éfot Ph(:cs)ds> < ot
M

Therefore
sup /Oo E (e_é ot ph(xs)d8> dt
M Jo
< /To o (eéinf;ceM[ph(a:)]t) dt + 0o o (e_éfot ph(xs)ds) &
=, .
< Q.
The result follows from theorem 1. m

Let dj, = ehde™". It has adjoint &, = e "de" on L?*(M, dz). Let O be the
Witten Laplacian defined by:

O, = —(dh + (Sh)Q.
By conjugacy of O, on L?*(M,dx) with A" on L?*(M,e*"dz), the condition
"AM — ph < 0”7 becomes:

Dh—ph<0
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on L?(M,dz). On the other hand,
O, = A — ||dh||* — Ah.
See e.g. [6]. This gives: a compact manifold has finite fundamental group if
A — ||dh||* — Ah — p" <0
on L*(M,dzx).
Corollary 3 leads to the following theorem from [10]: Let N' = N (K, D, V,n)
be the collection of n-dimensional Riemannian manifolds with Ricci curvature

bounded below by K, diameter bounded above by D, and volume bounded
below by V.

Corollary 4 (Rosenberg& Yang) Choose Ry > 0. There exists a = a(N, Ry)
such that a manifold M € N with vol{x : p(x) < Ry} < a has finite funda-
mental group. Here "vol” denotes the volume of the relevant set.

Proof: Let h = 0 in corollary 3. Then under the assumptions in the corollary,
A — p < 0 according to [8]. The conclusion follows from corollary 3. |
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