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1 Introduction

In this paper we relate certain curvature conditions on a complete Rieman-
nian manifold to the existence of bounded and L? harmonic forms. In the
case where the manifold is the universal cover of a compact manifold, we
obtain topological and geometric information about the compact manifold.
Many of these results can be thought of as differential form analogues of
Myers’ theorem that a complete manifold with strictly positive Ricci cur-
vature is compact with finite fundamental group. In fact, our curvature
conditions involve the positivity of the Weitzenbock curvature terms RP,
where R! is the Ricci curvature. We also give pinching conditions on cer-
tain sums of sectional curvatures which imply the positivity of RP, and
hence yield Bochner-type vanishing theorems for harmonic forms. In par-
ticular, we construct a compact manifold with planes of negative sectional
curvature at each point and which satisfies the hypothesis of our vanish-
ing theorem. Finally, we remark on related spectral gap estimates for the
Laplacian on forms on complete manifolds.

In more detail, recall that Bochner’s theorem states that there are no L?
harmonic p-forms on a complete manifold M if the curvature term RP in the
Weitzenbock decomposition AP = V*V + RP for the Laplacian on p-forms
is positive. In particular, if M is compact, then RP > 0 = HP(M;R) = 0.
This result has the disadvantage that RP is a complicated curvature ex-
pression whose geometric/topological significance is unclear, except for
R' = Ric, the Ricci curvature. In general, even manifolds with positive
sectional curvature need not have RP >0 for 1 <p <n —1.

We have previously made some progress in this area. In [ERo2|, we
showed that RP need only be strongly stochastically positive, or s.s.p., (as
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defined in §2) for Bochner’s theorem to hold. In practice, this allows RP
to be negative on a set of small volume if M is compact. We also showed
that R? s.s.p. implies 72(M) is a torsion group. In [ERo4], we showed that
the positivity of RP on primitive vectors is equivalent to the positivity of a
sum of sectional curvatures, and we used this to obtain vanishing theorems
for H,(M;Z) for manifolds isometrically immersed in RY. Finally, in [Li2]
the second author showed that the hypothesis of Myers’ theorem can be
extended to the strong stochastic positivity of the Ricci curvature.

In this paper, we extend these results in several directions. First, in
contrast to the usual Jacobi field proof, the proof of Myers’ theorem in
[Li2] comes down to showing the existence of an L? harmonic function on
the universal cover of M. In §2, we extend this argument from functions to
forms. The main analytic result (Theorem 2.1) states that if RP*! is s.s.p.,
and if M has a bounded harmonic p-form, then M has an L? harmonic p-
form. In fact, all the results in this section carry over to the Bismut-Witten
Laplacian, and are stated in this generality.

As consequences, we give a series of results indicating the geometric sig-
nificance of R?. We show that the universal cover of a compact manifold M
with R? s.s.p. and with a nonconstant bounded harmonic function admits a
nonconstant harmonic function of bounded energy (Proposition 2.1). This
implies that a compact manifold cannot admit both a metric with R? s.s.p.
and a metric with pinched negative curvature (Theorem 2.3). (There are
corresponding results for p-forms.) Moreover, if M, N are compact mani-
folds with (M) nonamenable and 71 (/N) infinite, then M x N admits no
metric with R? s.s.p. (Theorem 2.4). We also show that a 4-manifold with
nonamenable fundamental group and x(M) > —2 has no metric with R?
s.s.p. (Proposition 2.2); in particular, no 4-manifold of negative curvature
admits such a metric.

In §3, we prove that RP > 0 if there exists A = A(z) > 0 such that

p n

CA< K@) = <A, (1.1)
for all orthonormal bases {v!,...,v"} of T,M. Here C = C(n,p) is an
explicit constant, and K (v%,v7) is the sectional curvature of the (v*,v7)-
plane. In particular, a manifold with this pinching estimate has no L?

harmonic p-forms.
Note that the sum of curvatures in (1.1) is Ric(v!,v!) if p = 1. In
general, this sum of curvatures is precisely the sum in [ERo4] mentioned
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above (which in turn is based on [LSi]). Combined with Theorem 2.3, this
shows that a compact manifold cannot admit both a metric of pinched
negative curvature and a metric with ) , pinched as in (1.1). We also
show that the metric product M = ¥ x S* of a surface ¥ of constant
negative curvature with the 4-sphere satisfies the pinching estimate above
with p = 3. As mentioned above, this example is significant because it has
planes of negative sectional curvature at each point.

Finally, in §4 we give estimates for the spectral gap at zero for the
(Bismut-Witten) Laplacians on forms. These estimates come from the L?
analogues of the L estimates of §2.

We would like to thank Feng-Yu Wang for helpful conversations.

2 Bounded Harmonic Forms and L? Harmonic Forms

In this section we relate the positivity of the Weitzenbock term for the
Laplacian on forms to the existence of bounded and L? harmonic forms.
We give applications of this result to the geometry and topology of compact
manifolds.

Let (M,g) be a complete Riemannian manifold and h : M — R a
smooth function. The case h = 0 is of particular interest. Let 8" be the
adjoint of the exterior derivative d on forms with respect to the measure
p(dz) = e?hdvol,. The Bismut-Witten Laplacian A" = (d + 6")? is a
self-adjoint operator on L? forms with respect to u(dz), see [Lil]. This
Laplacian restricts to an operator A" on g-forms, and has the Weitzenbock
decomposition

Al = V*V + R
In particular, R"! = Ric—2-Hess(h), where Hess(h) = —V?2h is the Hessian
of h. We use the convention RP"~1 = 0, R""+1 = 0. Let R"%(z) be the
infimum of R™4(v) over all unit g-covectors v € AT M. We will omit the
superscripts h, g if the context is clear.

Let {x;} be a path continuous diffusion process with —A" = —A"0 as
generator, i.e. a h-Brownian motion, starting from zy. Assume that the
h-Brownian motion does not explode, or equivalently that the associated
Bismut-Witten heat semigroup P} is conservative: P/'l = 1. For Pth’q =

e~ 2" the heat semigroup on L2AY(M, u(dx)) defined by the spectral
theorem, it is known (e.g. [E, Ch. V, §4A]) that for each g-form ¢ € L>°NL?,

P ¢(v) = E¢(W,(wy)) , (2.1)

provided R"? is bounded from below. Here Wth’q(vg) is the solution to the
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stochastic covariant differential equation along paths of {z}:

DWMT _ 1p h,
?f = — 3R (W, (v0)) (2.2)
Wy (vo) = vo
for vo € AT, M; we use the metric g to let RM4 act on AT, M. This
easily implies
‘Wthqq(vo)} S e_%ngh,q(IS)dS ) (23)
Let

R, (w0) = /0 E(c™8 Jo RM(e)de) gy (2.4)

It is unclear in general if Eq(cc), even if finite, is continuous in z. Since R4,
as the infimum of the smoothly varying eigenvalues of R"%(z), is locally
Holder continuous, an argument in [Az] shows that if R is nonnegative,
then the right-hand side of (2.4) is either C? in x( or is infinite for all z.

Let H = HM? be the h-harmonic projection on the space of
L2A9(M, pu(dz)). Thus for such ¢, Hp = limy_oo P"%¢. Let C®AI =
C°ANIT*M denote the space of smooth compactly supported g-forms, and
let |¢|Lr denoted the LP norm of |@|.

LEMMA 2.1. Let g € {2,...,n —2}. Assume that the h-Brownian motion
does not explode and that RM?~1 and R™9*! are bounded below. For
¢, € CA?, we have

\ [ o= o 01ntar)

<3 s Ryo)|[dle - lddln  (25)
zoE€Supp(p)

4] s Ry (@016 - 16761
z0€Supp(¢)
Proof. For P, = P , we have

[ o ovputan) = im [ (Po-ouputdn).  (20)
M 0 Jm
On the other hand,

/<Ptd> b, ) // (AM(Pyo),1b)ds pu(d)
-1 /0 | (s Pty )taoras
i /0 t /M (8"¢, Py("p))pu(dz)ds
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Under the assumptions of the lemma, |Py(dv)|(zo) < |dib|so - E|WE .,
and | Ps(8"()|(z0) < |6¢s0 - EIWITY,,. So by (2.3) we have

\ [ (P = s.0putan

o0
< 3ldlo - sup / Ee 2 Jo R @dds gy, (g,
zo€supp(p) J 0O

0o
%’(ShQMOO : sup / Ee™ 2 0 o R ($s)d8du . |6hd)|L1 ,
zoEsupp(p) JO

and the required inequality follows from (2.6). O
For one-forms the corresponding result is:

LEMMA 2.2. Assume that the h-Brownian motion does not explode. Then
for ¢, € CPAYT*M,

| (1o =6, 0putdo) < 5[ sup &(oco)}\dmoowdwu

zoEsupp(p)

S sup ‘ / 6h¢
woesupp

The main application of these estimates is to the existence of harmonic

forms. By a bounded C* h-harmonic q-form (q # 0), we mean a bounded

g-form with d¢ = 0 and §"¢ = 0. For ¢ = 0, a bounded harmonic function f

is given by the usual definition A0 f = 0. Note that a bounded solution of

A3 = 0 need not be a bounded h-harmonic form. By an L? h-harmonic

q-form we mean an L? solution of A™9¢ = 0. An L? h-harmonic ¢-form ¢

satisfies dp = 6"¢ = 0. The following result is based on techniques going
back to [B].

Theorem 2.1. Let ¢ € {2,3,...,n — 2}. Assume that h-Brownian
motion does not explode. Suppose RM1~1 and RM4*! are bounded from
below with both sup,e i R,1(z) and sup,¢ i R, () finite for all compact
sets K C M. If there exists a nontrivial bounded h-harmonic q-form, then
there exists a nontrivial L?> harmonic q-form.

6" 1 -

Proof. Let 1 be a nontrivial bounded h-harmonic g-form. Take a sequence
of functions {h,} on M with 0 < h,, <1, |Vhy| < L and by, — 1 asn — oo,
see [B], [G]. Define v, = hy, - 1. Then dip,, = dh,, Aty and §"p, = —iyp, ¥,
and so

|nloo < £[Wloos 6" nloo < E[¢oo -
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Thus by Lemma 2.1,

] [ 16— o papntn) < = (gl + 1561,1).
M n

where ¢ is a constant depending on the support of ¢. If there are no L?
h-harmonic g-forms, then H¢ = 0 for all ¢ € C°A9. Thus

im [ (6, gu)u(da) = - / (b, huldz)
M M

n—oo

since v is bounded and ¢ has compact support. So

/ (6. 0)u(dz) = 0
M

for any ¢ € C°A4. Therefore ¢ has to be zero, contradicting the hypo-
thesis. 0

DEFINITION. A function f € C1(M) is strongly stochastically positive
(s.s.p.) if

lim 1 sup logE(e_%fOtf(”"S)ds) <0

t—o0 roeK
for each compact set K. We say that R™, resp. RY, is s.s.p. if the function
R resp. RY, is s.8.p.

REMARKS. (1) Strong stochastic positivity is equivalent to A + f > 0 on
L%*(M, g) if M is compact [ERol]. If we set, in analogy with (2.4),

i(%‘o) = /OO E(e_%f(f f(Is)dS)dt’

0
then strong stochastic positivity is easily seen to be equivalent to
Sup,,enr f(z0) < oo for M compact. Note that a positive function on a
compact manifold is strongly stochastically positive. More generally, on a
compact manifold, if f is positive except on a set of small volume in the
sense of [ERo02], [RoY], then f is s.s.p.

In particular, all hypotheses in this paper of the form “RY is s.s.p. on
the compact manifold M” generalize the hypothesis “RY >0 on M.”

(2) A function is s.s.p. on any manifold M iff its pullback is s.s.p. on
any cover of M with the pullback metric, since Brownian motion on the
cover projects to Brownian motion on the base. A similar remark applies
to f, so a pullback function f is s.s.p. on the universal cover M of M with
the pullback metric iff sup, .77 f(¥) < co. In particular, if A+ f >0
(or equivalently if sup,¢ ), f(#) < 00) on a compact manifold M, then the
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pullback of f is s.s.p. on MA: with respect to the pullback metric. Thus, the
condition RY is s.s.p. on M generalizes the condition R? > 0 on M.

(3) By semigroup domination [ERol], R4 s.s.p. implies the vanishing
of the spaces of L? h-harmonic g-forms and bounded h-harmonic g-forms.
As above, R™ s.s.p. implies sup,c R, () is finite, for K compact in M.
Thus we have, for € > 0,

RMEL S € > 0= RPMF g5.p. = sup Ry1 < 00, for all compact K,
rzeK

which gives alternative, more stringent hypotheses for Theorem 2.1.

We now give some geometric applications of the last theorem. Let
H9(M) and L?H9(M) denote the spaces of harmonic and L? h-harmonic
g-forms (or harmonic g-forms in the case of h = 0). Of course, if M is
compact then H1(M) ~ H1(M;R).

A manifold is said to have negative curvature with pinching constant k
if its sectional curvatures K satisfy —1 < K < —k < 0.

COROLLARY 2.1. Let M be a compact n-manifold. Suppose RI*! =
RO+ are strongly stochastic positive for some q with ¢ € {2,...,n — 2}
and q # n/2. If H1(M) # 0, then M admits no metric of negative curvature
with pinching constant ¢*/(n — q — 1)2.

Proof. As noted in Remark (1), strong stochastic positivity is preserved in
passing to a cover. In particular, the universal cover M of M has Rt S.8.p.
Since H1(M;R) # 0, there is a nontrivial harmonic ¢-form on M, which
lifts to a bounded harmonic form on M. By Theorem 2.1, L2Hq(]\7) # 0.

Suppose M also admits a metric with negative curvature pinched as

in the hypothesis. Then L?H%(M) = 0, with respect to this new metric
[ERo3]. However the vanishing of L?H9(M) is independent of the Rie-
mannian metric on M [A] (cf. the proof of Theorem 2.3), which gives a

contradiction. O

REMARK. Theorem 2.1 generalizes the corresponding result for ¢ = 0 in
[Li2]. In particular, since every manifold has a bounded harmonic function,
namely 1, the universal cover M of a compact manifold M with strongly
stochastic positive Ricci curvature has an Alf harmonic function. Such
functions are constant, which implies that M has finite volume. Thus M
must be finite volume and have finite fundamental group. This extends
Myers’ theorem, which states that a complete manifold with Ric > € > 0
is compact with finite fundamental group.
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Next we discuss the corresponding result for differential one-forms. Re-
call that our diffusion process is transient if

sup/ Pif(x)dt < oo
zeK JO

for each f with compact support, see e.g. [Az].

Theorem 2.2. Assume the h-Brownian motion does not explode and is
transient. Suppose R™? is bounded from below and sup,¢ g Ry () < oo for
each compact subset K. If there exists a nontrivial bounded h-harmonic
one-form, then there exists a nontrivial L?> h-harmonic one-form.

The proof is similar to that of Theorem 2.1. This leads to the following
stronger result:

PROPOSITION 2.1. Let M be a compact manifold admitting a metric with
R? strongly stochastic positive. If either

(1) M admits a nonconstant bounded harmonic function with respect to
the pullback metric, or .
(ii) HY(M;R) # 0 and Brownian motion is transient on M,

then L2H1(]\7) # 0, and M admits a harmonic function of finite energy.

Theorem 2.3. A compact n-manifold cannot admit a metric of
[1 — (n — 2)~2]-pinched negative curvature and a metric with R? strongly
stochastically positive.

Proof of the theorem. By [ERo03], the pinching condition on the negatively
curved metric g; implies L2H 1(M ,g1) = 0, where g; is the pullback of g;
to M. A negatively curved manifold M has /\O(M ) > 0 by McKean’s es-
timate [M], where \g is the bottom of the spectrum for A°. By Brooks’
theorem [Br], 71(M) must be nonamenable. By [LySu], the nonamenabil-
ity of 71 (M) implies M has a nonconstant bounded harmonic function f,
which can be assumed to be positive, with respect to any pullback met-
ric, in this case the pullback of the metric go with R? s.s5.p. The condition
L?HY(M) = 0 is independent of the metric on M, since the spaces of L?
harmonic forms are isomorphic to the L? closed forms modulo the closure
of the g exact forms, and hence are quasi-isometry invariants of M. Thus
L?H' (M, §2) = 0. This contradicts the proposition. O

Proof of the proposition. For (i), it is well known that the existence of a
nontrivial bounded harmonic function f implies the transience of Brownian
motion on M with respect to the pullback metric. Thus w = df is a nonzero
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one-form satisfying dw = éw = 0. Moreover, w is bounded by Harnack’s
inequality [Ya] or by Bismut’s formula in [ELi]. Thus Theorem 2.2 implies
L*HY (M ) # 0. Moreover, f has Af = 0 and has finite energy ||df|| 2.

For (ii), note that H 1(M R) # 0 implies that M has a nontrivial har-
monic one-form, which pulls back to a bounded harmonic one-form on M.
By Theorem 2.2, M has an L2 harmonic one-form w. Since H' (M R) =0,
we have w = df for some function f on M. Thus 0 = §w = Af, and f has
finite energy as before. O

As an example of the sharp nature of Theorem 2.2, let M = S x S1.
Since the standard metric on S3 has R? > 0, the product of the standard
metrics has R? > 0 by an easy calculation. M has a harmonic one-form,
which lifts to a bounded harmonic one-form on M = S3 X R. However,
L?*HY(M) = 0 by direct calculation. Brownian motion on M is recurrent,
so the hypothesis on the transience of Brownian motion cannot be omitted
from Theorem 2.2.

As another application of Theorem 2.2, we have

Theorem 2.4. Let M, N be compact manifolds with w1 (M) nonamenable
and 71 (N) infinite. Then M x N admits no metric with R? strongly stochas-
tically positive.

Proof. The universal covers ]TJ/ N have no L? harmonic functions since
71(M), 71 (N) are infinite. The Kiinneth formula for L? harmonic forms
thus implies L’H 1(M x N) = 0. However, 71 (M x N) is nonamenable, so
as above M x N has a nontrivial bounded harmonic one-form with respect
to any pullback metric. The theorem follows as above. a

REMARK. As pointed out to us by J. Lott, the Kiinneth formula for the
Laplacian on L? forms on a product manifold follows from the discussion
of the spectrum of an operator of the form A ® 1+ 1® B in [RS, Vol.I,
Thm. VIII. 33]. Namely, this theorem implies that the zero spectrum of the
Laplacian on a product manifold is given by the expected combination of
the zero spectra on the individual factors.

We now consider these results for 4-manifolds. In this dimension, the
positivity of R? is equivalent to the positivity of the curvature operator
on complex isotropic two-planes [MiWo]. (In [MiMo], which has a detailed
discussion of this curvature operator, it is shown that the positivity of
this curvature operator on a manifold M of dimension at least four im-
plies mo(M) = 0, but no such result is known for R? s.s.p.) The Euler
characteristic of such manifolds is constrained as follows:
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ProproOSITION 2.2. Let M be a compact, oriented 4-manifold.

(i) If R? is strongly stochastically positive and m1(M) is finite, then M
is diffeomorphic to S*.

(i) If R? is strongly stochastically positive and m1(M) is infinite, then
X (M) < 0. In particular, a compact 4-manifold cannot admit a metric
of negative curvature and a metric with R? strongly stochastically
positive.

(iii) If R? is strongly stochastically positive and w1(M) is nonamenable,
then x(M) < —2.

Proof. (i) By [ERo2], R? strongly stochastically positive implies M is a
homotopy sphere and hence is diffeomorphic to $* by Freedman’s solution
to the Poincaré conjecture. Since the Euler characteristic is multiplicative
for finite covers, x(M)/x(M) = 2/x(M) equals the order of the covering
map from M to M. Thus the covering map is either 2 — 1 or 1 — 1. Since
M is oriented, only the 1 — 1 case is allowed. .

(ii) By the L?-index theorem [A], x(M) equals L?x(M), the L? Euler
characteristic of M. Since m1(M) is infinite, 0 = L2H0(M) = L2H4(M).
Since :]\Zv has R? strongly stochastically positive for the pullback metric,
L?H?(M) =0, and so 0 > L2y (M).

By Avez’s theorem [Av], the Euler characteristic of a negatively curved
4-manifold is positive. Of course, such a manifold has infinite fundamental
group.

(iii) As in the proofs of Proposition 2.1 and Theorem 2.3, the nona-
menability of m (M) implies the existence of a nonconstant bounded har-
monic function f (and hence the transience of Brownian motion) and
the existence of a bounded harmonic one-form df. By Theorem 2.2, 0 #
L?HY(M) = L2H3(M), so x(M) = L?>x(M) < 0. Since H*(M;R) = 0,
X(M) is even, so x(M) < —2. O

S* with its standard metric shows that 71 (M) must be infinite in (ii).
For an example of (iii) not covered by (ii), let N be a compact hyperbolic
3-manifold with H!(N;R) = 0; examples of such manifolds occur in Dehn
surgery on the figure eight knot complement in S3. Set M = N x S'. Then
x(M) = 0 and (M) is nonamenable, so M admits no metric with R?
strongly stochastically positive. Note that H2(M;R) = 0 and w2 (M) = 0.
Thus neither (i), (ii) nor the Micallef-Moore result [MiMo] (R? > 0 implies
ma(M*) = 0) shows that M admits no such metric.

The proposition above is valid for 6-manifolds (except for the part using
Avez’s theorem). The manifolds N x N and N x S3, for N as above, do
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not admit metrics with R? strongly stochastically positive, although this
cannot be seen from the L?-index theorem alone.

3 Pinching and Positivity of R?

In this section we will give conditions that guarantee stochastic spectral
positivity of RP.

DEFINITION.  We say that a Riemannian manifold M is C-p-pinched if
for each € M there exists A = A(x) > 0 such that for each orthonormal
basis {v!,...,v"} of T, M,

C’A<i i K(v'v') < A. (3.1)

i=1 j=p+1

If C = C(n,p) has explicit dependence on p, then we will just say that M
is C-pinched.

Here K (v%,v7) is the sectional curvature of the plane spanned by (the
duals of) v*,v/. We will denote this sum of sectional curvatures just by Ep
if the context is clear.

The purpose of this section is to compute C = C(n,p) such that C-
pinching implies M™ has RP > 0. Note that a compact manifold is 0-
1-pinched iff it has positive Ricci curvature, so we are not interested in
pinching theorems for 1-forms. Since *RP = R" Px for the Hodge star
operator *, we are similarly uninterested in pinching results for (n — 1)-
forms.

Theorem 3.1. Assume p # 1,n — 1. Set
4 n—
Cln.p) =) +350) (")
L+ 5p(n—p) +3() (3"
If M is C(n,p)-pinched, then RP > 0. In particular, C'(n,p)-pinching im-
plies HP(M;R) = 0 if M is compact.

Before we begin the proof, we review some curvature tensor manipu-
lations, both as motivation and for use in a later example. Let K (i, j)
denote the sectional curvature of the 2-plane spanned by v*,v7, and simi-
larly let K({i,7}, k) denote the sectional curvature for the 2-plane spanned
by v + v7,v*. We have Rijm = (R(v*,v7)vk, '), where we fix our sign
convention by K(1,2) = —Rj212 = 1 for an orthonormal frame on S%. We
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set Ry +jyi{s 4}l = <R( Zi”] vk) Sj—” , > for i # j, s #t. From

K (i {1.5}) E< ( - +U]>”i’0;§q}]>

= é Rzlzl + Rz]z] + Rzlz] + szzl]

for I # j, we get

Riji = {1 ( ) Lorre o . (3:2)
EK(ZJ)_{—QK(ZM])_K(Za{lvj})a ]#l
We also know
2Ry kyjigi,—ky = Rijit — Riji — Rijir + Rt - (3.3)
Switching ¢ and j in (3.3), subtracting the result from (3.3) and using the
Bianchi identity, we obtain
3Rijii = —2R i _kyjgi—ky + 2R —kyij—kyp + Riji + Rrjrr — Rjiji — Rk
(3.4)
Note that combining (3.2) and (3.4) gives the well known expression for
R;j; in terms of sectional curvatures.
We now carry these calculations over to RP.
LEMMA 3.1. Let J, K be multi-indices of length p.
(i) If |[JN K| < p— 2, then (RPv”’,v&) = 0.
(ii) If I is a multi-index of length p — 2 and i, j, k,l are distinct indices
not in I, then
(RP(v' Nv? AT, oF AUl A o) = 2R;jp . (3.5)
(iii) If I is a multi-index of length p — 2, if i, j, [ are distinct indices not in
I, and if B <}, < A, then
‘(Rp(vi/\vj/\vl),vi/\vl/\v[>‘S%(A—B). (3.6)
Proof. Let a' denote interior multiplication by v?, and let (a’)* denote the
adjoint action of wedging with v®. Then RP = R;jr(a’)*a’(a*)*al [W].
In particular, RPv’ = agv® has ag = 0 if J, K differ by more than two
indices. This proves (i).
For (ii), it is immediate that for fixed p, ¢, r, s we have
<qurs(ap)*aq(ar)*as(vi A AT, oF A vt A UI> =0,
unless {p,r} = {k,1},{q,s} = {i,j} as sets. Now a direct calculation of the
four possibilities for p, q,r, s gives
<Rp(vi AT A UI), P AP A UI> = Ryjki + Rjkii — Riinj + R
= 2R;jm ,
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by the symmetries of curvature tensor.
For (iii), recall that

P n
(RP(M A AoP) ot A APy =3 Y K (uf, ), (3.7)
i=1 j=p+1

where {vl,... 0"} is an orthonormal basis extending {v!,... v’} [ERo4].
We have

2(RP(v' A0 A vy, vt A /\vl> (3.8)

) J l ) J l
= <Rp [v’/\%/\vl] ﬂ)”\vj; Avl>

. Uj_Ul . /Uj_rUl
— Rp[vz/\ Avl| ot A Avl Y.
V2 ’ V2

From the hypothesis, we have
, J ! ) J !
B<<Rp[vl/\v T /\vl},vl/\v T /\v1><A, (3.9)
V2 V2
and similarly for (R? [v" A ”]—\/_ivl AvT] vt A ”]—\7;[ Av'). Combining (3.8) and
(3.9) gives (iii). O
We now begin the proof of the theorem. By (ii) of the Lemma, we may
treat (RP(v' Av? Avl),v* Avf Av!) much like the curvature tensor. Fix p, I
and set

(RP(0 Av? Aot o Aot ATy = T Tijij = —S(i,7)

) J m . J m
<Rp(vl/\v \—;; /\UI>,UZ/\U \—;; AUI>:—S(i,{j,m})

= T%{j,m}i{j,m} )
for distinct indices 4, j, k,[,m ¢ I. Note that Tjji; = 2R;ji;, but the S’s are
not sectional curvatures — in fact, —S(i,j) = >_, for some basis {v*}.
Fix z € M and assume that we have B <> < A at r, so

B < —S(i, {j, m}) = T%{j,m}i{j,m} < A. (3.10)
Of course, T has the same Bianchi identity and symmetries as the curva-

ture tensor R. Now the argument in (3.2)-(3.4) carries over to 7,S. In
particular, from

) l J l J
~5(i, {1,5}) = <<Rp(u A % A v1> Y \j; A v[>
= L (Tya + Tijij + Tuij + Tijar) »
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we get
T — _S(Zvj) ’ J= l
il =41 o Ler o .
QS(ZJ)—’_?S(Z?])_S(Za{l’]})a ]#l

We also know
2T —vigi,—wy = Tiji — Tkt — Trjir + Tjra -

As with R;ji;, we obtain

GAFA

3Tijkt = =274 —kyjgi,—ky + 2175 —kyigs,—kp + Tigit + Thjrr — Tiji — Thirt

0 (3.6) becomes
| Tjal < 3(A—B).
Using the estimates (3.10), (3.12), we see that (3.11) implies
| Tijual < 3(A = B).
In summary, for J # K, we have by Lemma 3.1(i), (3.12) (3.13),

(3.11)

(3.12)

(3.13)

2(A=B), [JNK|=p-1,
[(RPv” 0F)| < C4(A-B), [JNK|=p-2,
0, l[JNK|<p-3.
Thus
(RP(apv"),av’) = Za%(R”vI,vﬂ+Za1aJ<vaI,vJ> (3.14)
I I#J
> BY aj—3(A-B) Y laayl
I |INJ|=p—1
—3(A-B) Z laray| .
[INJ|=p—2

We now estimate the last two terms.

LEMMA 3.2. Let I,J be multi-indices of length p. Then for 1 < k < p,

XI: ZJ: lara,| < <p€k> (Z:Z) 21: jarl*.

|INnJ|=k

REMARK. This estimate is sharp, as can be seen by setting a; = (

for all 1.

ny—1/2
»)
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Proof. For fixed value of ), a%, the maximum of the left-hand side of
the inequality is attained at some vector a = (ay) with a; > 0. Thus we
may drop the absolute value signs on the left-hand side. Set N = (Z) and
consider the N x N matrix A given by

1, [InJ =k,
Ay = .
0, otherwise.

Here A acts on RY with coordinates indexed by multi-indices of length p.
Finding the maximum of the left-hand side for fixed 3 ; a? is equivalent to
finding the maximum eigenvalue of A. Observe that

v= ()60

is an eigenvalue of A with eigenvector a having a; = (Z)fl/ % for all 1.

If p = k the result is trivial. Otherwise we can apply Perron-Frobenius
theory. Indeed, A has non-negative entries and is irreducible. (For if @ is
any subset of multi-indices such that I € Q) and J ¢ @ implies A7y = 0,
then clearly I € Q implies I’ € Q if I’ is obtained from I by changing one
index; iterating this argument shows that @ consists of all multi-indices.)
Perron-Frobenius theory (see e.g. [Gan, Theorem 2, p.53, and Remark 3,
p. 62]) assures us that such A has a unique eigenvalue whose eigenvector has
positive entries and that this is the maximum eigenvalue, as we require. O

Thus (3.14) becomes

1
<Rp(a1v]),ajv‘]> > Bllagv!|]? - E(A — B)p(n —p) Za%
i

4 pyfn—p 2
and this last term is positive provided

(1 + %p(n—p) + % (g) (n;p» B - (%p(n—p) + g(g) (n§p>) A>0.

This finishes the proof of Theorem 3.1.

EXAMPLE. By Theorem 2.1, a compact n-manifold (of dimension at least
4) cannot admit both a metric of [1 — (n —2)~2]-pinched negative curvature
and a C(n,2)-pinched metric. Note that C(n,2) =1 — [3/(2n% — Tn + 9)].
Similar remarks apply to Proposition 2.2.
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COROLLARY 3.1. If for all z € M, (3.1) holds for C' = C(z),A = A(x)
with

A(z) <[1 + %p(n —p)+ %@) (” ) pﬂ O(x)

- Bpm—p) . g(g’) (” ;pﬂ) (3.15)

strongly stochastically positive, then RP is strongly stochastically positive.
In particular, if M is compact and (3.15) holds, then HP(M;R) = 0.

Proof. The proof shows that CA <377 3% | K (v',v7) < A implies

Rp>CA—lp(n—p)(A—CA)—é<p)<n_p>(A—CA). O
2 3\2 2
We now construct a manifold M® which is C(6, 3)-pinched, and so has
H3(M;R) = 0, but which has planes of negative sectional curvature at
each point. In contrast, the Gallot-Meyer result [GaM] for the curvature
operator C,
C>0 = RF>0,

implies positive sectional curvature, as

<C(vi AT, vt A vj> = <—Rijklvk Aot v A V) = —2R;jij
for an orthonormal frame {v'}. Also, we know of no examples of manifolds
with positive curvature operator on isotropic complex two-planes (and so
(M) = 0 for 1 < k < n/2 by [MiMo]) but allowing planes of negative
sectional curvature.

We set M = %, x S4, where X is a closed surface of genus g > 1 with a
metric of constant negative curvature —a, and S is the 4-sphere of constant
positive curvature 1. We give M the product metric. Since H k(M ;R)#0
for k # 3, M cannot be C(6,k)-pinched for k # 3; this is easily veri-
fied by computing Zle Dk K (v*,v7) for various permutations of an
orthonormal frame {v'} with {v!,v?} € T*%, {v3,v% 05 00} € T*S%.

We give two proofs that M has R3 > 0, one proof based on Theorem 3.1,
and one by a direct calculation.

First, for the product metric on M, the curvature two-forms );; =
Rijkwk Al vanish for {v'} as above, unless i, j € {1,2} ori,j € {3,4,5,6}.
Moreover, Rjji = 0 unless i,j,k,l € {1,2}, or i,5,k,l € {3,4,5,6}. Now
Ri212 = a, and for s,t,r € {3,4,5,6}, (3.2) gives

0 t
Rstsr = { ’ #T
-1, t=nr.
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Finally, if ¢, j, k,l € {3,4,5,6} are distinct indices, then (3.4) implies R;jx; =
0. This determines the curvature tensor on M.

In particular, R;ji; = 0 if there are at least three distinct indices among
i,7,k,1. From (3.5), we see that (RPv’ v&) = 0if |JNK| < p—2. A similar
computation shows that if |J N K| = p — 1, then (RPv’,vX) is a sum of
R;j terms, each of which has three distinct indices. Thus in this case,
(RPv7 o) = 0 also. In summary, we have (R3v!,v/) = 0 unless I = J.

Let {w'} be an orthonormal frame on M. Writing w® = a%v’ for an

: j
orthogonal matrix (aj), we get by (3.7)

3
Z Z K(w', w’) (3.16)
= Z ay, ar,ay, as as,as. (R (v MA k2 A pRS) 0t A2 A 0®3)
k1,k2,k3,51,52,53
= Z ((aklaiQaks) (R3(wF A vk2 A vks) vFt Aok A vk?’)) .
k1,k2,k3
Now
3 6 o
<R3(vk1 A vk2 A vks) Rt ARz A vk3> = Z ZK(T)Z,W) ,
i=1 j=4 (3.17)

for some rearrangement {9'} of {v'}. Computing the cases where one, two
or three of the first three of the ' are in T'S*, we see that the right-hand
side of (3.17) equals either 4 — a or 3. Thus if we fix a = 1, the right-hand
side of (3.16) becomes

23: w wj =3 Z akla%Qa%S)Q
i=1 j= k1,ko ks
=3( > (ah)?) (X(@)?) (Yo (ah,)?) =3
k1 ko k3

Thus for a = 1, M has ) 4 constant, so by the theorem R3 > 0.

For the second proof, we compute R? directly, using our calculation that
(R3v!,v7) = 0 unless I = J. Let I = (i1, i2,13), and choose iy, i5, ig S0 that
{ig:q=1,...,6} ={1,...,6}. By (3.7), we see that

6
<R3(CL]UI),CL]UI> = (Za%)(Rgvl,UI> = z CL%ZZK(U%,’U%).

I II|=3 q=1s=4 (3.18)
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Since ) 4 equals either 4 — a or 3, taking a < 4 makes the right-hand side
of (3.18) positive.

REMARK. Let {w'} be an orthonormal frame. We can use [ERol,
Thm. 5A] to conclude the stronger result H3(M;Z) = 0 once we check

3 6
SN K wl) > ol _ niHP (3.19)

— < 2 2
=1 j=4

pointwise on M, where « is the second fundamental form, H is the mean
curvature for an isometric immersion of M in some RY, and n = 6. Here
we first isometrically immerse 3, in some R for a fixed a and S* in R?
in the usual way. We then put M isometrically in RN 15,

For a < 1, we know that the left-hand side of (3.19) is at least 3. On
the other hand, for a small, ||a|? is very close to ||a||? for S%, and similarly
for n|H|?. On S*, ||a|?> = 4 and H is minus the radial vector, so on M,
(ll|?/2) — (n|H|?/2) is approximately 2/3. Thus (3.19) is satisfied.

4 Remarks on Spectral Gap Estimates

The crucial Lemma 2.1 treats the L* theory of harmonic forms, so it is
natural to look for an L? version. For this, let N = )\}f’q be the spectral
gap at zero for g-forms, i.e. A{ = inf{spec(A"?) — {0}}. Equivalently

)\q — in fM<Ah¢a ¢> M(dx)
b gecrpen)t 612

Here HqL is the space of differential g-forms perpendicular to the the har-
monic forms. We will show that the L? version of Lemma 2.1 corresponds
to lower bound estimates for A\! for differential forms.

PROPOSITION 4.1. Let 1 < ¢ < n—1, and suppose R are bounded from
below. Then

)\(f > min {)\Tl, Xf“} .
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Proof. For ¢, € CZ°A9, and in the notation of §2, we have

[ (P o putan
t 5/ [ o.pa)panas+ [ t [ (80 utst ot

' / <d¢, dw)ds> ‘ / <5h¢, 5 ) >M(dx)

< glasles - | [ Raaorss| + 316t - | [ R

Suppose /\qJr > (0 and )\q_l > 0. Then since di) and 6"t are orthogonal
to the L? h-harmonic forms, we have the existence of fo s(dip)ds and
Jo© Ps(6"p)ds in L? with

H/ Py (dv)ds
— - 16"l

H / Py (6Mp)ds
1

Thus letting ¢ — oo in the earlier inequality gives

[ 600t < S (d6l2)-(a012) g (0122)- (67012
M A A

1
Taking ¢ = 1) € H and using H¢ = 0, we have

2 1
(16112)" < gy - (8690
and so \? > min{ X7, AT} O
If M is compact, this result is an easy consequence of Hodge theory, as
d and § give a conjugacy of the restriction of A? to (Ker d)*+ with AZ+!
restricted to the image of d, and similarly for A? on (Ker §)*. However, this
argument does not extend to the noncompact case without more stringent
curvature conditions, due to the possible presence of continuous spectrum.
We can also estimate A! in terms of RIFL but these estimates are useful
only when there are no L? harmonic (q & 1)-forms. If we denote by \o(f)
the bottom of the spectrum of the operator A 4+ f on functions, then we
have

L2

qﬂ Il 2

and

A > min {Xo(RT1), Mo(RTT)},
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assuming R4*! and R4~! are bounded from below. This comes from [ERol,
Theorem 3C] which states that the bottom of the spectrum of AP is bigger
or equal to Ag(RP) for each p € {1,2,...,n — 1}. Note that by [ERol,
Proposition 4B], we have

Mo(RF) = —2]im £ log Ee 3 Js R ()ds

which gives an estimate for Y in terms of RI™ and RIT.

[ELi]
[ERol]
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[ERo3]
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