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Equivariant Diffusions on Principal Bundles

K. D. Elworthy, Yves Le Jan, and Xue-Mei Li

Let π : P → M be a smooth principal bundle with structure groupG.
This means that there is aC∞ right multiplicationP × G → P , u 7→ u · g
say, of the Lie groupG such thatπ identifies the space of orbits ofG with the
manifoldM andπ is locally trivial in the sense that each point ofM has an
open neighbourhoodU with a diffeomorphism

τU : π−1(U) - U ×G

HHHHj
U

�����

overU , which is equivariant with respect to the right action ofG, i.e. if τu(b) =
(π(b), k) thenτu(b·g) = (π(b), kg). Assume for simplicity thatM is compact.
Setn = dimM . The fibres,π−1(x), x ∈ M are diffeomorphic toG and their
tangent spacesV TuP (= kerTuπ), u ∈ P , are the ‘vertical’ tangent spaces
to P . A connectionon P , (or on π) assigns a complementary ‘horizontal’
subspaceHTuP to V TuP in TuP for eachu, giving a smooth horizontal sub-
bundleHTP of the tangent bundleTP to P . Given such a connection it is a
classical result that for anyC1 curve: σ : [0, T ] → M andu0 ∈ π−1(σ(0))
there is a unique horizontalσ̃ : [0, T ] → P which is a lift ofσ, i.e. π(σ̃(t)) =
σ(t) and has̃σ(0) = u0.

In his startling ICM article [8] It̂o showed how this construction could be
extended to give horizontal lifts of the sample paths of diffusion processes. In
fact he was particularly concerned with the case whenM is given a Riemann-
ian metric〈, 〉x, x ∈ M , the diffusion is Brownian motion onM , andP is the
orthonormal frame bundleπ : OM → M . Recall that eachu ∈ OM with
u ∈ π−1(x) can be considered as an isometryu : Rn → TxM , 〈, 〉x and a
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horizontal lift σ̃ determines parallel translation of tangent vectors alongσ

//t ≡ //(σ)t : Tσ(·)M → Tσ(t)M

v 7→ σ̃(t)(σ̃(0))−1v.

The resulting parallel translation along Brownian paths extends also to paral-
lel translation of forms and elements of∧pTM . This enabled It̂o to use his
construction to obtain a semi-group acting on differential forms

Ptφ = E(//−1
t )∗(φ) = Eφ(//t−).

As he pointed out this is not the semi-group generated by the Hodge-Kodaira
Laplacian,∆. To obtain that generated by the Hodge-Kodaira Laplacian,∆,
some modification had to be made since the latter contains zero order terms,
the so called Weitzenbock curvature terms. The resulting probabilistic expres-
sion for the heat semi-groups on forms has played a major role in subsequent
development.

In [5] we go in the opposite direction starting with a diffusion with smooth
generatorB onP , which isG-invariant and so projects to a diffusion generator
A onM . We assume the symbolσA has constant rank so determining a sub-
bundleE of TM , (soE = TM if A is elliptic). We show that this set-up
induces a ‘semi-connection’ onP overE (a connection ifE = TM ) with
respect to whichB can be decomposed into a horizontal componentAH and a
vertical partBV . Moreover any vertical diffusion operator such asBV induces
only zero order operators on sections of associated vector bundles.

There are two particularly interesting examples. The first whenπ : GLM →
M is the full linear frame bundle and we are given a stochastic flow{ξt : 0 ≤
t < ∞} onM , generatorA, inducing the diffusion{ut : 0 ≤ t < ∞} on
GLM by

ut = Tξt(u0).

Here we can determine the connection on GLM in terms of the LeJan-Watanabe
connection of the flow [12], [1], as defined in [6], [7], in particular giving con-
ditions when it is a Levi-Civita connection. The zero order operators arising
from the vertical components, can be identified with generalized Weitzenbock
curvature terms.

The second example slightly extends the above framework by lettingπ :
P → M be the evaluation map on the diffeomorphism group DiffM of M
given byπ(h) := h(x0) for a fixed pointx0 in M . The groupG corresponds
to the group of diffeomorphisms fixingx0. Again we take a flow{ξt(x) : x ∈
M, t ≥ 0} on M , but now the process on DiffM is just the right invariant
process determined by{ξt : 0 ≤ t < ∞}. In this case the horizontal lift to
the diffeomorphism group of the diffusion{ξt(x0) : 0 ≤ t < ∞} onM is
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obtained by ‘removal of redundant noise’, c.f. [7] while the vertical process is
a flow of diffeomorphisms preservingx0, driven by the redundant noise.

Here we report briefly on some of the main results to appear in [5] and give
details of a more probabilistic version Theorem 2.5 below: a skew product
decomposition which, although it has a statement not explicitly mentioning
connections, relates to Itô’s pioneering work on the existence of horizontal
lifts. The derivative flow example and a simplified version of the stochastic
flow example are described in§ 3.

The decomposition and lifting apply in much more generality than with
the full structure of a principal bundle, for example to certain skew products
and invariant processes on foliated manifolds. This will be reported on later.
Earlier work on such decompositions includes [4] [13].

§1. Construction

A. If A is a second order differential operator on a manifoldX, denote
by σA : T ∗X → TX its symbol determined by

df
(
σA(dg)

)
=

1
2
A (fg)− 1

2
A (f) g − 1

2
fA (g) ,

forC2 functionsf, g. The operator is said to besemi-ellipticif df
(
σA(df)

)
≥ 0

for eachf ∈ C2(X), andelliptic if the inequality holds strictly. Ellipticity is
equivalent toσA being onto. It is called adiffusion operatorif it is semi-elliptic
and annihilates constants, and issmoothif it sends smooth functions to smooth
functions.

Consider a smooth mapp : N → M between smooth manifoldsM and
N . By a lift of a diffusion operatorA on M over p we mean a diffusion
operatorB onN such that

(1) B(f ◦ p) = (Af) ◦ p

for all C2 functionsf onM . SupposeA is a smooth diffusion operator onM
andB is a lift of A.

Lemma 1.1. LetσB andσA be respectively the symbols forB andA. The
following diagram is commutative for allu ∈ p−1(x), x ∈M :

T ∗uN
σBu - TuN

6
(Tp)∗

T ∗xM
?
TxM .-

σAx

Tp
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B. Semi-connections on principal bundles. Let M be a smooth fi-
nite dimensional manifold andP (M,G) a principal fibre bundle overM with
structure groupG a Lie group. Denote byπ : P →M the projection andRa

the right translation bya.

Definition 1.2. LetE be a sub-bundle ofTM andπ : P →M a principal
G-bundle. AnE semi-connection onπ : P → M is a smooth sub-bundle
HETP of TP such that

(i) Tuπ maps the fibresHETuP bijectively ontoEπ(u) for all u ∈ P .
(ii) HETP isG-invariant.

Notes.
(1) Such a semi-connection determines and is determined by, a smooth hori-
zontal lift:

hu : Eπ(u) → TuP, u ∈ P

such that

(i) Tuπ ◦ hu(v) = v, for all v ∈ Ex ⊂ TxM ;
(ii) hu·a = TuRa ◦ hu.

The horizontal subspaceHETuP at u is then the image atu of hu, and the
compositionhu ◦ TuP is a projection ontoHETuP .
(2) LetF = P × V/ ∼ be an associated vector bundle toP with fibreV . An
element ofF is an equivalence class[(u, e)] such that(ug, g−1e) ∼ (u, e).
Setũ(e) = [(u, e)]. An E semi-connection onP gives a covariant derivative
onF . LetZ be a section ofF andw ∈ Ex ⊂ TxM , the covariant derivative
∇wZ ∈ Fx is defined, as usual for connections, by

∇wZ = u(dZ̃(hu(w)), u ∈ π−1(x) = Fx.

HereZ̃ : P → V is Z̃(u) = ũ−1Z (π(u)) considering̃u as an isomorphism
ũ : V → Fπ(u). This agrees with the ‘semi-connections onE’ defined in
Elworthy-LeJan-Li [7] whenP is taken to be the linear frame bundle ofTM
andF = TM . As described there, any semi-connection can be completed to
a genuine connection, but not canonically.

Consider onP a diffusion generatorB, which isequivariant, i.e.

Bf ◦Ra = B(f ◦Ra), ∀f, g ∈ C2(P,R), a ∈ G.

The operatorB induces an operatorA on the base manifoldM by setting

(2) Af(x) = B (f ◦ π) (u), u ∈ π−1(x), f ∈ C2(M),

which is well defined since

B (f ◦ π) (u · a) = B ((f ◦ π)) (u).
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LetEx := Image(σAx ) ⊂ TxM , the image ofσAx . Assume the dimension
of Ex = p, independent ofx. SetE = ∪xEx. Thenπ : E → M is a sub-
bundle ofTM .

Theorem 1.3. AssumeσA has constant rank. ThenσB gives rise to a
semi-connection on the principal bundleP whose horizontal map is given by

(3) hu(v) = σB ((Tuπ)∗α)

whereα ∈ T ∗π(u)M satisfiesσAx (α) = v.

Proof. To provehu is well defined we only need to showψ(σB(Tuπ
∗(α))) =

0 for every 1-formψ onP and for everyα in kerσAx . Now σAα = 0 implies
by Lemma 1.1 that

0 = ασA(α) = (Tπ)∗(α)σB((Tπ)∗(α)).

ThusTπ∗(α)σB(Tπ∗(α)) = 0. On the other hand we may considerσB

as a bilinear form onT ∗P and then for allβ ∈ T ∗uP ,

σB(β + t(Tπ)∗(α), β + t(Tπ)∗(α))

= σB(β, β) + 2tσB(β, (Tπ)∗(α)) + t2σB((Tπ)∗α, (Tπ)∗α)

= σB(β, β) + 2tσB(β, (Tπ)∗(α)).

SupposeσB(β, (Tπ)∗(α)) 6= 0. We can then chooset such that

σB(β + t(Tπ)∗(α), β + t(Tπ)∗(α)) < 0,

which contradicts the semi-ellipticity ofB.
We must verify (i)Tuπ ◦ hu(v) = v, v ∈ Ex ⊂ TxM and (ii) hu·a =

TuRa ◦ hu. The first is immediate by Lemma 1.1 and for the second use the
fact thatTπ ◦ TRa = Tπ for all a ∈ G and the equivariance ofσB.

§2. Horizontal lifts of diffusion operators and decompositions of equi-
variant operators

A. Denote byC∞Ωp the space of smooth differential p-forms on a mani-
foldM . To each diffusion operatorA we shall associate a unique operatorδA.
The horizontal lift ofA can be defined to be the unique operator such that the
associated operator̄δ vanishes on vertical 1-forms and such thatδ̄ andδA are
intertwined by the lift mapπ∗ acting on 1-forms.

Proposition 2.1. For each smooth diffusion operatorA there is a unique
smooth differential operatorδA : C∞(Ω1) → C∞Ω0 such that

(1) δA (fφ) = dfσA(φ)x + f · δA (φ)
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(2) δA (df) = A(f).

For example ifA has Ḧormander representation

A =
1
2

m∑
j=1

LXjLXj + LA

for someC1 vector fieldsXi,A then

δA =
1
2

m∑
j=1

LXj ιXj + ιA

whereιA denotes the interior product of the vector fieldA acting on differential
forms.

Definition 2.2. LetS be aC∞ sub-bundle ofTN for some smooth man-
ifold N . A diffusion operatorB onN is said to be alongS if δBφ = 0 for
all 1-formsφ which vanish onS; it is said to be strongly cohesive ifσB has
constant rank andB is along the image ofσB.

To be alongS implies that any Ḧormander form representation ofB uses
only vector fields which are sections ofS.

Definition 2.3. When a diffusion operatorB on P is along the vertical
foliation VTP of theπ : P → M we sayB is vertical, and when the bundle
has a semi-connection andB is along the horizontal distribution we sayB is
horizontal.

If π : P → M has anE semi-connection andA is a smooth diffusion
operator alongE it is easy to see thatA has a unique horizontal liftAH , i.e.
a smooth diffusion operatorAH onP which is horizontal and is a lift ofA in
the sense of (1). By uniqueness it is equivariant.

B. The action ofG onP induces a homomorphism of the Lie algebrag of
G with the algebra of right invariant vector fields onP : if α ∈ g,

Aα(u) =
d

dt

∣∣∣∣
t=0

u exp(tα),

andAα is called the fundamental vector field corresponding toα. Take a basis
A1, . . . , Ak of g and denote the corresponding fundamental vector fields by
{A∗i }.

We can now give one of the main results from [5]:
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Theorem 2.4. LetB be an equivariant operator onP withA the induced
operator on the base manifold. AssumeA is strongly cohesive. Then there is a
unique semi-connection onP overE for whichB has a decomposition

B = AH + BV ,

whereAH is horizontal andBV is vertical. FurthermoreBV has the expres-
sion

∑
αijLA∗

i
LA∗

j
+

∑
βkLA∗

k
, whereαij andβk are smooth functions onP ,

given byαk` = ω̃k
(
σB(ω̃`)

)
, andβ` = δB(ω̃`) for ω̃ any connection 1-form

onP which vanishes on the horizontal subspaces of this semi-connection.

We shall only prove the first part of Theorem 2.4 here. The semi-connection
is the one given by Theorem 1.3, and we defineAH to be the horizontal lift of
A. The proof thatBV := B − AH is vertical is simplified by using the fact
that a diffusion operatorD onP is vertical if and only if for allC2 functions
f1 onP andf2 onM

(4) D(f1(f2 ◦ π)) = (f2 ◦ π)D(f1).

Setf̃2 = f2 ◦ π. Note(
B −AH

)
(f1f̃2) = f̃2(B −AH)f1 + f1(B −AH)f̃2 + 2(df1)σB−A

H

(df̃2).

Therefore to show(B −AH) is vertical we only need to prove

f1(B −AH)f̃2 + 2(df1)σB−A
H

(df̃2) = 0.

Recall Lemma 1.1 and use the natural extension ofσA to σA : E∗ → E and
the fact that by (3)h ◦ σAx = σB(Tuπ)∗ to see

σA
H

(df̃2) =
(
h ◦ σAh∗

)
(df2 ◦ Tπ) = h ◦ σAdf2

= σB(df2 ◦ Tπ) = σB(df̃2),

and soσ(B−AH)(df̃2) = 0. Also by equation (1)

(B −AH)f̃2 = Af2 −AH f̃2 = 0.

This shows thatB −AH is vertical.

Defineα : P → g⊗ g andβ : P → g by

α(u) =
∑

αij(u)Ai ⊗Aj

β(u) =
∑

βk(u)Ak.
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It is easy to see thatBV depends only onα, β and the expression is independent
of the choice of basis ofg. From the invariance ofB we obtain

α(ug) = (ad(g)⊗ ad(g))α(u),
β(ug) = ad(g)β(u)

for all u ∈ P andg ∈ G.

C. Theorem 2.4 has a more directly probabilistic version. For this let
π : P → M be as before and for0 ≤ l < r < ∞ let C(l, r;P ) be the space
of continuous pathsy : [l, r] → P with its usual Borelσ-algebra. For such
write ly = l andry = r. Let C(∗, ∗;P ) be the union of such spaces. It has
the standard additive structure under concatenation: ify andy′ are two paths
with ry = ly′ andy(ry) = y′(ly′) let y + y′ be the corresponding element in
C(ly, ry′ ;P ). Thebasicσ-algebra ofC(∗, ∗, P ) is defined to be the pull back
by π of the usual Borelσ-algebra onC(∗, ∗;M).

Consider the laws{Pl,r
a : 0 ≤ l < r, a ∈ P} of the process running from

a between timesl andr, associated to a smooth diffusion operatorB on P .
Assume for simplicity that the diffusion has no explosion. Thus{Pl,r

a , a ∈ P}
is a kernel fromP to C(l, r;P ). The right actionRg by g in G extends to
give a right action, also writtenRg, of G onC(∗, ∗, P ). Equivariance ofB is
equivalent to

Pl,r
ag = (Rg)∗Pl,r

a

for all 0 ≤ l ≤ r anda ∈ P . If so π∗(Pl,r
a ) depends only onπ(a), l, r and

gives the law of the induced diffusionA onM . We say that such a diffusion
B is basic if for all a ∈ P and 0 ≤ l < r < ∞ the basicσ-algebra on
C(l, r;P ) contains all Borel sets up toPl,r

a negligible sets, i.e. for alla ∈ P
and Borel subsetsB of C(l, r;P ) there exists a Borel subsetA of C(l, r,M)
s.t.Pa(π−1(A)∆B) = 0.

For paths inG it is more convenient to consider the spaceCid(l, r;G) of
continuousσ : [l, r] → G with σ(l) = id for ‘id′ the identity element. The
corresponding spaceCid(∗, ∗, G) has a multiplication

Cid(s, t;G)× Cid(t, u;G) −→ Cid(s, u;G)

(g, g′) 7→ g × g′

where(g × g′)(r) = g(r) for r ∈ [s, t] and (g × g′)(r) = g(t)g′(r) for
r ∈ [t, u].

Given probability measuresQ, Q′ onCid(s, t;G) andCid(t, u;G) respec-
tively this determines a convolutionQ∗Q′ of Q with Q′ which is a probability
measure onCid(s, u;G).
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Theorem 2.5. Given the laws{Pl,r
a : a ∈ P, 0 ≤ l < r <∞} of an equi-

variant diffusionB as above withA strongly cohesive there exist probability
kernels{PH,l,r

a : a ∈ P} from P to C(l, r;P ), 0 ≤ l < r < ∞ and Ql,r
y ,

definedPl,r a.s. fromC(l, r, P ) toCid(l, r;G) such that

(i) {PH,l,r
a : a ∈ P} is equivariant, basic and determining a strongly

cohesive generator.
(ii) y 7→ Ql,r

y satisfies

Qly,ry′

y+y′ = Qly,ry
y ∗Qly′ ,ry′

y′

for Ply,ry ⊗ Ply′ ,ry′ almost ally, y′ with ry = ly′ .
(iii) For U a Borel subset ofC(l, r, P ),

Pl,r
a (U) =

∫ ∫
χU (y· · g·)Ql,r

y (dg)PH,l,r
a (dy).

The kernelsPH,l,r
a are uniquely determined as are the{Ql,r

y : y ∈ R}, PH,l,r
a

a.s. in y for all a in P . FurthermoreQl,r
y depends ony only through its

projectionπ(y) and its initial pointyl.

Proof. Fix a in P and let{bt : l ≤ r ≤ t} be a process with lawPl,r
a . By

Theorem 2.4 we can assume thatb· is given by an s.d.e. of the form

(5) dbt = X̃(bt) ◦ dBt + X̃0(bt)dt+A(bt) ◦ dβt + V (bt)dt

whereX̃ : P × Rp → TP is the horizontal lift of someX : M × Rp → E,
X̃0 is the horizontal lift of a vector fieldX0 onM , whileA : P × R1 → TP
and the vector fieldV are vertical and determineBV . HereB· andβ· are
independent Brownian motions onRp andRq respectively, someq, and we are
using the semi-connection onP induced byB as in Theorem 1.3.

Let {x̃t : l ≤ t ≤ r} satisfy

(6)
dx̃t = X̃(x̃t) ◦ dBt + X̃0(x̃t)dt
x̃l = a

so x̃· is the horizontal lift of{π(bt) : l ≤ t ≤ r}. Then there is a unique
continuous process{gt : l ≤ t ≤ r} in G with gl = id such that

x̃tgt = bt.

We have to analyse{gt : l ≤ t ≤ r}. Using local trivialisations of
π : P →M we see it is a semi-martingale. As in [9], Proposition 3.1 on page
69,

dbt = TRgt(◦dx̃t) +Ag−1
t ◦dgt(bt)
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giving

ω̃(◦dbt) = ω̃
(
Ag−1

t ◦dgt(bt)
)

= g−1
t ◦ dgt

for any smooth connection form̃ω : P → g onP which vanishes onHETP .
Thus

(7)
dgt = TLgt ω̃

(
A(x̃tgt) ◦ dβt + V (x̃tgt)dt

)
gl = id, l ≤ t ≤ r.

Fory ∈ C(l, r : P ) let {gy
t : l ≤ t ≤ r} be the solution of

(8)
dgy

t = TLgy
t
ω̃
(
A(ytg

y
t ) ◦ dβt + V (ytg

y
t )dt

)
gy

l = id

(where the Stratonovich equation is interpreted with ‘dytdβt = 0’). Sinceβ·
andB· and henceβ· andx̃· are independent we seeg = gx̃ almost surely. For
a discussion of some technicalities concerning skew products, see [16].

For y· in C(∗, ∗;P ) let {h(y)t : ly ≤ t ≤ ry} be the horizontal lift of
π(y)·, starting atyly . This exists for almost ally as can be seen either by the
extension of It̂o’s result to general principal bundles, e.g. using (6), or by the
existence of measurable sections using the fact thatAH is basic. DefinePH,l,r

a

to be the law of̃x· above andQl,r
y to be that ofgh(y). Clearly conditions (i) is

satisfied.
To check (ii) takey andy′ with ry = ly′ . Then

h(y + y′) = h(y) + h(y′)
(
gh(y)

ry

)−1

,

writing y = h(y)gh(y) andy′ = h(y′)gh(y′). Forry ≤ t ≤ ry′ this shows

(y + y′)t = h(y′)t

(
gh(y)

ry

)−1

g
h(y+y′)
t .

But (y + y′)t = y′t = h(y′)tg
h(y′)
t and so we havegh(y+y′)

t = g
h(y)
ry g

h(y′)
t for

t ≥ ry, giving gh(y+y′) = gh(y) × gh(y′) almost surely. This proves (ii).
For uniqueness suppose we have another set of probability measures de-

notedQ̃l,r
y andP̃H,l,r

a which satisfy (i), (ii), (iii). Since{P̃H,l,r
a }a is equivari-

ant and inducesA onM we can apply the preceding argument to it in place of
{Pl,r

a }a. However since it is basic the term involvingβ in the stochastic differ-
ential equation (6) must vanish. Since it is also strongly cohesive the vertical
partV must vanish also and we haveP̃H,l,r

a = PH,l,r
a . On the other hand in the

decompositionbt = x̃tg
x̃t
t the law ofgx̃

· is determined by those ofb· andx̃· but
Ql,r

y is the conditional law ofgx̃·
· given x̃ = y· and so is uniquely determined

as described.
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In fact Ql,r
y is associated to the time dependent generator which atg ∈ G

andt ∈ [l, r] is
∑
αij(h(y)tg)LAi

LAj
+

∑
βk(h(y)tg)LAk

for αij andβk

as defined in Theorem 2.4 whilePH,l,r is associated toAH .

§3. Stochastic flows and derivative flows

A. Derivative flows. LetA onM be given in Ḧormander form

A =
1
2

m∑
j=1

LXjLXj + LA

for some vector fieldsX1, . . . Xm,A. As before letEx = span{X1(x), . . . , Xm(x)}
and assumedimEx is constant,p, say, giving a sub-bundleE ⊂ TM . The
X1(x), . . . , Xm(x) determine a vector bundle map of the trivial bundleRm

X : Rm −→ TM

with σA = X(x)X(x)∗.We can, and will, considerX as a mapX : Rm → E.
As such it determines (a) a Riemannian metric{〈, 〉x : x ∈M} onE (the

same as that determined byσA) and (b) a metric connection̆∇ onE uniquely
defined by the requirement that for eachx in M ,

∇̆vX(e) = 0

for all v ∈ TxM whenevere is orthogonal to the kernel ofTxM . Then for any
differentiable sectionU of E,

(9) ∇̆vU = Y (x)d (Y·(U(·))) (v), v ∈ TxM,

whereY is theRm valued 1-form onM given by

〈Yx(v), e〉Rm = 〈X(x)(e), v〉x, e ∈ Rm, v ∈ Ex, x ∈M

e.g. [7] where it is referred to as the LeJan-Watanabe connection in this con-
text. By a theorem of Narasimhan and Ramanan [14] all metric connections
onE arise this way, see [15], [7].

For{Bt : 0 ≤ t <∞} a Brownian motion onRm, the stochastic differen-
tial equation

(10) dxt = X(xt) ◦ dBt +A(xt)dt

determines a Markov process with differential generatorA. Over each solution
{xt : 0 ≤ t < ρ}, whereρ is the explosion time, there is a ‘derivative’ pro-
cess{vt : 0 ≤ t < ρ} in TM which we can write as{Tξt(v0) : 0 ≤ t < ρ}
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with Tξt : Tx0M → Txt
M linear. This would be the derivative of the flow

{ξt : 0 ≤ t < ρ} of the stochastic differential equation when the stochastic dif-
ferential equation is strongly complete. In general it is given by a stochastic
differential equation on the tangent bundleTM , or equivalently by a covariant
equation along{xt : 0 ≤ t < ρ}:

Dvt = ∇X(vt) ◦ dBt +∇A(vt)dt

with respect to any torsion free connection. TakeP to be the linear frame bun-
dleGL(M) ofM , treatingu ∈ GL(M) as an isomorphismu : Rn → Tπ(u)M .
Foru0 ∈ GLM we obtain a process{ut : 0 ≤ t < ρ} onGLM by

ut = Tξt ◦ u0.

LetB be its differential generator. Clearly it is equivariant and a lift ofA.

A proof of the following in the context of stochastic flows, is given later.
Forw ∈ Ex, set

(11) Zw(y) = X(y)Y (x)(w).

Theorem 3.1. The semi-connection∇ induced byB is the adjoint con-
nection of the LeJan-Watanabe connection∇̆ determined byX, as defined by
(9), [7]. Consequently∇wV = LZwV for any vector fieldV andw ∈ E also
∇V (x)Z

w vanishes ifw ∈ Ex.

In the case of the derivative flow theα, β of Theorem 2.4 have an explicit
expression: foru ∈ GLM ,

(12)


α(u) =

1
2

∑ (
u−1(−)∇̆u(−)X

p
)
⊗

(
u−1(−)∇̆u(−)X

p
)

β(u) = −1
2

∑
u−1∇̆∇̆u(−)XpX

p − 1
2
u−1Ric #u(−).

HereR̆ is the curvature tensor for̆∇ andR̆ic# : TM → E the Ricci curvature
defined byR̆ic#(v) =

∑p
j=1 R̆(v, ej)ej , v ∈ TxM .

Equivariant operators onGLM determine operators on associated bun-
dles, such as∧qTM . If the original operator was vertical this turns out to be
a zero order operator (as is shown in [5] for general principal bundles) and in
the case of∧qTM these operators are the generalized Weitzenbock curvature
operators described in [7]. In particular for differential 1-forms the operator
is φ 7→ φ(Ric#−). To see this, as an illustrative example, given a 1-formφ
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defineφ̃ : GLM → L(Rn; R) by φ̃(u) = φπuu soφ̃(ug) = φπu(ug−). Then

LA∗
j
(φ̃)(u) =

d

dt
φ̃(u · eAjt)|t=0

=
d

dt
φπu(u · eAjt)|t=0

= φπu(uAj−) = φ̃(u)(Aj−).

Iterating we have

BV (φ̃)(u) =
∑
i,j

αi,j(u)φπu(uAjAi−) +
∑

k

βk(u)φπu(uAk−)

= −1
2
φ̃(u)(u−1Ric#(u−))

as required, by using the mapgl(n) ⊗ gl(n) → gl(n), S ⊗ T 7→ S ◦ T , and
equation (12).

B. Stochastic flows.In fact Theorem 3.1 can be understood in the more
general context of stochastic flows as diffusions on the diffeomorphism groups.
For this assume thatM is compact and forr ∈ {1, 2, . . . } and s > r +
dim(M)/2 letDs = DsM be theC∞ manifold of diffeomorphisms ofM of
Sobolev classHs, (for example see Ebin-Marsden [2] or Elworthy [3].) Alter-
natively we could take the spaceD∞ of C∞ diffeomorphisms with differen-
tiable structure as in [11]. Fix a base pointx0 in M and letπ : Ds → M be
evaluation atx0. This makesDs into a principal bundle overM with group the
manifoldDs

x0
of Hs- diffeomorphismsθ with θ(x0) = x0, acting on the right

by composition (although the action ofDs+r is onlyCr, for r = 0, 1, 2, . . . ).
Let {ξs

t : 0 ≤ s ≤ t < ∞} be the flow of (10) starting at times. Write
ξt for ξ0t . The more general case allowing for infinite dimensional noise is
given in [5]. We define probability measures{Ps,t

θ : θ ∈ Ds} onC([s.t];M)
be lettingPs,t

θ be the law of{ξs
r ◦ θ : s ≤ r ≤ t} (These correspond to the

diffusion process onDs associated to the right-invariant stochastic differential
equation onDs satisfied by{ξt : 0 ≤ t <∞} as in [3].) These are equivariant
and project byπ to the laws given by the stochastic differential equation onM .
Assuming that these give a strongly cohesive diffusion onM we are essentially
in the situation of Theorem 2.5.

Let K(x) : Rm → Rm be the orthogonal projection onto the kernel of
X(x), eachx ∈ M . setK⊥(x) = id − K(x). Consider theD∞-valued
process{θt : 0 ≤ t <∞} given by (or as the flow of)

(13) dθt(x) = X(θt(x))K⊥(θt(x0))◦dBt +X(θt(x))Y (θt(x0))A(θt(x0))
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for givenθ0 in D∞ and, define aD∞x0
-valued process{gt : 0 ≤ t <∞} by

dgt = Tθ−1
t {X(θtgt−)K(θtx0) ◦ dBt(14)

+A(θtgt−)dt−X(θtgt−)Y (θtx0)A(θtx0)dt}
g0 = id.

Setxθ
t = ξt(θ0(x0)). Note thatπ(θt) = θt(x0) = xθ

t since

X(θt(x0))K⊥(θt(x0)) = X(θt(x0))

and
X(θt(x0))Y (θt(x0))A(θt(x0)) = A(θt(x0)).

Thus{θt : 0 ≤ t < ∞} is a lift of {xθ
t , 0 ≤ t < ∞}. It can be considered to

be driven by the ‘relevant noise’, (from the point of view ofξ·(θ0(x0)), i.e. by
the Brownian motionB̃· given by

B̃t =
∫ t

0

/̃/(xθ
· )
−1
s K⊥(xθ

s)dBs

where{/̃/(xθ
· ), 0 ≤ s <∞} is parallel translation alongxθ

· with respect to the
connection on the trivial bundleM ×Rm →M determined byK andK⊥, so
that

/̃/(xθ
· )s : Rm → Rm

is orthogonal and maps the kernel ofX(θ·(x0)) onto the kernel ofX(xθ
s) for

0 ≤ s <∞, see [7](chapter 3).
Correspondingly there is the ‘redundant noise’, the Brownian motion{βt : 0 ≤

t <∞} given by

βt =
∫ t

0

/̃/(xθ
· )
−1
s K(xθ

s)dBs.

Then, as shown in [7](chapter 3),

(i) B̃· has the same filtration as{xθ
s : 0 ≤ s <∞}

(ii) β· andB̃· are independent
(iii) dBt = /̃/tdβt + /̃/tdB̃t.

We wish to see howg· is driven byβ·. For this observe∫ t

0

K(xθ
s) ◦ dBs =

∫ t

0

K(xθ
s)dBs +

∫ t

0

Λ(xθ
s)ds

for Λ : M → R given by the Stratonovich correction term. By (iii)∫ t

0

K(xθ
s)dBs =

∫ t

0

/̃/sdβs =
∫ t

0

/̃/s ◦ dβs



14 K. D. Elworthy, Yves Le Jan, and Xue-Mei Li

since/̃/· is independent ofβ by (i) and (ii). Thus equation (14) forg· can be
written as

dgt = Tθ−1
t

{
X(θtgt−)/̃/(θ·(x0))t ◦ dβt +X(θtgt−)Λ(θt(x0))dt

+A(θtgt−)dt−X(θtgt−)Y (θtx0)A(θtx0)dt}

and if we define

dgy
t = Ty−1

t

{
X(ytgt−)/̃/(y·(x0))t ◦ dβt +X(ytgt−)Λ(yt(x0))dt

+A(ytgt−)dt−X(ytgt−)Y (ytx0)A(ytx0)dt}
g0 = id

for any continuousy : [0,∞) → D∞, we see, by the independence ofβ andθ
thatg· = gθ

· .
By Itô’s formula onDs, for x ∈M ,

d(θtgt(x0)) = (◦dθt)(gt(x)) + Tθt(◦dgθ
t (x)).

Now

Tθt(◦dgθ
t (x)) = {X(θtgt(x))K(θtx0) ◦ dBt

+A(θtgt(x))dt−X(θtgt(x))Y (θtx0)A(θtx0)dt}

and so by (13) we see thatθtgt = ξt ◦ θ0, a.s.
Takingθ0 = id we have

Proposition 3.2. The flowξ· has the decomposition

ξt = θtg
θ·
t , 0 ≤ t <∞

for θ andgθ
· ≡ g· given by (13) and (14) above. For almost allσ : [0,∞) →M

with σ(0) = x0 and bounded measurableF : C(0,∞;D∞) → R

E {F (ξ·) |ξ·(x0) = σ } = E
{
F (σ̃gσ̃

· )
}

whereσ̃ : [0,∞) → D∞ is the horizontal lift ofσ with σ̃(0) = id.

To define the ‘horizontal lift’ above we can use the fact, from (i) above,
thatθ· has the same filtration asξ·(x0) and so furnishes a lifting map.

In terms of the semi-connection induced onπ : Ds → M overE, from
above, by uniqueness or directly, we see the horizontal lift

hθ : Eθ(x0) −→ TθDs

hθ(v) : M −→ TM
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is given byhθ(v) = X(θ(x))Y (θ(x0))v and the horizontal lift̃σ· from σ̃0 of
aC1 curveσ onM with σ̃0(x0) = σ0 andσ̇(t) ∈ Eσ(t), all t, is given by

d

dt
σ̃t = X(σ̃t−)Y (σt)σ̇t

for σ̃0 = id. The lift is the solution flow of the differential equation

ẏt = Z σ̇(yt)

onM .

For each frameu : Rn → Tx0M there is a homomorphism of principal
bundles

(15)
Ds → GL(M)
θ 7→ Tx0θ ◦ u.

This sends{ξt : t ≥ 0} to the derivative processTxξt ◦u. (If the latter satisfies
the strongly cohesive condition we could apply our analysis to this submersion
Ds → GLM and get another decomposition ofξ·.)

Results in Kobayashi-Nomizu [9] (Proposition 6.1 on page 79) apply to
the homomorphismDs → GL(M) of (15). This gives a relationship between
the curvature and holonomy groups of the semi-connection∇̂ onGLM de-
termined by the derivative flow and those of the connection induced by the
diffusion onDs π−→ M . It also shows that the horizontal lift{x̃t : t ≥ 0}
throughu of {xt : t ≥ 0} toGL(M) is justTx0θt ◦u for {θt : t ≥ 0} the flow
given by (13) withθ0 = id, i.e. the solution flow of the stochastic differential
equation

dyt = Z◦dxt(yt).

From this and Lemma 1.3.4 of [7] we see that∇̂ is the adjoint of the LeJan-
Watanabe connection determined by the flow, so proving Theorem 3.1 above.
However the present construction applies with GLM replaced by any natural
bundle overM (e.g. jet bundles, see Kolar-Michor-Slovak [10]), to give semi-
connections on these bundles.
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XUE-MEI LI, DEPARTMENT OF COMPUTING AND MATHEMATICS, THE NOTTINGHAM TRENT UNIVERSITY, NOT-

TINGHAM NG7 1AS, UK. e-mail address: xuemei.li@ntu.ac.uk


