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Equivariant Diffusions on Principal Bundles

K. D. Elworthy, Yves Le Jan, and Xue-Mei Li

Letw : P — M be a smooth principal bundle with structure gratip
This means that there is@> right multiplication? x G — P,u— u-g
say, of the Lie groug- such thatr identifies the space of orbits 6f with the
manifold M and~ is locally trivial in the sense that each point &f has an
open neighbourhoot with a diffeomorphism

v Y(U) UxG

\/

U

overU, which is equivariant with respect to the right actiortifi.e. if 7, (b) =
(w(b), k) thent, (b-g) = (7(b), kg). Assume for simplicity thad/ is compact.
Setn = dimM. The fibresy—!(z), x € M are diffeomorphic ta and their
tangent space¥ T, P(= kerT,r), u € P, are the ‘vertical’ tangent spaces
to P. A connectionon P, (or on) assigns a complementary ‘horizontal’
subspaceéiT, P to VT, P in T, P for eachu, giving a smooth horizontal sub-
bundle HT P of the tangent bundIl& P to P. Given such a connection it is a
classical result that for ang'* curve: o : [0,7] — M andug € 7 1(co(0))
there is a unique horizontél: [0,7] — P which is a lift of o, i.e. (5 (t)) =
o(t) and hasy (0) = ug.

In his startling ICM article [8] 16 showed how this construction could be
extended to give horizontal lifts of the sample paths of diffusion processes. In
fact he was particularly concerned with the case whérs given a Riemann-
ian metric(, ), = € M, the diffusion is Brownian motion of/, andP is the
orthonormal frame bundle : OM — M. Recall that eaclh € OM with
u € 7 1(x) can be considered as an isometry R" — T, M, (,), and a
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horizontal lift6 determines parallel translation of tangent vectors atong

= (o) : Ty yM — Ty M
v &(t)(5(0)) v

The resulting parallel translation along Brownian paths extends also to paral-
lel translation of forms and elements of T M. This enabled fi to use his
construction to obtain a semi-group acting on differential forms

P =E(/f; ")u(0) = Eo(fi—).

As he pointed out this is not the semi-group generated by the Hodge-Kodaira
Laplacian,A. To obtain that generated by the Hodge-Kodaira Laplacign,
some modification had to be made since the latter contains zero order terms,
the so called Weitzenbock curvature terms. The resulting probabilistic expres-
sion for the heat semi-groups on forms has played a major role in subsequent
development.

In [5] we go in the opposite direction starting with a diffusion with smooth
generatoi3 on P, which isG-invariant and so projects to a diffusion generator
A on M. We assume the symbel, has constant rank so determining a sub-
bundleE of TM, (soE = TM if Ais elliptic). We show that this set-up
induces a ‘semi-connection’ oR over E (a connection ifE = T'M) with
respect to whictB can be decomposed into a horizontal compooéfitand a
vertical partB". Moreover any vertical diffusion operator such induces
only zero order operators on sections of associated vector bundles.

There are two particularly interesting examples. The first whe&' LM —
M is the full linear frame bundle and we are given a stochastic figw 0 <
t < oo} on M, generatord4, inducing the diffusion{u; : 0 < ¢t < oo} on
GLM by

Ut = T&g (UO)

Here we can determine the connection on GLM in terms of the LeJan-Watanabe
connection of the flow [12], [1], as defined in [6], [7], in particular giving con-
ditions when it is a Levi-Civita connection. The zero order operators arising
from the vertical components, can be identified with generalized Weitzenbock
curvature terms.

The second example slightly extends the above framework by letting
P — M be the evaluation map on the diffeomorphism group Rifbf M
given bym(h) := h(zo) for a fixed pointz, in M. The groupG corresponds
to the group of diffeomorphisms fixingy. Again we take a flon{¢;(z) : = €
M,t > 0} on M, but now the process on Diff is just the right invariant
process determined b}, : 0 < ¢t < oo}. In this case the horizontal lift to
the diffeomorphism group of the diffusiof;(zo) : 0 < t < oo} on M is
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obtained by ‘removal of redundant noise’, c.f. [7] while the vertical process is
a flow of diffeomorphisms preserving,, driven by the redundant noise.

Here we report briefly on some of the main results to appear in [5] and give
details of a more probabilistic version Theorem 2.5 below: a skew product
decomposition which, although it has a statement not explicitly mentioning
connections, relates todfs pioneering work on the existence of horizontal
lifts. The derivative flow example and a simplified version of the stochastic
flow example are described §13.

The decomposition and lifting apply in much more generality than with
the full structure of a principal bundle, for example to certain skew products
and invariant processes on foliated manifolds. This will be reported on later.
Earlier work on such decompositions includes [4] [13].

§1. Construction

A. If Ais a second order differential operator on a manif&lddenote
by o : T*X — TX its symbol determined by

& (o4(dg)) = 5A(f9) ~ 3A(f) g — 5T ALs).

for 2 functionsf, g. The operator is said to lsemi-ellipticif df (o(df)) > 0
for eachf € C?(X), andelliptic if the inequality holds strictly. Ellipticity is
equivalent tar* being onto. Itis called diffusion operatoif it is semi-elliptic
and annihilates constants, andmoothf it sends smooth functions to smooth
functions.

Consider a smooth mgp: N — M between smooth manifold® and
N. By alift of a diffusion operatotd on M over p we mean a diffusion
operator3 on N such that

oy B(fop)=(Af)op
for all C? functionsf on M. SupposeA is a smooth diffusion operator ol
andB is a lift of A.

Lemma 1.1. Leto® ando be respectively the symbols #8rand.A. The
following diagram is commutative for all € p=(z), z € M:

B

O-'ll,
TN T,N
(Tp)* Tp
T*M - T, M.

8
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B. Semi-connections on principal bundles. Let M be a smooth fi-
nite dimensional manifold an® (M, G) a principal fibre bundle ovel/ with
structure groupd> a Lie group. Denote by : P — M the projection and,
the right translation by.

Definition 1.2. Let F be a sub-bundle &f M andr : P — M a principal
G-bundle. AnE semi-connection olr : P — M is a smooth sub-bundle
HPTP of TP such that

() T,m maps the fibre$d T, P bijectively ontoE,,, forall u € P.

(i) HFTPis G-invariant.

Notes.
(1) Such a semi-connection determines and is determined by, a smooth hori-
zontal lift:
hy : Eﬂ.(u) — T, P, ueP

such that

() Tymohy(v)=wv,foralv e E, CT,M,

(i) hy.o =TuRg 0 hy.
The horizontal subspacél “T, P atu is then the image ai of h,, and the
composition,, o T}, P is a projection ontd? #T,, P.
(2) LetF = P x V/ ~ be an associated vector bundleRawith fibre V. An
element ofF is an equivalence clagéu, ¢)] such that(ug,g~'e) ~ (u,e).
Setu(e) = [(u,e)]. An E semi-connection o’ gives a covariant derivative
onF. Let Z be a section of” andw € E, C T,M, the covariant derivative
Vw27 € F, is defined, as usual for connections, by

VoZ =u(dZ(h,(w)), uecn Y(z)=F,.

HereZ : P — Vis Z(u) = @~ 'Z (w(u)) consideringi as an isomorphism

@ :V — Fru. This agrees with the ‘semi-connections ghdefined in
Elworthy-LeJan-Li [7] whenP is taken to be the linear frame bundle’Bi/
andF = T'M. As described there, any semi-connection can be completed to
a genuine connection, but not canonically.

Consider onP a diffusion generatoB, which isequivariant i.e.
BfoR,=B(foR,), Vf,g € C*(P,R), a € G.
The operatolB induces an operatof on the base manifold/ by setting
7 Af(x)=B(fom) (), uen '(z),feC(M),
which is well defined since

B(fom)(u-a)=B((fon))(u).
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Let E, := Image(oz') C T, M, the image of;'. Assume the dimension
of E, = p, independent of. SetF = U, FE,. Thenw : E — M is a sub-
bundle of 7M.

Theorem 1.3. Assumes has constant rank. Them? gives rise to a
semi-connection on the principal bundiewhose horizontal map is given by

©) hu(v) = o® (Tum)* )
wherea € T7 ) M satisfiesr;(a) = v.

Proof. To proveh, is well defined we only need to shaw(o? (T, 7*(a))) =
0 for every 1-formy on P and for every in ker o2, Now o = 0 implies
by Lemma 1.1 that

0= ao?(a) = (Tr)*(a)o®(Tm)"(a)).

ThusT7*(a)o®(T7*(a)) = 0. On the other hand we may considef
as a bilinear form off™* P and then for all3 € T} P,

B (B+t(Tr)* (@), B+ t(T7)*(a))
= 08(5, 08) + 2taB(ﬁ, (Tm)*(a)) + 268 (Tm)*a, (Tm)* )
= o%(8,8) + 2ta® (8, (T7)* ().

Supposer® (3, (T'r)*(a)) # 0. We can then choogesuch that
B (B +t(Tm)* (), B+ t(Tm)*()) <0,

which contradicts the semi-ellipticity &.

We must verify ()7, 7 o hy(v) = v,v € E, C T, M and (i) hy., =
T.R, o hy. The first is immediate by Lemma 1.1 and for the second use the
fact thatT'r o TR, = T'w for all « € G and the equivariance of°. |

§2. Horizontal lifts of diffusion operators and decompositions of equi-
variant operators

A. Denote byC*> QP the space of smooth differential p-forms on a mani-
fold M. To each diffusion operatod we shall associate a unique operatdr
The horizontal lift of A can be defined to be the unique operator such that the
associated operatérvanishes on vertical 1-forms and such thands+ are
intertwined by the lift mapr* acting on 1-forms.

Proposition 2.1. For each smooth diffusion operatot there is a unique
smooth differential operatai* : C>°(Q) — ¢’ such that

@) 84 (f¢) = df o (¢)s + f - 67 (9)
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@) &4 (df) = A(f).

For example it4 has Hirmander representation

1 m
A=5) LxiLxi+La

j=1

for someC'! vector fieldsX?, A then

m

Zﬁxy‘bxj +tiaA

j=1

1
oA =2
2
where 4 denotes the interior product of the vector figléicting on differential
forms.

Definition 2.2. Let.S be aC'* sub-bundle of’ N for some smooth man-
ifold N. A diffusion operato3 on N is said to be alongs if §5¢ = 0 for
all 1-forms ¢ which vanish onS; it is said to be strongly cohesive 4 has
constant rank and is along the image of>.

To be alongS implies that any lrmander form representation Bfuses
only vector fields which are sections §f

Definition 2.3. When a diffusion operataB on P is along the vertical
foliation VTP of ther : P — M we sayl3 is vertical, and when the bundle
has a semi-connection ariglis along the horizontal distribution we sd¥is
horizontal.

If = : P — M has anE semi-connection andl is a smooth diffusion
operator along? it is easy to see thatl has a unique horizontal litd”, i.e.
a smooth diffusion operatod” on P which is horizontal and is a lift ofd in
the sense of (1). By uniqueness it is equivariant.

B. The action ofG on P induces a homomorphism of the Lie algepraf
G with the algebra of right invariant vector fields éh if o € g,

A%(u) = —
(W= Z|  wexp(ta),
and A~ is called the fundamental vector field corresponding tdake a basis
Ay, ..., Ay of g and denote the corresponding fundamental vector fields by
{A7}.

We can now give one of the main results from [5]:
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Theorem 2.4. Let B be an equivariant operator oRf with A the induced
operator on the base manifold. Assumés strongly cohesive. Then there is a
unique semi-connection dn over E for which B has a decomposition

B=A"+BY,

where A is horizontal and3" is vertical. FurthermoreB" has the expres-
siony_ o' L4 Laz+30 B*L 4, wherea'7 and3* are smooth functions oR,

given bya* = &F (o5 (")), and 3* = 6% (&*) for @ any connection 1-form
on P which vanishes on the horizontal subspaces of this semi-connection.

We shall only prove the first part of Theorem 2.4 here. The semi-connection
is the one given by Theorem 1.3, and we defitfé to be the horizontal lift of
A. The proof that3" := B — A" is vertical is simplified by using the fact
that a diffusion operatoP on P is vertical if and only if for allC? functions
fionPandf; on M

@) D(fi(f207)) = (f20 m)D(f1).
Setf, = f» o m. Note
(B—AM) (f1f2) = fo(B— A™) f1 + F1(B— AT) o + 2(dfy )4 (dfy).
Therefore to shows — A7) is vertical we only need to prove
F1(B =AY fy + 2(df1) oA (dfy) = 0.

Recall Lemma 1.1 and use the natural extension-dto o+ : E* — E and
the fact that by (3) o 0 = oB(T,7)* to see

A" (dfs) (ho aAh*) (dfy o Tw) = ho o?dfs

= oP(dfr 0 Tm) = o(dfs),
and sarB=4")(df,) = 0. Also by equation (1)
(B—A")fy=Afs — AP fy = 0.
This shows thaBB — A is vertical. [
Definea: P — g®gands: P — ghby
alu) = Z a(u)A; @ Aj

Bu) = 3 B (u) Ay
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Itis easy to see th#®" depends only on, 3 and the expression is independent
of the choice of basis gf. From the invariance df we obtain

a(ug) = (ad(g) ® ad(g)) a(u),
ad(g)5(u)

=
=

s
\

forallu € Pandg € G.

C. Theorem 2.4 has a more directly probabilistic version. For this let
7w : P — M be as before and fdr < | < r < oo let C(l, r; P) be the space
of continuous pathg : [I,r] — P with its usual Borelr-algebra. For such
write [, = [ andr, = r. Let C(x,*; P) be the union of such spaces. It has
the standard additive structure under concatenatiopaifidy’ are two paths
with r, =, andy(r,) = y'(l,/) lety + 3’ be the corresponding element in
C(ly,ry; P). Thebasico-algebra ofC (x, , P) is defined to be the pull back
by 7 of the usual Boreb-algebra orC'(x, x; M).

Consider the lawgPL" : 0 < [ < r,a € P} of the process running from
a between timeg andr, associated to a smooth diffusion operafoon P.
Assume for simplicity that the diffusion has no explosion. TRBS",a € P}
is a kernel fromP to C(I,r; P). The right actionR, by ¢ in G extends to
give a right action, also writte®,, of G on C(x, x, P). Equivariance o3 is
equivalent to

Pyg = (B Py

forall0 <! < randa € P. If sor.(P;") depends only on(a), [, r and
gives the law of the induced diffusiad on M. We say that such a diffusion
B is basicif for all « € P and0 < I < r < oo the basico-algebra on
C(l,r; P) contains all Borel sets up ;" negligible sets, i.e. for atk € P
and Borel subset® of C(l, r; P) there exists a Borel subsdtof C (I, r, M)
st.P,(n"1(A)AB) = 0.

For paths inG it is more convenient to consider the spa¢g(l, r; G) of
continuouso : [I,r] — G with o(l) = id for ‘d’ the identity element. The
corresponding spagg,,;(x, ¥, G) has a multiplication

Cia(s,t; Q) x Cigt,u; G) — Cia(s,u; G)

(9:9")—gxd

where (g x ¢')(r) = g(r) for r € [s,t] and (g x ¢')(r) = g(t)g'(r) for
r € [t,ul.

Given probability measurd3, Q' onCy4(s, t; G) andCy4(t, u; G) respec-
tively this determines a convolutidp « Q' of Q with Q" which is a probability
measure ol 4(s, u; G).
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Theorem 2.5. Given the lawgP;" : a € P,0 <1 < r < oo} of an equi-
variant diffusion5 as above with4 strongly cohesive there exist probability
kernels{PH:lr . q € P} from P to C(I,7;P),0 < 1 < r < oo andQ}",
definedP!" a.s. fromC(l, r, P) to C;4(l, 7; G) such that

(i) {PHlr.q e P} is equivariant, basic and determining a strongly

cohesive generator.

(i) y— Q}" satisfies

Qly,’ry/ _ @lyﬂ'y " Qly/,’ry/
y+y' Ty Y’
for Plvmv @ Pl " almost ally, y' withr,, = 1,/
(i) For U a Borel subset of'(I, r, P),

PL7(U) = / / X (. ) QLT (dg) P (dy).

The kernel®/--" are uniquely determined as are th@." : y € R}, PXLr
a.s. iny forall a in P. Furthermore@éf depends ory only through its
projectionz(y) and its initial pointy;.

Proof. Fix a in P and let{b; : I < r < t} be a process with la&’,". By
Theorem 2.4 we can assume thais given by an s.d.e. of the form

(5) dby = X (by) 0 dBy 4+ X°(be)dt + A(by) o dfy + V (by)dt

whereX : P x R? — TP is the horizontal lift of someX : M x R? — E,
X0 is the horizontal lift of a vector field® on M, while A : P x Rl — TP
and the vector field” are vertical and determing". Here B. and 3. are
independent Brownian motions @& andR? respectively, some, and we are
using the semi-connection dhinduced byB as in Theorem 1.3.

Let{Z; : I <t < r} satisfy

d"ft = X(i't) o dBt + Xo(jt)dt

:El:a

(6)

so z. is the horizontal lift of{=(b;) : I < ¢t < r}. Then there is a unique
continuous procesy; : I <t < r}in G with g; = id such that

Tege = by.

We have to analys€g; : | < ¢t < r}. Using local trivialisations of
w: P — M we see it is a semi-martingale. As in [9], Proposition 3.1 on page
69,
db, = TRy, (odi,) + A% °%9(b,)
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giving
Blodby) = & (A% 1 (b)) = g7 o dgy

for any smooth connection fort : P — g on P which vanishes ol T P.
Thus

dgt = TLgt(I}(A(jtgt) o dﬁt + V(jtgt>dﬁ)
g = 1d, [ <t<r.

(7)

Fory € C(l,r: P)let{g! : 1 <t <r} be the solution of

@ dg? = TLgyo(Ayig!) o dBe + V (yegf )dt)
g/ =id

(where the Stratonovich equation is interpreted with.d3; = 0'). Sincef.

andB. and henced. andz. are independent we sge= ¢* almost surely. For

a discussion of some technicalities concerning skew products, see [16].
Fory. in C(*,%; P) let{h(y); : I, <t < r,} be the horizontal lift of

7(y)., starting aty;, . This exists for almost aly as can be seen either by the

extension of Id's result to general principal bundles, e.g. using (6), or by the

existence of measurable sections using the fact4iats basic. DefingZ:\-

to be the law ofi. above andy’;" to be that ofy"(%). Clearly conditions (i) is

satisfied.

To check (i) takey andy’ with r, = [,,. Then

W +') = hw) + ) (49)

writing y = h(y)g"® andy’ = h(y')¢g"¥"). Forr, <t <r, this shows

(W +y)e=h(): (ﬂ;f”) )

But(y+v') =y, = h(y’)tgf(y/) and so we havgi‘(“y/) = gﬁf-”)gf(y/) for
t >y, giving g"W ¥ = gh) x gh(¥") almost surely. This proves (ii).

For unigueness suppose we have another set of probability measures de-
notedQ," and P14 which satisfy (i), (ii), (iii). Since{P""}, is equivari-
ant and inducesl on M we can apply the preceding argument to it in place of
{PL.71,. However since it is basic the term involvigign the stochastic differ-
ential equation (6) must vanish. Since it is also strongly cohesive the vertical
partV must vanish also and we ha#&--" = PX.L"_ On the other hand in the
decompositio; = jtgft the law ofg? is determined by those of andz. but
@gf is the conditional law of®- givenz = y. and so is uniquely determined

as described. [ |
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In fact ng is associated to the time dependent generator whighea&?

andt € [I,r]is 3" o (h(y)ig)La, La, + > BE(h(y)ig)La, for o' and s
as defined in Theorem 2.4 whild”-!" is associated tol ™.

§3. Stochastic flows and derivative flows
A. Derivative flows. Let.4 on M be given in Fbrmander form
A= 1 zm: Lxilxi+ L
- 92 Xi1~X0 A

j=1

for some vector fieldX*,... X™, A. As before let?, = span{X'(x),..., X" (z)}
and assumdimFE,, is constantp, say, giving a sub-bundl& c T M. The
X1(z),..., X™(x) determine a vector bundle map of the trivial bungfg

X:R" —TM

with o4 = X (z) X (z)*. We can, and will, consideX as amapX : R” — E.

As such it determines (a) a Riemannian mefic), : © € M} on E (the
same as that determined by) and (b) a metric connectios on E uniquely
defined by the requirement that for eacin M,

V,X(e) =0

for all v € T, M whenevee is orthogonal to the kernel af, M. Then for any
differentiable sectiof/ of E,

() VU =Y (2)d(Y.(U(-) (v),  veTM,
whereY is theR™ valued 1-form on\/ given by
(Yy(v),e)rm = (X (x)(e), V), ecR"veE,,xeM

e.g. [7] where it is referred to as the LeJan-Watanabe connection in this con-
text. By a theorem of Narasimhan and Ramanan [14] all metric connections
on E arise this way, see [15], [7].

For{B, : 0 <t < oo} a Brownian motion ofR™, the stochastic differen-
tial equation

(10) dﬂ]‘t = X(J?t) o dBt + A(Z‘t)dt

determines a Markov process with differential generato©ver each solution
{z; : 0 <t < p}, wherep is the explosion time, there is a ‘derivative’ pro-
cess{v; : 0 < ¢ < p} in TM which we can write ag§7'¢;(vo) : 0 <t < p}
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with T°¢, : T,,, M — T, M linear. This would be the derivative of the flow
{& : 0 <t < p} of the stochastic differential equation when the stochastic dif-
ferential equation is strongly complete. In general it is given by a stochastic
differential equation on the tangent bundl@/, or equivalently by a covariant
equation alondz; : 0 <t < p}:

.D’Ut = VX(’Ut) o dBt + VA(’Ut)dt

with respect to any torsion free connection. Take be the linear frame bun-
dleGL(M) of M, treatingu € GL(M) as anisomorphisma : R™ — T7.(,,) M.
Foruy € GLM we obtain a procesgu; : 0 <t < p} onGLM by

U = T&t o ug.

Let B be its differential generator. Clearly it is equivariant and a liftdof

A proof of the following in the context of stochastic flows, is given later.
Forw € FE,, set

(11) Z"(y) = X(»)Y (z)(w).

Theorem 3.1. The semi-connectioR induced by is the adjoint con-
nection of the LeJan-Watanabe connectidmietermined byx, as defined by
(9), [7]. Consequently ,,V = Lz.V for any vector field” andw € E also
Vv (e)Z" vanishes ifw € E,.

In the case of the derivative flow tlhe 5 of Theorem 2.4 have an explicit
expression: fou, € GLM,

o(u) = %Z (Vo X7) @ (4 () Vu o X7)

(12) ) )
Blu) = —3 Zu—lvmﬂx,,xp — 5u—lRic #u(—).

HereR is the curvature tensor fof andRic* : TM — E the Ricci curvature
defined byRic# (v) = >°7_ R(v,e)e?, v € T, M.

Equivariant operators o&' LM determine operators on associated bun-
dles, such ag?T'M. If the original operator was vertical this turns out to be
a zero order operator (as is shown in [5] for general principal bundles) and in
the case o\?T' M these operators are the generalized Weitzenbock curvature
operators described in [7]. In particular for differential 1-forms the operator
is ¢ — ¢(Ric*—). To see this, as an illustrative example, given a 1-fgrm
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defineg : GLM — L(R™;R) by ¢(u) = ¢yt SOP(ug) = ¢ru(ug—). Then

Las(9)(w) = *qﬁ(u e™")]e=o

d At
= %Qbm(u -et )Jt:()

Iterating we have

BY(¢)(u) = Za” ) (WA A~ +Zﬁ" ) (UAR—)

= o) Rick (u-))

as required, by using the mgp(n) ® gl(n) — gl(n), S® T +— SoT, and
equation (12).

B. Stochastic flows.In fact Theorem 3.1 can be understood in the more
general context of stochastic flows as diffusions on the diffeomorphism groups.
For this assume that/ is compact and forr € {1,2,...} ands > r +
dim(M)/2 let D* = D° M be theC> manifold of diffeomorphisms oft/ of
Sobolev clas$7?, (for example see Ebin-Marsden [2] or Elworthy [3].) Alter-
natively we could take the spa@ of C'>° diffeomorphisms with differen-
tiable structure as in [11]. Fix a base pointin M and letr : D* — M be
evaluation at:. This makegD? into a principal bundle ovek/ with group the
manifoldD; = of H*- diffeomorphisms) with 6(x¢) = x0, acting on the right
by composition (although the action ®F*" is only C", forr = 0,1, 2,...).

Let {& : 0 < s <t < oo} be the flow of (10) starting at time Write
& for £2. The more general case allowing for infinite dimensional noise is
given in [5]. We define probability measurég;* : § € D*} on C([s.t]; M)
be IettingIF’g’t be the law of{&Z 0o 0 : s < r < t} (These correspond to the
diffusion process o®* associated to the right-invariant stochastic differential
equation orD? satisfied by{¢; : 0 <t < oo} asin [3].) These are equivariant
and project byr to the laws given by the stochastic differential equatiordfn
Assuming that these give a strongly cohesive diffusiodbwe are essentially
in the situation of Theorem 2.5.

Let K(z) : R™ — R™ be the orthogonal projection onto the kernel of
X (x), eachr € M. setK*t(x) = id — K(z). Consider theD>-valued
processf; : 0 <t < oo} given by (or as the flow of)

(13) dby(x) = X (0¢(2)) K (0¢(20)) 0 dBe + X (0:(2))Y (0 (20)) A(6: (x0))
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for givend, in D> and, define &2 -valued proces$g; : 0 <t < oo} by

(14)  dg: = TO; ' {X(0rg9:—)K(0sx0) o dB
+A(9tgt—)dt - X(tht—)Y(Gt:co)A(tho)dt}
go = d.

Setz! = &(0o(z0)). Note thatr(6;) = 0;(zo) = x¥ since
X (6:(0)) K™ (8 (w0)) = X (6:(0))

and
X(0¢(20))Y (6¢(20)) A(Or(0)) = A(0:(x0)).

Thus{#; : 0 <t < oo} isalift of {xf,0 < ¢t < oc}. It can be considered to
be driven by the ‘relevant noise’, (from the point of view&oft (zo)), i.e. by
the Brownian motionB. given by

N t~w9—l J_xQ
Bt—/o 7@ K (20)dB,

where{//(z?),0 < s < oo} is parallel translation along’ with respect to the
connection on the trivial bundl& x R™ — M determined byx and K+, so
that ~

/(@) : R™ — R™

is orthogonal and maps the kernel ¥{4.(x()) onto the kernel ofX (x?) for
0 < s < o0, see [7](chapter 3).

Correspondingly there is the ‘redundant noise’, the Brownian mdtibn 0 <
t < oo} given by

ﬁtz/o )@ K (2%)dB,.

Then, as shown in [7](chapter 3),
() B. has the same filtration def : 0 < s < o0}
(i) 8. andB. are independent
(i) dBy = /pdf: + //tdBt-
We wish to see how. is driven byg.. For this observe

t i t
/K(mg)odBS:/ K(xg)st+/ A(z%)ds
0 0 0

for A : M — R given by the Stratonovich correction term. By (iii)

/0 K(:0)dB, = /0 " Jdb, = /0 o ds,
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since/] is independent of by (i) and (ii). Thus equation (14) fay. can be
written as

dg, = TO;" {X(Gtgt—)]/(ﬂ. (20)): 0 dBs + X (Brg,—)A(0,(x0))dt

and if we define

dgl = Ty {X(rgi=) (- (x0))e 0 dBi + X (g —) Alye (o))t
+AWYege—)dt — X (yege—)Y (o) A(yewo)dt }
go = id

for any continuoug : [0, c0) — D°, we see, by the independencebandd
thatg. = ¢°.
By Itd’s formula onD?, for z € M,

d(0:9:(0)) = (odb:)(gs(x)) + Tbs(odgf (x)).
Now
T, (odg? (z)) = {X(0,9:(x))K (s0) 0 dBy

and so by (13) we see thétg, = &, o g, a.s.
Takingdy = id we have

Proposition 3.2. The flow¢. has the decomposition
ftzﬁtgf', 0<t<

for 9 andg? = ¢. given by (13) and (14) above. For almostall [0, occ) — M
with ¢(0) = x and bounded measurable: C(0, co; D>*°) — R

E{F(&) ¢ (x0) =0} = E{F(397)}
wheres : [0,00) — D> is the horizontal lift ofr with 5(0) = id.

To define the *horizontal lift' above we can use the fact, from (i) above,
thaté. has the same filtration &s(z() and so furnishes a lifting map.

In terms of the semi-connection induced on D* — M over E, from
above, by uniqueness or directly, we see the horizontal lift

hg : EQ(IO) — TQDS
hg(v) : M —TM
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is given byhy(v) = X (0(z))Y (0(x))v and the horizontal lifé. from &, of
aC' curves on M with 64(zo) = oo anda (t) € E, ), all t, is given by

d . - .

%Ut = X(O't—)Y(O't)O't

for 6o = id. The lift is the solution flow of the differential equation
U = 2% ()

onM.

For each frame: : R® — T, M there is a homomorphism of principal
bundles

D* — GL(M)
(15) 0 =T, 00u.

This sendq¢; : ¢ > 0} to the derivative procesk.¢; o u. (If the latter satisfies

the strongly cohesive condition we could apply our analysis to this submersion
D* — GLM and get another decomposition&f)

Results in Kobayashi-Nomizu [9] (Proposition 6.1 on page 79) apply to
the homomorphisr®* — GL(M) of (15). This gives a relationship between
the curvature and holonomy groups of the semi-connecticon GLM de-
termined by the derivative flow and those of the connection induced by the
diffusion onD* -~ M. It also shows that the horizontal liftz; : t > 0}
throughu of {x; : ¢ > 0} to GL(M) is justT,, 0, o u for {6, : t > 0} the flow
given by (13) withd, = id, i.e. the solution flow of the stochastic differential
equation

dy, = Z°%* (y)-

From this and Lemma 1.3.4 of [7] we see tRais the adjoint of the LeJan-
Watanabe connection determined by the flow, so proving Theorem 3.1 above.
However the present construction applies with GLM replaced by any natural
bundle over) (e.g. jet bundles, see Kolar-Michor-Slovak [10]), to give semi-
connections on these bundles.
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