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Abstract. The space derivatives of Freidlin’s travelling wave like solutions of generalized KPP
equations are considered in this paper. We give estimates of the first two space derivatives on
the wave front and show that the travelling wave is nearly flat on the trough and on the crest.
Differentiation of heat semigroups, logarithmic transformation and semi-classical analysis based
on stochastic analysis are the main tools used here.
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1. Introduction

A. Consider the following reaction–diffusion equation onRn with parameterµ > 0:

∂u
µ
t (x)

∂t
= µ2

2
1u

µ
t (x)+ 1

µ2
c(t, x, u

µ
t (x))u

µ
t (x),

uµ(0, x) = T0(x) exp

{
−S0(x)

µ2

}
. (1.1)

Here1 is the Laplace operator,c is a real valued measurable function,T0 is a non-negative
measurable function andS0 is a C2 function. We look at the behaviour of the solutions
{uµt (x)} for small values of the parameterµ. It was shown by Freidlin that under suitable
conditions, with initial conditionuµ(0, x) = χx60, asµ → 0 the solutionuµt (x) to (1.1)
converges to a ‘travelling wave’, i.e. there is a functionV (t, x) such that limµ→0 u

µ
t (x) = 0

if V (t, x) > 0 and limµ→0 u
µ
t (x) = 1 if V (t, x) > 0. The region{(t, x) : V (t, x) < 0} is

called thetrough of the approximate travelling wave and{(t, x) : V (t, x) > 0} is called the
crest. See e.g. Freidlin [8, 9], via a stochastic approach and see Zhao and Elworthy [18],
Elworthy et al [4] via classical mechanics and Freidlin’s stochastic approach. For recent
related work see Champneyset al [2], Karpelevich, Kelbert and Suhov [12], Evans and
Sougandis [7] and Barleset al [1].

In this paper, we study the asymptotic behaviour of the space derivativesDu
µ
t of the

solution of equation (1.1). We first use the probabilistic expression for the derivatives of the
solutions in Elworthy and Li [5] to give gradient estimates of the wavefront and to conclude
that |Duµt | and|D2u

µ
t | converge to zero exponentially fast on the trough. In sections 4 and

5 we assume thatc(t, x, u) is independent oft andx. Using the logarithmic transformation
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and semi-classical analysis we show thatµ2|∇ loguµt | is bounded on the wavefront and
that |∇uµt | is exponentially small on the crest of the travelling wave. For those results
we need an assumption thatc′(u) is negative and some restriction on the initial functions.
As an example we have global gradient estimates for the wavefront of the standard KPP
equation and have shown that the approximate travelling wave for KPP equation is flat on
the trough. In fact for good initial functions, including the Gaussian case, the travelling
wave like solution of the KPP equation is also flat on the crest. In the companion paper Zhao
[19], initial Dirac distributions are treated. See also Freidlin [10], Kolmogoroff, Petrovsky
and Piscounoff [13], Sheu [15] and Evans and Sougandis [7] for related works.

B. Let c̄(x) = c(x, 0), assumed to beC1. Let S0 be aC1 function. The functionV (t, x)
defining the trough and the crest can be given by the classical mechanical system introduced
in [2]:

8̈s(x) = −∇ c̄(8s(x)), 80(x) = x, 8̇0(x) = ∇S0(x) s > 0. (1.2)

The classical mechanical system is said to satisfy theno causticcondition if there exists
T > 0 such that for 06 s 6 T , there is a solution8s to (1.2) consisting of diffeomorphisms
of Rn. Assume the no caustic condition. We defineV : [0, T ] × Rn 7→ R by

Vt(x) =
∫ t

0
c̄(8s(8

−1
t (x)))ds − S0(8

−1
t (x))− 1

2

∫ t

0
|8̇s(8

−1
t (x))|2ds,

0 6 t 6 T , (1.3)

which solves the Hamilton–Jacobi equation

1

2
|∇Vt(x)|2 + c̄(x) = ∂Vt (x)

∂t
0 6 t 6 T (1.4)

with initial condition −S0 (see [3]). We quote a result from [18]; it is a variation on
Freildlin’s results [8]. First are the conditions:

Condition (N). If Vt(x) = 0 then fors ∈ (0, t),
Vt−s(8t−s(8−1

t (x))) < 0. (1.5)

The standard KPP conditions:
(I). Supposēc is continuous, bounded above andc(x, u) 6 c(x, 0) = c̄(x) whenu > 0.
(II). c(x, u) > 0 for 0< u < 1 andc(x, u) < 0 for u > 1.

Theorem 1.1. ([18]) Assume condition (I) and the no caustic condition for0 6 t 6 T and
that c andS0 areC2 with S0 non-negative, and thatT0 is positive, continuous and bounded.
Then for any compact subsetK in {(t, x) : Vt(x) < 0, 0< t 6 T }, there existδ(K) > 0 and
µ0(K) > 0 such that for any0< µ < µ0 and (t, x) ∈ K,

uµ(t, x) < exp

{
− δ

µ2

}
. (1.6)

If we also assume (II),(N), then

lim
µ→0

u
µ
t (x) = 1, (1.7)

uniformly on any compact subset of{(t, x) : Vt(x) > 0, 0< t 6 T }.
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Remarks. (i) The no caustic condition in theorem 1.1 can be replaced by a late caustic
assumption, (see [4] for more details). It was also shown in [4] how a solution of a linear
equation goes wrong at the caustic time and a solution of the corresponding nonlinear KPP
equation is well defined for all timet > 0. Nevertheless the wavefront is infinitely fast due
to the caustics. A similar phenomenon was also discussed in Harris and Williams [11].

(ii) From the proof given in [18] we see that the statmentT0 is bounded can be replaced
by the statment ‘uµ0 is bounded uniformly inµ.’

(iii). For the case with driftZ(x), we need semi-classical analysis for vector potentials,
(see Truman and Zhao [17]). Freidlin [8] also discussed the wavefront with vector potentials.
We consider the caseZ(x) ≡ 0 except in section 2.

For simplicity, we sometimes writevt (x) for a functionv(t, x) of space and time.

2. Probabilistic expressions for the derivatives of solutions and some gradient estimates
on the wavefront

Let c be a real valued function on [0,∞)×Rn×R1. Throughout this section letZ be aC3

vector field such that〈x, Z(x)〉 6 k(1 + |x|2) and 〈DZ(x)(v), v〉 6 k[1 + ln(1 + |x|)]|v|2
for some constantk. Consider the reaction–diffusion equation (1.1) with initial valueuµ0 .

∂u(t, x)

∂t
= 1

2
µ21u(t, x)+ 〈Z(x),∇u(t, x)〉 + 1

µ2
c (t, x, u(t, x)) u(t, x)

u(0, x) = u
µ

0 (x). (2.1)

Let uµ0 be a bounded measurable function anduµt a solution to (2.1). Here and in the
following by a solutionwe mean a regular solution i.e. one which isC2 in x andC1 in t .
As is known such a solution is given by the generalized solution (see e.g. Freidlin [8]):

u
µ
t (x0) = Eu

µ

0 (xt ) exp

{
1

µ2

∫ t

0
c(t − s, xs, u

µ
t−s(xs))ds

}
, (2.2)

where{xt ≡ Ft(x0)} is the solution fromx0 ∈ Rn of the associated stochastic differential
equation:

dxt = µdBt + Z(xt )dt, (2.3)

for {Bt } a Rn-valued Brownian motion on a given probability space(�,F , P ). Under the
assumptions onZ this SDE does not explode.

There is also a functional integral expression for the derivatives ofu
µ
t . Let vt be the

solution, fromv0 ∈ Rn, to

Dvt = DZ(xt )(vt )dt, (2.4)

and let

G
µ
t (x) = c(t, x, uµ(t, x))uµ(t, x) (2.5)

so 1
µ2G

µ
t (x) is the potential term in equation (2.1).

The following comes from the linear version suggested by Da Prato, ‘note added in
proof’ in [5]. Let µ > 0 be a fixed number.
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Proposition 2.1. Supposec(t, x, u) is bounded above, H¨older continuous int and Lipschitz
continuous inx,u on each time interval[0, T ] ×Rn ×R1. Letuµ0 be a bounded measurable
function. Ifuµt is aC2,1 solution of (2.1), then fort > 0

Du
µ
t (x0)(v0) = 1

t

1

µ
Eu

µ

0 (xt )

∫ t

0
〈dBs, vs〉

+ 1

µ3

∫ t

0

ds

t − s
EGµ

s (xt−s)
∫ t−s

0
〈dBr, vr〉. (2.6)

Proof. Let Ptu0 be the solution to the equation

∂u(t, x)

∂t
= 1

2
µ21u(t, x)+ 〈Z(x),∇u(t, x)〉

starting fromu0. ThenPtu0(x0) = Eu0(xt ) for all u0 bounded measurable. Furthermore
Ptu0 is a regular solution andDPtu0 is given by (see theorem 2.1 in [5]):

D(Ptu0)(x0)(v0) = 1

t

1

µ
Eu0(xt )

∫ t

0
〈vs, dBs〉. (2.7)

On the other hand by the variation of constant formulau
µ
t satisfies:

u
µ
t (x) = Ptu

µ

0 (x)+ 1

µ2

∫ t

0
Pt−s

(
c(s, ·, uµs (·))uµs (·)

)
(x)ds. (2.8)

Let {unt } be a sequence of functions approximatinguµt , given by:

unt (x) = Ptu
µ

0 (x)+ 1

µ2

∫ t−1/n

0
Pt−s

(
(c(s, ·, uµs (·))uµs (·)

)
(x)ds. (2.9)

Then eachunt is C2,1 and converges touµt asn goes to infinity. Furthermore by (2.7)

Dunt (x0)(v0) = DPtu
µ

0 (x0)(v0)

+ 1

µ3

∫ t−1/n

0

ds

t − s
Ec(s, xt−s , uµs (xt−s))u

µ
s (xt−s)

∫ t−s

0
〈dBr, vr〉,

Since supx0
sup06r6T E|vr |2 is bounded under the assumptions onZ [14], we see that the

right-hand side of the above equation converges locally uniformly. It turns out that

Du
µ
t (v0) = DPtu

µ

0 (x0)(v0)

+ 1

µ3

∫ t

0

ds

t − s
Ec(s, xt−s , uµs (xt−s))u

µ
s (xt−s)

∫ t−s

0
〈dBr, vr〉.

The required formula follows from (2.7) and the above equality. �

One of the remarkable properties of this formula is that it does not involveDu0 or Dc.
From here we can obtain a crude gradient estimate for the wavefront of the approximate
travelling wave solutionuµt asµ goes to zero. Note that if the KPP condition (II) holds and
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if {uµ0 } are non-negative and uniformly bounded inµ, then{uµ(t, x), µ > 0} are bounded
uniformly in µ. And so are{Gµ

t (x), µ > 0}.

Corollary 2.2. Suppose{Gµ
t (x) : µ > 0} and {uµ0 : µ > 0} are uniformly bounded inµ on

[0, T ] × Rn. Then under the conditions of proposition 2.1, for eacht ∈ (0, T ] andµ small,

sup
x∈Rn

µ3|Duµt (x)| 6 k

(
µ2

√
t

+ 1

)
(2.10)

Herek is a constant independent ofµ and t .

Proof. The estimate follows from (2.6) after taking account of the boundedness of
supx0

sup06r6t E|vr |2. �

For further estimates of this type see theorem 4.3 below.
In the same spirit we have, letv1

0, v
2
0 ∈ Rn, v1

t = Tx0Ft(v
1
0), v

2
t = Tx0Ft(v

2
0) andµ > 0

a fixed number:

Proposition 2.3. Further to the conditions of proposition 2.1, suppose thatc has first bounded
derivatives inx andu and that|DZ| + |D2Z| are bounded. LetDcµs be the total derivative
of c(s, x, uµt−s(x)) in x. Then fort > 0,

D2u
µ
t (x0)(v

2
0, v

1
0) = D2(Ptu

µ

0 )(x0)(v
2
0, v

1
0)

+ 1

µ3

∫ t

0

1

t − s
EDcµs (xt−s)(v

2
t−s)u

µ
s (xt−s)

∫ t−s

0
〈dBr, v1

r 〉

+ 1

µ4

∫ t

0

ds

(t − s)s
Ec(s, xt−s , uµs (xt−s))u

µ

0 (xt )

∫ t

t−s
〈dBr, v2

r 〉
∫ t−s

0
〈dBr, v1

r 〉

+ 1

µ6

∫ t

0

ds

t − s
Ec(s, xt−s , uµs (xt−s))

∫ t−s

0
〈dBβ, v1

β〉

×
∫ s

0

dr

s − r
Gµ
r (xt−r )

∫ t−r

t−s
〈dBα, v2

α〉

+ 1

µ3

∫ t

0

ds

t − s
EGµ

s (xt−s)
∫ t−s

0
〈dBr,D2Fr(v

2
0, v

1
0)〉.

Proof. This follows from differentiating (2.6). �

Note that by a formula in [5],

D2(Ptu
µ

0 )(v
2
0, v

1
0) = 4

t2

1

µ2
E

(
u
µ

0 (xt )

∫ t

t
2

〈v1
s , dBs〉

∫ t
2

0
〈v2
s , dBs〉

)

+ 2

t

1

µ
E

(
u
µ

0 (xt )

∫ t
2

0
〈D2Fs(v

2
0, v

1
0), dBs〉

)
. (2.11)

From (2.11) and proposition 2.3 we conclude that
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Corollary 2.4. Assume KPP condition (II) and the conditions of proposition 2.3. Suppose
that {uµ0 : µ > 0} are bounded uniformly inµ on [0, T ] ×Rn. Then for eacht ∈ (0, T ] there
is a constantk such that for allµ

sup
x∈Rn

µ6|D2u
µ
t (x)| 6 k

(
µ4

t
+ 1

)
. (2.12)

This follows from a similar argument to that used in the proof of corollary 2.2.
There are further estimates on the wavefront in section 4. The estimates in this section

are not very delicate especially on the trough and on the crest. In sections 3 and 4 we shall
mainly study the gradients on the trough and in section 5 we shall devote to the study on
the crest and show that|∇uµt | is exponentially small asµ goes to zero.

3. Gradient estimates foruµt at the trough of the travelling waves

Assume the potential term in equation (2.1) does not depend ont explicitly so c(t, x, u) =
c(x, u). Take the initial functionuµ0 to be bounded and of the following form

u
µ

0 (x) = T0(x) exp

{
− 1

µ2
S0(x)

}
(3.1)

for T0 : Rn → R a non-negative measurable function andS0 : Rn → R a C2 function. So
we are considering:

∂uµ(t, x)

∂t
= µ2

2
1uµ(t, x)+ 1

µ2
c(x, uµ(t, x))uµ(t, x)

uµ(0, x) = T0(x) exp

{
− 1

µ2
S0(x)

}
. (3.2)

Under certain conditionsuµt (x) converges to zero exponentially fast (cf theorem 1.1) in
the region{(t, x) : V (t, x) < 0}. Here we show that|∇uµt | also converges to zero at the
trough with virtually no extra conditions and essentially the same proof. Recall thatV (t, x)

is defined by (1.3).

Let c̄(x) = c(x, 0). Assume KPP condition (I), that is̄c is C1 and bounded above, and
c(x, u) 6 c̄(x).

Theorem 3.1. Let c(x, u) be aC2 function bounded above, Lipschitz continuous in both
variables and satisfying the KPP condition (I) and the no caustic condition. Supposec̄ > 0
andS0 is C3. Assume that, for some constantk0,
(i) |T0(x)| 6 k0(1 + |x|) and |c(x, uµt (x))| 6 k0 for µ 6 1 on [0, T ] × Rn.
(ii) |∇V (t, x)| 6 k0(1 + |x|) and |1V (t, x)| 6 k0 on [0, T ] × Rn.

Then if uµt (x) is a regular solution, there is a constantk such that for small enough
µ > 0, and(t, x) ∈ (0, T ] × Rn,

|Duµt (x)| 6 k

(
1 + 1√

tµ4

)
exp

{
1

µ2
V (t, x)

}
. (3.3)
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In particular |Duµt (x)| converges to zero uniformly and exponentially asµ → 0, on compact
subsets of{(t, x) : V (t, x) < 0}.

Proof. First we rewrite formulae (2.6) in the following form:

Du
µ
t (x0)(v0) = 1

t

1

µ
Eu

µ

0 (xt )

∫ t

0
〈dBs, vs〉

+ 1

µ3

∫ t

0

ds

t − s
Ec(xt−s , uµs (xt−s))× u

µ

0 (xt )

× exp

{
1

µ2

∫ t

t−s
c(xr , u

µ
t−r (xr))dr

}∫ t−s

0
〈dBr, vr〉.

This formula can be simplified by the following transform:

dys = µdBs + ∇Vt−s(ys)ds, (3.4)

which has no explosion from the linear growth of|∇V (t, x)|. Let

Mt = exp

{
− 1

µ

∫ t

0
〈∇Vt−s(ys), dBs〉 − 1

2µ2

∫ t

0
|∇Vt−s(ys)|2 ds

}
. (3.5)

Using (1.4), it was shown in [18]:

Mt = e
(
S0(yt )

µ2

)
e
(
V (t,x)

µ2

)
e(−

1
2

∫ t
0 1Vt−s (ys )ds)e

(
− 1
µ2

∫ t
0 c̄(ys )ds

)
. (3.6)

Note in this case

vt = v0.

The Maruyama–Girsanov–Cameron–Martin formula gives:

Du
µ
t (x0)(v0) = 1

t

1

µ2
Eu

µ

0 (yt ) · Mt ·
(

〈µBt, v0〉 +
∫ t

0
〈∇Vt−s(ys), v0〉ds

)
+ 1

µ4

∫ t

0

ds

t − s
· EMt c(yt−s , uµs (yt−s))u0(yt )

× exp

{
1

µ2

∫ t

t−s
c(yr , u

µ
t−r (yr))dr

}
(〈µBt−s , v0〉 +

∫ t−s

0
〈∇Vt−r (yr), v0〉dr).

Let

Nt = T0(yt ) exp

{
−1

2

∫ t

0
1Vt−s(ys)ds

}
.

ThenEN2
t is finite and

Du
µ
t (x0)(v0) exp

{
−V (t, x)

µ2

}
= 1

t

1

µ2
E

{
Nt exp

{
− 1

µ2

∫ t

0
c̄(yr)dr

}
·
(

〈µBt, v0〉 +
∫ t

0
〈∇Vt−s(ys), v0〉ds

)}
+ 1

t

1

µ4
E

{
Nt

∫ t

0

ds

t − s
c(yt−s , uµs (yt−s)) · exp

{
1

µ2

∫ t

t−s
[c(yr , ut−r (yr))− c̄(yr)]dr

}
× exp

{
− 1

µ2

∫ t−s

0
c̄(yr)dr

}
·
(

〈µBt−s , v0〉 +
∫ t−s

0
〈∇Vt−r (yr), v0〉dr

)}
. (3.7)



466 Xue-Mei Li and H Z Zhao

Therefore,

|Duµt (x0)(v0)| exp

{
−V (t, x)

µ2

}
6 1

t

1

µ2
ENt

(
〈µBt, v0〉 +

∫ t

0
〈∇Vt−s(ys), v0〉ds

)
+ k0

t

1

µ4
E

{
Nt

∫ t

0

ds

t − s

(
〈µBt−s , v0〉 +

∫ t−s

0
〈∇Vt−r (yr), v0〉dr

)}
.

However

E

∫ t

0
|∇Vt−s(ys)|2ds < ∞.

So there is a constantk such that for small enoughµ, and all(t, x) ∈ (0, T ] × Rn,

|Duµt (x0)| exp

{
− 1

µ2
V (t, x)

}
6 k

(
1 + 1√

tµ4

)
.

�

Remarks. (i) Note that {c(x, uµt (x)) : µ > 0} are uniformly bounded if either of the
following holds: (a)c(x, u) : Rn × R1 → R is a bounded function (b)c is bounded above
and satisfies the KPP condition (II). AlsoT0 is non-negative andS0 is bounded from below,
u
µ

0 is bounded uniformly inµ. This is because under those conditions{uµt : µ > 0} are
uniformly bounded and so are{c(x, uµt (x)) : µ > 0}.

(ii) The condition on the boundedness of1V (t, x) is unnecessary. It can be removed
using an argument in Elworthy and Zhao [6].

(iii) Applying the above transform to the formulae forD2u
µ
t we see that under suitable

conditions

lim
µ→0

|D2u
µ
t (x)| = 0

on the trough.

4. Further estimates on the wavefront and on the trough

A. Let c be a real-valuedC1 function bounded above,S0 : Rn → R be aC2 function
bounded from below andT0 a strictly positiveC1 function onRn. Assumeuµ(0, x) =
T0(x) exp

{
− 1
µ2S0(x)

}
is bounded. Consider

∂uµ(t, x)

∂t
= µ2

2
1uµ(t, x)+ 1µ2c(uµ(t, x))uµ(t, x)

uµ(0, x) = T0(x) exp

{
− 1

µ2
S0(x)

}
. (4.1)
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Let uµ(t, x) be a regular solution to (4.1). Setvµ(t, x) = Duµ(t, x). We observe that
vµ(t, x) satisfies:

∂

∂t
v
µ
t (x) = 1

2
µ21v

µ
t (x)+ 1

µ2
[c(uµt (x))+ c′(uµt (x))u

µ
t (x)]v

µ
t (x),

v
µ

0 (x) = Du0(x). (4.2)

Now uµt (x) is bounded and so therefore isc′(uµt (x))u
µ
t (x). Assuming that|Duµ0 | is bounded,

then by the Feynman–Kac formula we can write down the solution to (4.3) explicitly:

v
µ
t (x0) = Du

µ
t (x)

= 1

µ2
EDu

µ

0 (xt ) exp

{
1

µ2

∫ t

0
[c(uµt−s(xs))+ c′(uµt−s(xs))u

µ
t−s(xs)]ds

}
. (4.3)

Herexs = x + µBs .

B. In the following we shall apply a logarithmic transformation to (4.1) in order to give
some uniform estimate on|Duµt (x)|. Set

Jµ(t, x) = −µ2 loguµ(t, x).

ThenJµ is C2,1 and satisfies the nonlinear Hamilton–Jacobi–Bellman equation:

∂

∂t
J µ(t, x)+ 1

2
|∇Jµ(t, x)|2 + c(uµ(t, x)) = 1

2
µ21Jµ(t, x), (4.4)

with Jµ(0, x) = −µ2 logT0(x)+ S0(x), For s 6 t consider

dzµs = µdBs − ∇Jµ(t − s, zµs )ds z
µ

0 = x. (4.5)

We shall first give estimates of|∇uµt | for eachµ to conclude that (4.5) does not explode
up to timet , and then use (4.5) to simplify (4.3).

Let t > 0 be fixed. We solve (1.2) to get8s(x) = x + s∇S0(x). Assume that each
8s : Rn → Rn is a diffeomorphism for 06 s 6 T , for someT > 0 (i.e. the no caustic
condition holds). Then by (1.3)

Vt(x) = c(0)t − S0(8
−1
t (x))− t

2
|∇S0(8

−1
t (x))|2.

Set, for 06 t 6 T ,

φt(x) = |det∇8−1
t (x)|

and

ψt(x) = T0(8
−1
t (x))

√
φt(x).

Note thatφt(x) > 0 from the assumption and

∇8−1
t (x) = [

Id + tD(∇S0(8
−1
t (x)))

]−1
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Let BC1 be the space of boundedC1 functions with bounded first derivatives, and

T
µ

d (x) = µ2DT0(x)− T0(x)DS0(x) (4.6)

so that

Du
µ

0 (x) = 1

µ2
T
µ

d (x) exp

{
−S0(x)

µ2

}
.

Lemma 4.1. Assume thatc ∈ C1 and bounded above andu0 = T0 exp
{
− S0
µ2

}
is BC1 with

T0 > k1 > 0. Letµ ∈ (0, 1]. Then
(i) If ||T µd ||∞ 6 k2, then on each[0, t ] × Rn,

|µ2D loguµs (x)| 6 k2

k1
e
ks

µ2 .

Herek is a constant such thatc′(us(x))us(x) 6 k. If furthermorec′(u) 6 0, then

|µ2D loguµs (x)| 6 k2

k1
.

(ii) Assumec is C2 and satisfies the no caustic condition, andS0 is C3. Suppose that
1V (s, x) is uniformly bounded and|∇V (s, x)| 6 k0(1+|x|) on [0, t ]×Rn for some constant
k0. Then on[0, t ]

|µ2D loguµs (x)| 6
(

1

k1

) 1
q

e
k3s

µ2 (1 + |x|),

if the function( |T µd |q
T0
q−1 )

1
q has linear growth for someq > 1. Herek3 is a constant.

(iii) Assumec is C2 and satisfies the no caustic condition, andS0 is C3. Suppose there
is a numberk0 > 0 such that|1V (s, x)|+ |1ψs/ψs | 6 k0 and |∇V (s, x)|+ |∇ logψs(x)|+
|T µd |
T0
(x) 6 k0(1 + |x|) on [0, t ] × Rn for eachµ > 0. Then there is a constantk such that

|µ2D loguµs (x)| 6 ke
kT

µ2 (1 + |x|).

In particular (4.5) has no explosion under any of the conditions.

Proof. (i) By Feynman–Kac formulae (2.2) forut ,

uµs (x0) = ET0(xs) exp

{
−S0(xs)

µ2

}
exp

{∫ s

0

1

µ2
c(us−r (xr))dr

}
> k1E exp

{
−S0(xs)

µ2

}
exp

{∫ s

0

1

µ2
c(us−r (xr))dr

}
.

And by (4.3) we have for 06 s 6 t ,

|Duµs (x)| 6 1

µ2
· k2e

ks

µ2E exp

{
−S0(xs)

µ2

}
exp

{∫ s

0

1

µ2
c(us−r (xr))dr

}
.
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Therefore,

|D loguµ(s, x)| 6 1

µ2

k2

k1
e
ks

µ2 .

Soµ2|D loguµ(s, x)| is bounded on [0, t ] × Rn and (4.5) has no explosion.

(ii) Write f = u0(xt ) exp
{

1
µ2

∫ t
0 c(u

µ
t−s(xs))ds

}
and

g = T
µ

d

T0
(xt ) exp

{
1

µ2

∫ t

0
c′(uµt−s(xs))u

µ
t−s(xs)ds

}
,

so thatDuµt (x) = 1
µ2Efg. Then for any conjugate numbersp, q > 1,

Du
µ
t (x) = 1

µ2
Ef

1
p f

1
q g 6 1

µ2
(Ef )

1
p (Efgq)

1
q

= 1

µ2
u(t, x)

1
p

[
E
(T

µ

d )
q

T
q−1

0

(xt ) exp

{
−S0(xt )

µ2

+ 1

µ2

∫ t

0
[c(uµt−s(xs))+ qc′(uµt−s(xs))u

µ
t−s(xs)]ds

} ] 1
q

. (4.7)

Let {yt } be defined by (3.3). Applying the Girsanov transform respectively to (4.7) and
to the Feyman–Kac formula (2.2) foruµt we see that

µ2Du
µ
t (x)

u(t, x)
1
p

= exp
1
qµ2 V (t,x)

[
E exp

{
−1

2

∫ t

0
1Vt−s(ys)ds

}
× (T

µ

d )
q

T
q−1

0

(yt ) exp

{
1

µ2

∫ t

0
[c(uµt−s(ys))− c(0)

+ qc′(uµt−s(ys))u
µ
t−s(ys)]ds

} ] 1
q

(4.8)

and

u
µ
t (x) = exp

{
1

µ2
V (t, x)

}
E

[
T0(yt ) exp

{
−1

2

∫ t

0
1Vt−s(ys)ds

}
exp

{
1

µ2

∫ t

0
[c(uµt−s(ys))− c(0)]ds

}]
. (4.9)

In particular there is a lower bound foruµt (x):

u
µ
t (x) > k1e

− kt

µ2 e− kt
2 exp

{
1

µ2
V (t, x)

}
. (4.10)

Herek is a constant such that|1Vt(x)| 6 k andc(uµt−s(x))− c(0) > −k. And by (4.8)

µ2 |Duµt (x0)|
u
µ
t (x)

6 µ2 |Duµt (x0)|
u
µ
t (x)

1
p

· 1

u
µ
t (x)

1
q

6
(

1

k1

) 1
q

exp

{
k3t

µ2

}(
E

∣∣∣∣∣ (T µd )qT
q−1

0

(yt )

∣∣∣∣∣
) 1

q
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for some constantk3 > 0. Since|∇V (t, x)| has linear growth we see that

µ2 |Duµt (x)|
u
µ
t (x)

6
(

1

k1

) 1
q

exp

{
k3t

µ2

}
(1 + |x|),

and (4.5) has no explosion.
(iii) This is proved by essentially the same method as used in the proof (ii). The only

difference is that we add an extra drift in the Girsanov transform to (4.3) and (2.2):

dyµs = µdBs + ∇V (t − s, ys)ds + µ2∇ logψt−s(ys)ds.

Let {ȳt } be the solution to the above SDE starting fromx. Then for any continuous
F : C([0, t ] → Rn) → R (for the proof see [16]):

EF(x·)T0(xt )e
− S0(xt )

µ2 = e
Vt (x)

µ2 ψt(x)EF(ȳ·)e
− c(0)t

µ2 exp

{
µ2

2

∫ t

0

1ψt−s(ȳs)
ψt−s(ȳs)

ds

}
. (4.11)

So

Du
µ
t (x)

u
µ
t (x)

= 1

µ2
×
E
T
µ
d (ȳ

µ
t )

T0(ȳ
µ
t )

exp
{

1
µ2

∫ t
0 [c(uµt−s(ȳs))+ c′(uµt−s(ȳs))u

µ
t−s(ȳs)+ µ4

2
1ψt−s (ȳs )]
ψt−s (ȳs )

ds
}

E exp
{

1
µ2

∫ t
0 [c(uµt−s(ȳs))+ µ4

2
1ψt−s (ȳs )
ψt−s (ȳs )

]ds
} .

The required estimate follows since{c(uµt−s(x))} and{c′(uµt−s(x))} are bounded on [0, t ]×Rn
for eachµ. �

Observations

Let c be aC2 function satisfying the KPP condition (I). Then by the Girsanov transform
in the proof of lemma 4.1 we obtain results on the flatness of the approximate travelling
waves on the trough. More precisely,

(1) Assume condition (ii) of lemma 4.1 (this does not include that|T µd |q
T
q−1

0

has linear

growth). Then by (4.9)

|uµt (x)| 6 k exp

{
V (t, x)

µ2

}
E|T0(yt )|,

And if furthermore|Duµ0 | is bounded andc′(u) 6 0, then by the same Girsanov transform
to (4.3) we obtain:

|Duµt (x)| 6 k
1

µ2
exp

{
V (t, x)

µ2

}
E|T µd (yt )|.

(2) Assume condition (iii) of lemma 4.1. Then by (4.11), (2.2), forµ 6 1,

|uµt (x)| 6 k exp

{
V (t, x)

µ2

}
ψt(x)
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and if |Duµ0 | is bounded andc′(u) 6 0 then by (4.11) and (4.3),

|Duµt (x)| 6 e
µ2

2 kt exp

{
V (t, x)

µ2

}
ψt(x)E

∣∣∣∣T µd (ȳt )T0(ȳt )

∣∣∣∣
6 e

µ2

2 kt (1 + |x|)ψt (x) exp

{
V (t, x)

µ2

}
.

Theorem 4.2. Assumec ∈ C2 and bounded above andu0 is BC1 with T0 bounded below
by a positive constant. Then

D loguµt (x) = 1

µ2
E
T
µ

d (z
µ
t )

T0(z
µ
t )

exp

{
1

µ2

∫ t

0
c′(uµt−s(z

µ
s ))u

µ
t−s(z

µ
s )ds

}
, (4.12)

if (4.5) does not explode. In particular (4.12) holds if any one of the conditions in lemma
4.1 holds.

Proof. This is an application of the Maruyama–Girsanov transform to (4.3) and (4.5). Let

Mµ
t = exp

{
−µ

∫ t

0
〈dBs,D loguµ(t − s, zµs )〉

−µ
2

2

∫ t

0
|D loguµ(t − s, zµs )|2ds

}
.

It can be simplified as in Elworthy and Truman [3]: apply Itô’s formula to(s, x) →
loguµ(t − s, x) and use (4.4) to see

loguµ(t − s, zµs ) = loguµ(t, x)+ µ

∫ s

0
〈dBr,∇ loguµ(t − r, zµr )〉

+ µ2

2

∫ s

0
|D loguµ(t − r, zµr )|2dr − 1

µ2

∫ s

0
c(uµ(t − r, zµr ))dr. (4.13)

It follows that

Mµ
t = uµ(t, x)

u
µ

0 (z
µ
t )

· exp

{
− 1

µ2

∫ t

0
c(ut−r (zµr ))dr

}
,

and so by the Maruyama–Girsanov–Cameron–Martin formula, for eacht ,

Duµ(t, x) = 1

µ2
uµ(t, x)E

T
µ

d (z
µ
t )

T0(z
µ
t )

exp

{
1

µ2

∫ t

0
c′(uµt−s(z

µ
s ))u

µ
t−s(z

µ
s )ds

}
.

�
Sinceu is non-negative this gives us the first estimate on|∇ loguµt (x)|:

Theorem 4.3. Assume (4.5) has no explosion andc′(u) 6 0. LetK be a compact subset of

R1 × Rn. If for (t, x) ∈ K, E |T µd (zµt )|
T0(z

µ
t )

6 k for some constantk , then onK

µ2 |∇uµ(t, x)|
uµ(t, x)

6 E
|T µd (zµt )|
T0(z

µ
t )

6 k. (4.14)
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Remark. Comparing corollary 2.2 and theorem 4.3, we notice that the estimate in theorem
4.3 is much more accurate. But it uses hypotheses on{zµt }, the stochastic flow by the
logarithmic transformation as well as the assumption thatc′(u) 6 0. The condition on{zµt }
will turn out to be conditions on the initial functions. We hope in the future we can combine
these two approaches to relax the conditions onc′ and onDu0. Note also that ifc′(u) 6 0
then by (4.12),

|Duµt (x)| 6 1

µ2
u
µ
t (x)

∣∣∣∣ET µd (zµt )T0(z
µ
t )

∣∣∣∣ .
So it is essential to get estimates on

∣∣∣E T
µ
d (z

µ
t )

T0(z
µ
t )

∣∣∣.
In the following lemma we generalize a result in Sheu [15] where linear parabolic

equations were considered.

Lemma 4.4. Let c be C2 function satisfying the KPP condition (II) and the no-caustic
condition. Suppose (4.5) has no explosion,{uµ0 } are bounded uniformly inµ with T0 strictly
positive andS0 C

3. If there existsk0 > 0 such that|1V (s, x)| 6 k0 and

|∇V (s, x)| +
∣∣∣∣Td(x)T0(x)

∣∣∣∣ 6 k0(1 + |x|)

on [0, T ] × Rn, then

sup
(t,x)∈K

E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣2
are bounded uniformly inµ for each compact setK ⊂ [0, T ] × Rn.

Proof. Recall thatJµ(r, x) = −µ2 loguµr (x). Let

τN = inf
06s6t

{|∇Jµ(t − s, zµs )| > N
}
.

Then by (4.13),

1
2

∫ s∧τN

0
|DJµ(t − r, zµr )|2dr = −Jµ(t − s ∧ τN, zµs∧τN )+ Jµ(t, x)

− µ

∫ s∧τN

0
〈dBr,∇Jµ(t − r, zµr )〉 +

∫ s∧τN

0
c(uµ(t − r, zµr ))dr.

Let s → t and take expectations of both sides to get:

1

2
E

∫ t∧τN

0
|DJµ(t − r, zµr )|2dr

= −EJµt−t∧τN (zµt∧τN )+ Jµ(t, x)− E

∫ t∧τN

0
c(uµ(t − r, zµr ))dr
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But {uµt (x)} are uniformly bounded by KPP (II) and the assumption on{uµ0 }, and by (4.10)

µ2 loguµs (x) > µ2 logk1 − 1

2
µ2ks − ks + V (s, x)

for two constantsk andk1 independent ofµ, s andx. Thus

− EJ
µ
t−t∧τN (z

µ
t∧τN )+ Jµ(t, x)− E

∫ t∧τN

0
c(uµ(t − r, zµr ))dr 6 k

for some constantk onK. By Fatou’s lemma

sup
(t,x)∈K

1

2
E

∫ t

0
|DJµ(t − r, zµr )|2dr 6 k. (4.15)

Note that this boundk is independent ofµ. Now

〈zµt , zµt 〉 = 〈x, x〉 + 2
∫ t

0
〈zµs , µdBs〉 + 2

∫ t

0
〈zµs , µ2∇Jµ(t − s, zµs )〉ds + nµ2t

and also

E

∣∣∣∣∫ t

0
〈zµs , J µ(t − s, zµs )〉ds

∣∣∣∣
6
(∫ t

0
E〈zµs , zµs 〉

)1
2
(∫ t

0
E|Jµ(t − s, zµs )|2ds

)1
2

6k
(∫ t

0
E〈zµs , zµs 〉

)1
2

6 1

2

(
k2 +

∫ t

0
E〈zµs , zµs 〉ds

)
.

It follows from Gronwall’s inequality that sup(t,x)∈K E〈zµt , zµt 〉 < ∞ so that

sup
(t,x)∈K

E|T
µ

d (z
µ
t )

T0(z
µ
t )

|2

is bounded, from the linear growth assumption. �

5. Gradient estimtes on the crest

In the following we investigate the behaviour ofDuµt (x) on the crest. First we recall that
u
µ
t (x) converges to 1 uniformlly on compact sets of the crest for KPP equation with suitable

initial value. Letµ 6 1.

Theorem 5.1. Letc be aC2 function bounded above such thatc′(u) 6 0 andc′(1) < 0. Let
{uµ0 } beBC1 with T0 bounded below by a positive constant.

(i) Assume (4.5) does not explode, and for somep > 1 E| T
µ
d (z

µ
t )

T0(z
µ
t )

|p is bounded for(t, x)
in compact subsets of[0, T ] × Rn unifomrly inµ for smallµ.

(ii) Supposelimµ→0 u
µ
t (x) = 1 uniformly on compact subsets ofC = {(t, x) : V (t, x) >

0}.
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Then for anyK ⊂ C compact, there existsµ0(K) > 0, δ(K) > 0 such that for
0< µ < µ0 and (t, x) ∈ K,

|∇uµ(t, x)| 6 exp

{
− δ

µ2

}
, (5.1)

Condition (i) and (ii) are satisfied under the following conditions: (a){uµ0 } are bounded
uniformly inµ with S0 non-negative, (b) condition (iii) of lemma 4.1, (c) the KPP conditions
(I) (II) and condition (N).

Proof. First, by the continuity ofc′, there existsγ ∈ (0, 1
2] such that if|u− 1| < γ ,

c′(u) <
c′(1)

2
. (5.2)

Let K1 be a compact set inC containingK with d(∂K, ∂K1) positive. Hered
is the distance function inRn+1. More precisely if s, t ∈ R1 and x, y ∈ Rn, then
d ((s, x), (t, y)) = |s − t | + |x − y|. By theorem 1.1, limµ→0 u

µ(t, x) = 1 uniformly
on compact subsets ofC. So for anyε ∈ (0, γ ∧ d(∂K, ∂K1)) there is a numberµ0 > 0
such that

|uµ(t, x)− 1| < ε < γ (5.3)

whenever(t, x) ∈ K1 andµ < µ0. From (5.2), for such(t, x) andµ

c′(uµ(t, x)) <
c′(1)

2
. (5.4)

Now by (4.12) in theorem 4.2 and (5.3),

|∇uµ(t, x)| 6 1 + γ

µ2
E

∣∣∣∣T µdT0
(z
µ
t )

∣∣∣∣exp

{
1

µ2

∫ t

0
c′(uµt−s(z

µ
s ))u

µ
t−s(z

µ
s )ds

}
. (5.5)

Next we show thatc′(uµt−s(z
µ
s )) is strictly negative on an interval with large probability.

By theorem 4.3,|µ2D loguµt (x)| is bounded. Letk0 be a number such that onK1,

|µ2D loguµt (x)| + E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣p 6 k0.

Let h > 0 be a constant smaller thanε2 and such thatk0h <
ε
2. Define

�0 = {ω : (t − s, zµs (ω)) ∈ K1, for s ∈ [0, h], (t, x) ∈ K}.

If µ < µ0 then by (5.3) and (5.4),

1 + γ > u
µ
t−s(z

µ
s ) > 1 − γ > 1

2
,

c′(uµ(t − s, zµs )) <
c′(1)

2
on�0. (5.6)
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Define

τ(ω) = inf
{
s : (t − s, zµs (ω)) /∈ K1, (t, x) ∈ K} .

Then�0 = {ω : τ(ω) > h}. Now

zµτ = x + µBτ −
∫ τ

0
∇J (t − s, zµs )ds

and

|zµτ − x| 6 µ|Bτ | +
∫ τ

0
|∇J (t − s, zµs )|ds

6 µ|Bτ | + k0h

6 µ|Bτ | + ε

4
However(t − τ, zτ ) ∈ ∂K1 and(t, x) ∈ K. So on{τ 6 h},

|zτ − x| > d(∂K, ∂K1)− τ > d(∂K, ∂K1)− h > ε

2
.

Consequently

µ|Bτ | > ε

4
.

It turns out that

P(�−�0) = P {ω : τ(ω) 6 h}

6 P

{
ω : µ sup

06s6h
|Bs | > ε

4

}

6 exp

{
− ε2

32hµ2

}
.

Note thatc′ 6 0 andut (x) > 0. Let q be the conjugate number top and suppose
z
µ

0 = x. Then by (5.5) and (5.6),

|Duµ(t, x)| 6 1 + γ

µ2
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣ exp

{
1

µ2

∫ t

0
c′(uµt−s(z

µ
s ))u

µ
t−s(z

µ
s )ds

}
= 1 + γ

µ2
E[χ�0 + χ�−�0]

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣ exp

{
1

µ2

∫ t

0
c′(uµt−s(z

µ
s ))u

µ
t−s(z

µ
s )ds

}
6 1 + γ

µ2
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣χ�0 exp

{
1

µ2

∫ h

0
c′(uµt−s(z

µ
s ))u

µ
t−s(z

µ
s )ds

}
+ 1 + γ

µ2
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣χ�−�0

6 1 + γ

µ2
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣χ�0 exp

{
c′(1)h
4µ2

}
+ 1 + γ

µ2

(
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣p)
1
p

[P(�−�0)]
1
q

6 1 + γ

µ2
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣ exp

{
c′(1)h
4µ2

}
+ 1 + γ

µ2
exp

{
− ε2

32µ2hq

}(
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣p)
1
p

= 1 + γ

µ2

(
E

∣∣∣∣T µd (zµt )T0(z
µ
t )

∣∣∣∣p)
1
p
(

exp

{
c′(1)h
4µ2

}
+ exp

{
− ε2

32µ2hq

})
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Now ε andh are fixed numbers for the compact setK andc′(1) < 0. The result follows
for smallµ.

For the last part of the theorem we first note that (4.5) does not explode from lemma 4.1
and (4.12) holds. Applying theorem 4.3 and lemma 4.4 we obtain the required integrability

condition on
∣∣∣ T µd (zµt )
T0(z

µ
t )

∣∣∣. The rest follows from theorem 1.1. �
Example. Consider the KPP equation

∂

∂t
uµ(t, x) = 1

2
µ21uµ(t, x)+ ĉ

µ2
(1 − uµ(t, x))uµ(t, x) (5.7)

on R1. Here ĉ is a positive constant andµ takes value in(0, 1]. It is known that for each
positiveC2 initial condition there is a uniqueC2,1 solution to the KPP equation.

Let uµ0 (x) = T0(x) exp
{
− S0(x)

µ2

}
be bounded uniformly inµ and T0 > 0. Then

{µ3|Dut(x)| : µ > 0} and {|µ6D2ut (x)| : µ > 0} are bounded on [δ, T ] × Rn for each
δ > 0, by corollary 2.2 and corollary 2.4.

Now supposeS0(x) = x2 and souµ0 (x) = T0(x) exp
{
− x2

µ2

}
. Then the semi-classical

flow is given by8s(x) = (1+2s)x andV (t, x) = ĉt− x2

2t+1. So8−1
t (x) = x

1+2t and the no-
caustic condition is satisfied for allt . It is also clear that1V is bounded and|∇V (t, x)| has
linear growth. So by theorem 3.1 and the remarks followed we have: on(t, x) : x2

2t+1 > ĉt ,

lim
µ→0

|∇uµt (x)| = 0.

Let T0(x) = 1. ThenT µd (x) = −2x and condition (ii) of lemma 4.1 holds and so does
(4.11), the formula forD loguµt (x).

For generalT0,

ψt(x) = T0(
x

1 + 2t
)

√
1

1 + 2t

and so

1ψt(x)

ψt (x)
= (1 + 2t)−2

D2T0(
x

1+2t )

T0(
x

1+2t )

wherever it exists.
Let T0(x) = 1 + x2. ThenT µd (x)/T0(x) = µ2 2x

1+x2 − 2x, ∇ logψs(x) = 2x
(1+2s)2+x2 has

linear growth, and1ψs(x)/ψs(x) = (1 + 2s) 2
(1+2s)2+x2 is bounded. Thus by lemma 4.1,

the stochastic differential equation (4.5) by the logarithmic transformation has no explosion.
From theorem 5.1 we conclude that|∇uµt (x)| converges to 0 at the crest.
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