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Abstract. The space derivatives of Freidlin’s travelling wave like solutions of generalized KPP
equations are considered in this paper. We give estimates of the first two space derivatives on
the wave front and show that the travelling wave is nearly flat on the trough and on the crest.
Differentiation of heat semigroups, logarithmic transformation and semi-classical analysis based
on stochastic analysis are the main tools used here.
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1. Introduction

A. Consider the following reaction—diffusion equation B with parameten > O:

P " 2 1
1) Nt ) + e b (ol (),
n

ot 2
u"(0, x) = To(x) exp{—SO(f) } .
m

(1.1)

Here A is the Laplace operatoe,is a real valued measurable functidh,is a non-negative
measurable function any is a C2 function. We look at the behaviour of the solutions
{u! (x)} for small values of the parametar It was shown by Freidlin that under suitable
conditions, with initial conditionu*(0, x) = x.<0, asu — 0 the solutionu! (x) to (1.1)
converges to a ‘travelling wave’, i.e. there is a functiotr, x) such that lim_.qu; (x) =0

if V(t,x) >0 and lim,_ou}(x) =1if V(t,x) > 0. The region{(z, x) : V(t,x) < 0} is
called thetrough of the approximate travelling wave and, x) : V(z, x) > 0} is called the
crest See e.g. Freidlin [8, 9], via a stochastic approach and see Zhao and Elworthy [18],
Elworthy et al [4] via classical mechanics and Freidlin’s stochastic approach. For recent
related work see Champnews al [2], Karpelevich, Kelbert and Suhov [12], Evans and
Sougandis [7] and Barlest al [1].

In this paper, we study the asymptotic behaviour of the space derivabiuésof the
solution of equation (1.1). We first use the probabilistic expression for the derivatives of the
solutions in Elworthy and Li [5] to give gradient estimates of the wavefront and to conclude
that|Du!'| and|D?u!| converge to zero exponentially fast on the trough. In sections 4 and
5 we assume that(z, x, u) is independent of andx. Using the logarithmic transformation
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and semi-classical analysis we show th&tV logu!| is bounded on the wavefront and
that |Vu)’| is exponentially small on the crest of the travelling wave. For those results
we need an assumption thétu) is negative and some restriction on the initial functions.
As an example we have global gradient estimates for the wavefront of the standard KPP
equation and have shown that the approximate travelling wave for KPP equation is flat on
the trough. In fact for good initial functions, including the Gaussian case, the travelling
wave like solution of the KPP equation is also flat on the crest. In the companion paper Zhao
[19], initial Dirac distributions are treated. See also Freidlin [10], Kolmogoroff, Petrovsky
and Piscounoff [13], Sheu [15] and Evans and Sougandis [7] for related works.

B. Let ¢(x) = c¢(x, 0), assumed to b€?!. Let Sy be aC? function. The functionV (¢, x)
defining the trough and the crest can be given by the classical mechanical system introduced
in [2]:
D, (x) = =VE(Py(x), Po(x) =x, Do(x) =VSp(x) s>0. 1.2)
The classical mechanical system is said to satisfyntheausticcondition if there exists

T > 0 such that for 6< s < T, there is a solutior, to (1.2) consisting of diffeomorphisms
of R". Assume the no caustic condition. We defivie [0, T] x R" — R by

Vi(x) = / E(®y (D71(x)))ds — So(@1(x) — % / 1By (@1(x)) P,
0 0

0<t<T, (1.3)
which solves the Hamilton—Jacobi equation
1 v,
élvvt(x)lz +e(x) = (,;:x) 0<1<T (1.4)

with initial condition —S, (see [3]). We quote a result from [18]; it is a variation on
Freildlin’s results [8]. First are the conditions:

Condition (N). If V,(x) = 0then fors € (0, 1),
Vs (P (®;1(x))) < 0. (1.5)

The standard KPP conditions:
(). Suppose is continuous, bounded above and, u) < c¢(x, 0) = ¢(x) whenu > 0.
(. c(x,u) >0for0<u <landc(x,u) < Oforu > 1.

Theorem 1.1 ([18]) Assume condition (I) and the no caustic condition @o£ 7 < 7 and
that ¢ and Sg are C? with Sy non-negative, and théf, is positive, continuous and bounded.

Then for any compact subsétin {(¢, x) : V;(x) < 0,0 <t < T}, there exis$(K) > 0 and
no(KC) > 0 such that for any < u < o and (¢, x) € C,

ut(t, x) < exp{—az}. (1.6)
n

If we also assume (II,N), then
lim u! (x) =1, x.7)
n—0

uniformly on any compact subset{@f, x) : V;(x) > 0,0 <7 < T}.
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Remarks. (i) The no caustic condition in theorem 1.1 can be replaced by a late caustic
assumption, (see [4] for more details). It was also shown in [4] how a solution of a linear
equation goes wrong at the caustic time and a solution of the corresponding nonlinear KPP
equation is well defined for all time> 0. Nevertheless the wavefront is infinitely fast due
to the caustics. A similar phenomenon was also discussed in Harris and Williams [11].

(i) From the proof given in [18] we see that the statm&nts bounded can be replaced
by the statmenti, is bounded uniformly iru.’

(iii). For the case with driftZ(x), we need semi-classical analysis for vector potentials,
(see Truman and Zhao [17]). Freidlin [8] also discussed the wavefront with vector potentials.
We consider the casé(x) = 0 except in section 2.

For simplicity, we sometimes write, (x) for a functionv(z, x) of space and time.

2. Probabilistic expressions for the derivatives of solutions and some gradient estimates
on the wavefront

Let ¢ be a real valued function on [Bo) x R” x R!. Throughout this section leZ be aC?
vector field such thatx, Z(x)) < k(1 + |x]?) and (DZ(x)(v), v) < k[1 + In(L+ |x])]|v|?
for some constant. Consider the reaction—diffusion equation (1.1) with initial vaitfe

ou(t, x) 1, 1
=M AM([, x) + (Z(.X), VM([, x)> + 76‘([1 X, M(t, x))u(ts x)
ot 2 u?

u(0, x) = ug(x). (2.2)

Let ug be a bounded measurable function aifda solution to (2.1). Here and in the
following by a solutionwe mean a regular solution i.e. one whichd$in x andC? in r.
As is known such a solution is given by the generalized solution (see e.g. Freidlin [8]):

ui' (xo) = Eug (x;) exp{l2 / c(t — s, x5, uﬁ‘_x(xs))ds} , (2.2)
n=Jo

where{x; = F;(xg)} is the solution fromxg € R" of the associated stochastic differential
equation:

dxt == /.LdB[ + Z(x[)dt, (2.3)

for {B;} a R"-valued Brownian motion on a given probability spasg, F, P). Under the
assumptions oix this SDE does not explode.

There is also a functional integral expression for the derivatives ' ofLet v, be the
solution, fromvg € R", t0

Dv, = DZ(x,)(v,)dt, (2.4)
and let
Gl (x) = c(t, x, u (@, x))u"(t, x) (2.5)

s0 .5 Gy (x) is the potential term in equation (2.1).

The following comes from the linear version suggested by Da Prato, ‘note added in
proof' in [5]. Let u > O be a fixed humber.
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Proposition 2.1 Suppose(t, x, u) is bounded above, ¢ider continuous irr and Lipschitz

continuous inx,u on each time intervel0, 7] x R" x R. Letul be a bounded measurable
function. Ifu!* is a C>?* solution of (2.1), then for > 0

Duy' (x0)(vo) = }EEug(xr)/ (dB;, vy)
tu 0

1 t t—s
- / D EGrG) / (B, v,). (2:6)
Hu=Jo t—s 0

Proof. Let P,ug be the solution to the equation

a“gt ) _ %uzAu(I, X) +(Z(x), Vu(t, x))

starting fromug. Then Pug(xg) = Eug(x,) for all uo bounded measurable. Furthermore
P,ug is a regular solution an@d P,ug is given by (see theorem 2.1 in [5]):

11 !
D (Pu0)(x0) (vo) = ;;Euo(xt)/o (vy, dBy). 2.7)

On the other hand by the variation of constant formuffasatisfies:

t

) = Pah)+ = [P (et Ot ) (s, (2.8)
n=Jo
Let {u"} be a sequence of functions approximatirfg given by:
1 t—1/n
uy (x) = Piug (x) + ﬁ/ P ((eCs, - ul (Dl () (x)ds. (2.9)
0

Then each:” is C2! and converges ta}" asn goes to infinity. Furthermore by (2.7)

Du? (xg)(vo) = DP,uS (x0)(vo)

1 t—1/n ds t—s
+ 73 f EC(Sa Xt—s>» u‘l:(-xt—s))u‘l:(xl—S) / <dBr7 vr>’
w Jo r—s 0

Since sup,sup.,<7E|v,|? is bounded under the assumptions 6r{14], we see that the
right-hand side of the above equation converges locally uniformly. It turns out that

Dul (vo) = D P,ufy(x0)(vo)

1 t d t—s
o [ Bt Gt e [ ).
1% 0 0

t—s

The required formula follows from (2.7) and the above equality. O

One of the remarkable properties of this formula is that it does not invblvg or Dc.
From here we can obtain a crude gradient estimate for the wavefront of the approximate
travelling wave solutiom!" asu goes to zero. Note that if the KPP condition (Il) holds and
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if {ug} are non-negative and uniformly boundedyinthen{u*(z, x), © > 0} are bounded
uniformly in . And so are{G¥ (x), u > 0O}.

Corollary 2.2. Suppos€G;'(x) : 1 > 0} and{ug : 1 > O} are uniformly bounded i on
[0, T] x R". Then under the conditions of proposition 2.1, for each(0, 7] and . small,

w? >
D Ll } 2.10
i‘ﬁf“' ul' (x)| < <ﬁ+ (2.10)

Herek is a constant independent pfandz.

Proof. The estimate follows from (2.6) after taking account of the boundedness of
sup,, SUR<, <, Elv, 12 O

For further estimates of this type see theorem 4.3 below.
In the same spirit we have, lef, vz € R", v} = T, F,(v}), v? = T, F;(v3) andpu > 0
a fixed number:

Proposition 2.3 Further to the conditions of proposition 2.1, suppose thias first bounded
derivatives inx andu and that|DZ| + |D?Z| are bounded. LeDc} be the total derivative
of c(s, x, ut_ (x)) in x. Then fort > 0,

D?ul (x0)(v3, v) = D*(P,uly)(x0)(vg, v3)
1 1]
+o5 | o ED (e D@l (x, s)/ (dB,, v;)
n=Jo t—

1 t d t—s 1
+—/ Ec(s, x;—s, ul (x,— s))uo(xt)f dB,,v,>/ (dB,, v,)
M 0 (t—S)s 0

1
+= fo  Bets ) / (B, v})

x/s G, ,)/ (dBq. 12)
05—

1
+= / = EG"(x-y) f (dB,, D*F,(v§. vp)).-
wJo t—s 0

Proof. This follows from differentiating (2.6). O

Note that by a formula in [5],

DZ(PzM )(1)07 UQ) = ( (X;)/ v , dB; / v , dB; ))
21 (ug(x,) /é (D2F, (12, vd), st)) . 2.11)
I 0

From (2.11) and proposition 2.3 we conclude that
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Corollary 2.4. Assume KPP condition (II) and the conditions of proposition 2.3. Suppose
that {uf : u > 0} are bounded uniformly i on [0, T] x R". Then for each € (0, T] there
is a constantk such that for allu

4
sup 8| D% (x)| < k ("t + 1) . (2.12)
X€ER"

This follows from a similar argument to that used in the proof of corollary 2.2.

There are further estimates on the wavefront in section 4. The estimates in this section
are not very delicate especially on the trough and on the crest. In sections 3 and 4 we shall
mainly study the gradients on the trough and in section 5 we shall devote to the study on
the crest and show thaVu)'| is exponentially small ag goes to zero.

3. Gradient estimates foru}* at the trough of the travelling waves

Assume the potential term in equation (2.1) does not dependeaplicitly soc(z, x, u) =
c(x, u). Take the initial functioruy to be bounded and of the following form

1
ug(x) = To(x) exp{—MZSo(x)} (3.2)

for To : R* — R a non-negative measurable function afadt R” — R a C? function. So
we are considering:

dur(t,x) w2 1
— = 7Au“(r, x) + ﬁc(x, ul (¢, x)ut(t, x)
ut(0, x) = To(x) exp{—:zSo(x)} . 3.2

Under certain conditions! (x) converges to zero exponentially fast (cf theorem 1.1) in
the region{(z, x) : V(t,x) < 0}. Here we show thatVu!'| also converges to zero at the
trough with virtually no extra conditions and essentially the same proof. RecalVihat)
is defined by (1.3).

Let ¢(x) = c(x, 0). Assume KPP condition (1), that &is C* and bounded above, and
clx,u) <clx).

Theorem 3.1 Letc(x, u) be aC? function bounded above, Lipschitz continuous in both
variables and satisfying the KPP condition (I) and the no caustic condition. Sugppse
and Sy is C3. Assume that, for some constagt
(i) 1To(x)| < ko(1+ |x[) and [c(x, us'(x))| < ko for 4 < 1on[0, T] x R".
@ii) IVV(t,x)| <ko(1+ |x|) and|AV (¢, x)| < ko oOn [0, T] x R".

Then ifu! (x) is a regular solution, there is a constahtsuch that for small enough
w > 0,and(, x) € (0, T] x R",

|Du! (x)| <k(1+ \/;1“4) exp{:zV(t,x)}. (3.3
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In particular | Du! (x)| converges to zero uniformly and exponentiallyas> 0, on compact
subsets of(z, x) : V(z,x) < 0}

Proof. First we rewrite formulae (2.6) in the following form:

Dug' (x0)(vo) = }EEuS(xt)/ (dBs, vs)
tu 0

1 [ ds
+ = | ——Ec(u, ul (x;—5)) X ug(x;)
u=Jo t—s
1 t t—s
X exp{Z/ c(x,,uf_,(xr))dr}/ (dB,, v,).
n t—s 0
This formula can be simplified by the following transform:
dyx = /'LdBY + er—s(y.v)dsa (34)

which has no explosion from the linear growth |8fV (¢, x)|. Let

1/ 1 !
Mt = eXp{_ / (Vths(ys)s st) T 52 / |Vst()’s)|2dS} . (35)
w Jo 2114 Jo

Using (1.4), it was shown in [18]:

Sor) X » TR
M, = o(237) (157 e(— 2 fi Vs o) o~ Jo 200ds) (3.6)
Note in this case
v, == UO

The Maruyama—Girsanov—Cameron—Martin formula gives:
11 !
Duj' (xo)(vo) = ;FEMS(%)-MI : <(MBts Vo) +/ (VVis(3s), vo)dS)
0
1 [ ds
+ 2 / — EMtc(yt—.Ya uﬁ‘(yz—.v))uo(yf)
nrJo t—s
1 t t—s
x exp{ﬂ2 / c(yr,ui*_xyr))dr} (eBimccwo) + [ (TViey o) v,
i—s 0
Let
1 t
Ny = To(yr) eXp{_Z/ AVts(ys)dS} .
0
Then EN? is finite and

Dul (x0) (v0) exp{— UL }
m

1 1 t B t
= 2E{Nt exp{—Z/ C(yr)dr} : ((/’LBt»UO) +f (VVt_x(ys),vo)dS>}
2 M“=Jo 0

1

t

11 " d 1/

774E {NZ/ : c(yt—sv uét(yt—s)) : exp{z / [C()’r, ut—r(yr)) - E(yr)]dr}
tu ot—s we Ji

+

1 t—s t—s
X exp _ﬁ/o E(yr)dr} : ((MBts, vo) +/0 (VVir (yr), vo)dr>}- (3.7
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Therefore,

| Duy' (xo) (vo)| €Xp

V(t, x)
2 }

LEN, ((uB,, vo) + /0 (VVies (), Uo)ds)

t

ko 1 ' ds t—s

——E Nr/ <MBtfs’U0>+/ (VVir (3r), vo)dr ) ¢ .
I o I—s 0

However

t
E/ [VV,_s(y)|2ds < oo.
0

So there is a constaitsuch that for small enough, and all(z, x) € (0, T] x R",

. 1 1
|Du! (xo)| exp{—’qu(t, x)} <k (1+ \ﬁ,ﬁ) .

O

Remarks. (i) Note that{c(x, u}(x)) : n > 0} are uniformly bounded if either of the
following holds: (a)c(x,u) : R" x R' — R is a bounded function (k) is bounded above
and satisfies the KPP condition (ll). Al§g is non-negative andy is bounded from below,
uy is bounded uniformly inu. This is because under those conditiqn$ : u > 0} are
uniformly bounded and so afe(x, u!(x)) : u > 0}.

(i) The condition on the boundedness & (¢, x) is unnecessary. It can be removed
using an argument in Elworthy and Zhao [6].

(i) Applying the above transform to the formulae f&r°x" we see that under suitable
conditions

lim | D% (x)] =0
n—0

on the trough.

4. Further estimates on the wavefront and on the trough

A. Let ¢ be a real-valued_?! function bounded aboveS, : R* — R be aC? function
bounded from below andy a strictly positiveC* function on R”. Assumeu”(0, x) =

To(x)exp{—u—lzso(x)] is bounded. Consider

ut(t, 2
% — %Au“(r,x) + LpPe(ut(t, x))u(t, x)

ut(0,x) = To(x) exp{—:zSo(x)} . 4.1)
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Let u(t, x) be a regular solution to (4.1). Set'(z,x) = Du*(t,x). We observe that
v*(r, x) satisfies:

1 1
%Uz“(x) = é,uzAvf‘(x) + ?[C(Mﬁl(x)) + ¢ (uy () uy (0)]vf (x),
Vg (x) = Dug(x). (4.2)

Now u;' (x) is bounded and so thereforecigu; (x))u)' (x). Assuming thatDug| is bounded,
then by the Feynman—Kac formula we can write down the solution to (4.3) explicitly:

vf' (x0) = Duy' (x)
Z;EDug(x,)exp{:z/ [e@urty (x5)) +C’(M§LS(Xx))uﬁts(xs)]dsf (4.3)
0
Herex; = x + uB;.

B. In the following we shall apply a logarithmic transformation to (4.1) in order to give
some uniform estimate oDu! (x)|. Set

JH(t, x) = —pllogu™(t, x).

ThenJ* is C%! and satisfies the nonlinear Hamilton—-Jacobi—-Bellman equation:
0 1 2 1,
51"(t,x) + EIVJ“(t,x)I +c@h(t,x)) = oM AJH(t, x), (4.4)

with J#(0, x) = —u?log To(x) + So(x), Fors < t consider
dz! = pdB, — VJH*(t —s,z)ds zf = x. (4.5)

We shall first give estimates ¢¥u!| for eachu to conclude that (4.5) does not explode
up to timer, and then use (4.5) to simplify (4.3).

Let r > 0 be fixed. We solve (1.2) to g&b,(x) = x + sVSo(x). Assume that each
®; : R" — R" is a diffeomorphism for 6< s < T, for someT > O (i.e. the no caustic
condition holds). Then by (1.3)

Vi(x) = c(0)f — So(®;(x)) — ;|vso(<1>:1<x)>|2.
Set, for0<r < T,

¢ (x) = |deV D (x)]
and

Ui (x) = To(D;1(x)) Vi (x).

Note thatg, (x) > 0 from the assumption and

Vo, Hx) = [1d + tD(VSo(CIDZ‘l(x)))TI
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Let BC*! be the space of bounded! functions with bounded first derivatives, and
T} (x) = £?DTo(x) — To(x) DSo(x) (4.6)

so that

Dul (x) = %Td" x) exp{— S‘l’g) } .

Lemma 4.1. Assume that € C* and bounded above ang = T exp{—%} is BC! with

To > k1 > 0. Letu € (0,1]. Then
() 1 1175 |loo < k2, then on eachO, 7] x R",

ko ks
\u2D logu” (x)| < /728“2'
1

Herek is a constant such that (1, (x))u,(x) < k. If furthermorec’(u) < 0, then

k
2D logut (x)] < -
(i) Assumec is C? and satisfies the no caustic condition, afiglis C®. Suppose that
AV (s, x) is uniformly bounded antVV (s, x)| < ko(1+]x]) on]O0, ¢] x R" for some constant
ko. Then on0, 7]

1
q

1 k3s
2D logul ()] < (k) e (L+ |x|),
1

if the function(‘é‘fﬁ)% has linear growth for some > 1. Hereks is a constant.

(i) Assumec is C? and satisfies the no caustic condition, afilis C3. Suppose there
is a numberky > 0 such thai AV (s, x)|+ |AY, /v, < koand|VV (s, x)|+|VIog v, (x)| +
IT)'|

7 (x) < ko(1+ |x]) on|[0, t] x R" for eachu > 0. Then there is a constaitsuch that

12D logut ()] < ke (L+ |x|).
In particular (4.5) has no explosion under any of the conditions.

Proof. (i) By Feynman—Kac formulae (2.2) for,,

”5()60) = ETo(xs) exp{_SO();X) } exp{fs :ch(us—r(xr))dr}
18 oM

> Iy E exp{—sf’:f) exp{/' :zc(u”(x,))dr}.
0

And by (4.3) we have for & s < t,

| Dut(x)| < iz .kzeﬁEexp —SO();S)}exp{/ ]'Zc(uxr(x,))dr}.
© w 0o M
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Therefore,
1
w2

ko ks
|Dlogu (s, x)| < k—zeuz.
1

So u?|D logu(s, x)| is bounded on [(¥] x R" and (4.5) has no explosion.
(i) Write f = uo(x,)exp{ﬂ—l2 fo’ c(uf_s(xs))ds} and
TV 1/
g§= 7il(Xz)exp{szo C’(u?‘v(xs))uﬁ‘s(xx)dS},

0

so thatDu!' (x) = M—lefg. Then for any conjugate numbeps g > 1,

Dul'(x) = S Ef} fig < —(ENHEFeD:
t - /1«2 g ~ /J«Z g
1 e So(x,)
= ﬁu(t,x)l’ |:E TfFl (x2) eXp{_ U2

0

+%/ [e(ut, (x5)) +qc’(uﬁ‘_s(xs))uf_s(xs)]ds} :|q . 4.7)
0

Let {y;} be defined by (3.3). Applying the Girsanov transform respectively to (4.7) and
to the Feyman-Kac formula (2.2) fa* we see that

Du!* IRV 1!
22t [l L [ s ivpa]
u(t,x)r 2 Jo

Tﬂ q 1 t
< onen| L [Tt 00 - o)

0

+ QC’(uﬁ‘_x(ys))uﬁt_s(y.v)]ds} } (4.8)
and
i 1 1
up (x) =eXD{2V(t, X)} E [To(yf)exp{— / Ast(ys)dS}
W 2 Jo
1 t
exp{z [ttt o - c<o>1ds” | (4.9)
Mn=Jo
In particular there is a lower bound faf* (x):
ul (x) > kle_fl2 e ? exp{lzva, x)} ) (4.10)
o

Herek is a constant such that V;(x)| < k andc(u!",(x)) — ¢(0) > —k. And by (4.8)

>:

(T;)
-1
Ty

Or)

n Iz 51
2P ol ol Dur o)l 1 <<1> exp{"sf}<g

uﬁt(x) = uﬁt(x)x% u:l(x)% N k1 Mz
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for some constant; > 0. Since|VV (t, x)| has linear growth we see that

21D 0] _ () {k}
i <) P @D,

and (4.5) has no explosion.
(i) This is proved by essentially the same method as used in the proof (ii). The only
difference is that we add an extra drift in the Girsanov transform to (4.3) and (2.2):

dy/ = udB, + VV(t — s, y,)ds + u?V log v, (y,)ds.

Let {y} be the solution to the above SDE starting from Then for any continuous
F :C([0,¢] - R") — R (for the proof see [16]):

_ Soxr) c(O)t A 5
EF(x)To(x)e 2 = eTI//,(x)EF(y)e e exp{“ / Vis(y )ds}. (4.11)
2 Jo Yi-s(ys)
So
Duﬁl(x) 1 E+ T, ((\))];‘ eXp[ .[0 [C(I/t, s(s)) +c¢ (ut s(ys))ut s(s) + M v :((yh))] dS]
= — X
M 2 4 Ay
e on Eexp| % folew! G + 15 4=01ds |
The required estimate follows sin¢e(u!"_; (x))} and{c’(u}"_;(x))} are bounded on [G] x R"
for eachp. 0
Observations

Let ¢ be aC? function satisfying the KPP condition (I). Then by the Girsanov transform
in the proof of lemma 4.1 we obtain results on the flatness of the approximate travelling
waves on the trough. More precisely,

(1) Assume condition (ii) of lemma 4.1 (this does not include t&éﬂ has linear
growth). Then by (4.9) ’

()] < kexp{ ULy
n

}EITo(yz)I,

And if furthermore|Dug| is bounded and’(x) < O, then by the same Girsanov transform
to (4.3) we obtain:

Dl <k exp{ UL } EITS ().
m 2

(2) Assume condition (iii) of lemma 4.1. Then by (4.11), (2.2), foK 1,

Vit
luy' ()| < kexp{ (M )}wt()
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and if | Dug| is bounded and’(«z) < 0 then by (4.11) and (4.3),

T; (5o
To(y:)

u? t,
|Du¢*<x>|<e2“exp{ kY
2

}I/fz()

<7k (14 IxI)w,(x)eXp{ (; x)}

Theorem 4.2. Assume € C2 and bounded above ang is BC! with T, bounded below
by a positive constant. Then

Dlogu!(x) =

T“(z ) 1/,
MZ To2") eXp{MZ/O ¢/ (uy—y (z0))uz- (Z")ds} (4.12)

if (4.5) does not explode. In particular (4.12) holds if any one of the conditions in lemma
4.1 holds.

Proof. This is an application of the Maruyama—Girsanov transform to (4.3) and (4.5). Let

t
MY =eXp{—M/ (dBy, Dlogu"(t — s, z1))
0

MZ t
——/ |Dlogu”(t—s,z§‘)|2ds}.
2 Jo

It can be simplified as in Elworthy and Truman [3]: appl®’# formula to (s, x) —
logu*(t — s, x) and use (4.4) to see

logu(r — s, z*) = logu"(t, x) +u/ (dB,, Vlogu'(t —r,z}"))
0
MZ s 1 s
+ = / |Dlogu’(t —r, z/)dr — = / c@h(t —r, z/)dr. (4.13)
2 Jo we Jo

It follows that

uh(t, x) 1/
M= G -exp{—uzf0 C(utr(Zﬁ‘))dr}7

and so by the Maruyama-Girsanov—Cameron—Martin formula, for gach

1 "z 1/,
Du"(t, x) = ;MM(I xX)E Ti)( ) Xp{lﬂ/o c(uﬁ‘_‘v(zf))uﬁ‘_x(zf)ds}.

Sinceu is non-negative this gives us the first estimate|Grogu! (x)|:

Theorem 4.3 Assume (4.5) has no explosion ari¢h) < 0. Let K be a compact subset of

RY x R™. Iffor (t,x) € K, E'TT"((ZL)' k for some constant , then onk

2|Vt (1, ) _ LTS ()]
ut(t,x)  To(z))

<k (4.14)
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Remark. Comparing corollary 2.2 and theorem 4.3, we notice that the estimate in theorem
4.3 is much more accurate. But it uses hypothesegzfih, the stochastic flow by the
logarithmic transformation as well as the assumption that) < 0. The condition or{z}}

will turn out to be conditions on the initial functions. We hope in the future we can combine
these two approaches to relax the conditiong’oand onDug. Note also that it’/(u) < 0

then by (4.12),

TH(H
v (2 )
Du'* (x
| Dug (x)| < —up (x )‘ To)
So it is essential to get estimates Ph%((jf; .

In the following lemma we generalize a result in Sheu [15] where linear parabolic
equations were considered.

Lemma 4.4. Let ¢ be C? function satisfying the KPP condition (Il) and the no-caustic
condition. Suppose (4.5) has no explosifir§,} are bounded uniformly im with Ty strictly
positive andSy C3. If there existso > 0 such that| AV (s, x)| < ko and

Ty(x)
[VV (s, x)| + < ko(1+ Ix])
To(x)
on[0, T] x R", then
TH (M 2
sup E Ta @)
(t,x)ek TO(Z )

are bounded uniformly i for each compact set C [0, T] x R".
Proof. Recall that/*(r, x) = —u?logul (x). Let

ty = inf {|VJ*( -5,z > N}.

0<s<t ;
Then by (4.13),
SATN
% / |IDJ*(t —r, zf)|2dr =—J*t — s A Ty, szN) + JH(t, x)
0

SATN SATN
— ,u/ (dB,, VJ"(t —r, z!)) +f ch( —r, z))dr.
0 0

Let s — r and take expectations of both sides to get:

1 tATN
éE/ |DJ*(t —r, z)|%dr
0

tATN
CEJ o (@) + T x) — E / ch (t — 1, 2))dr
0
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But {u}'(x)} are uniformly bounded by KPP (Il) and the assumption{m}, and by (4.10)
w? logu’ (x) > w?logky — %,uzks — ks + V(s, x)

for two constantsk andk; independent oft, s andx. Thus
tATN
— EJ/ gy @ingy) + T (1, x) — E/ cuh(t —r,z))dr <k
0

for some constant on K. By Fatou’s lemma

1 t
sup 7E/ IDJ"(t —r, 2)[*dr < k. (4.15)
(t,x)eK 2 0

Note that this bound is independent oft. Now

t

t
(', 2f") = (x, x) +2/ (z, ndBy) +2/ (2, WPV IRt — 5, 2 ds + np’t
0 0
and also

E

t
/ (zht, JH(t — s, 2)))ds
0

1 1
t 2 t 2
< (/ E(zy,zm) (/ E|J"™t —s,zy)|2ds)
0 0
t % 1 t
<k (/ E(z!, zﬁ‘)) < - <k2 —i—/ E(z! ,zj.‘)ds).
0 2 0

It follows from Gronwall's inequality that s E(z!', zI') < oo so that
q % UPnek 3

TM(ZI’-)
sup E|- 1
(r,x)eK To(z;)

is bounded, from the linear growth assumption. O

5. Gradient estimtes on the crest

In the following we investigate the behaviour Dfu!‘(x) on the crest. First we recall that
u!' (x) converges to 1 uniformlly on compact sets of the crest for KPP equation with suitable
initial value. Letu < 1.

Theorem 5.1 Letc be aC? function bounded above such théaty) < 0andc’(1) < 0. Let
{ug} be BC* with To bounded below by a positive constant.

(i) Assume (4.5) does not explode, and for sgme 1 E| TT":((Z,M;
in compact subsets @, 7] x R" unifomrly in . for small u.

(ii) Supposdim,,_.o u (x) = 1 uniformly on compact subsets 6f= {(¢, x) : V(t, x) >
0}.

|” is bounded for, x)
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Then for anyK c C compact, there existao(K) > 0, §(K) > 0 such that for
O<u<upoand(s,x) € K,

IVu“O,stéexD{—:;}, (5.1)

Condition (i) and (ii) are satisfied under the following conditions: (a}j} are bounded
uniformly in u with So non-negative, (b) condition (iii) of lemma 4.1, (c) the KPP conditions
(I) (M) and condition (N).

Proof. First, by the continuity of’, there exists/ € (0, ] such that iflu — 1| < y,

() < C/(zl). (5.2)

Let K; be a compact set irfC containing K with d(0K, dK1) positive. Hered
is the distance function inR"*'. More precisely ifs,r € R andx,y € R", then
d((s,x),(t,y) = |s —t|+ |x —y|. By theorem 1.1, lim_ou*(¢,x) = 1 uniformly
on compact subsets @. So for anye € (0, y A d(dK, 3K;)) there is a numbepy > 0
such that

lut@t,x) -1 <e <y (5.3)
whenever(t, x) € K; andu < ug. From (5.2), for suchr, x) and u

(1)
>

W’ (t, x)) < (5.4)

Now by (4.12) in theorem 4.2 and (5.3),

1+y

Vul(t,x0)| < =, F
"

Tdu ©
TO(ZZ )

expl % [t ot s 69
u? Jo

Next we show that’(u}"_,(zi")) is strictly negative on an interval with large probability.
By theorem 4.3)2D logu! (x)| is bounded. Leky be a number such that ok,

T} (z/)|"

2 I
Dlogu; (x)| + E
|M g t ( )| TO(Z#)

Let » > 0 be a constant smaller thgnand such thakoh < 5. Define

Qo ={w: @ —s, 7" (w) e Ky, forse[0,h], (t,x) € K}.
If u < uo then by (5.3) and (5.4),

1+y>ul @)>1-y>
(D)
2

év

@ —s,z)) < on Qo. (5.6)
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Define
(@) =inf{s:(t —s,z'(w) ¢ K1, (t,x) € K}.
ThenQp = {w : T(w) > h}. Now

T

¥ =x+4 puB; —/ VJ(t—s,z!)ds
0

and

T
|2z — x| < | B:| +/ IVJ(t =5, z)|ds
0

< Wl B:| + koh
<ulBl+ &
X M|D¢ 4
However(t — 7,z;) € 0K; and (¢, x) € K. So on{t < h},
|z —x| >d(0K,0K1) — 1t >d(0K,0K1) —h > %
Consequently
€
w|B.| = 21

It turns out that
P(Q2—Q) = Plw: 1(w) <h)

I

SP{wZM sup |By| >
0<s<h

62
< -
exp{ 32hu2}
Note that¢’ < 0 andu,(x) > 0. Letg be the conjugate number t@ and suppose
z& = x. Then by (5.5) and (5.6),

1+y |1/ ) { 1 /'
Du*(t, x)| < E expl — | < (ui (zM)ul(z!)ds
| ( | Mz TO(Z;L) p Mz o ( t ( ) t
14y T, (z!")

1 t
= —5 Elxqo + Xxo-20] XD{Z/ c/(uﬁ‘_s(zﬁ‘))uﬁ‘_s(z;‘)dS}
w n=Jo

To(z}")

1+y TdH(ZtM) 1" ’ L
2 ToG) X2 EXP ﬁ/o ¢ (up (zM)ul_(z!)ds
14y _|TrGEH
w2 ol | X9
14y T {c/(l)h } 14y ( T (2l ”)11’ :
< . €X + E P(Q — Q)]
12 | T | X2 P g 12 ne | ) P ol
1
1 TH (- "(Dh 1 2 TH M P\ »
R E YRR TR
n To(z;) 4u u 321chg To(z;)
14y ( T ) ”)i ( {c/(l)h} { &2 })
= ex — ¢ + eX —_—
iz \" o) Pl a2 P\ 32u%ng
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Now ¢ andh are fixed humbers for the compact $étandc’'(1) < 0. The result follows
for small .

For the last part of the theorem we first note that (4.5) does not explode from lemma 4.1
and (4.12) holds. Applying theorem 4.3 and lemma 4.4 we obtain the required integrability

.. Ko K
condition on TT‘;((ZZ,Q)) . The rest follows from theorem 1.1. O

Example. Consider the KPP equation

5 1 :
Surx) = S pPAu L x) + s (L — ut (e, X)), x) (5.7)
ot 2 u?

on R'. Here¢ is a positive constant and takes value in(0, 1]. It is known that for each
positive C? initial condition there is a uniqu€>* solution to the KPP equation.

Let uh(x) = To(x)exp{—%} be bounded uniformly inx and 7o, > 0. Then
{13 Du,(x)| - u > 0} and {|u8D%u,(x)| : © > 0} are bounded ons[ T] x R" for each
8 > 0, by corollary 2.2 and corollary 2.4.

Now supposeSy(x) = x? and Soug (x) = To(x)exp{—;—i}. Then the semi-classical

flow is given by®,(x) = (1+2s)x andV (¢, x) = ¢t — 2;i1' Sod; 1(x) = 1f2: and the no-

caustic condition is satisfied for all It is also clear tha\V is bounded andVV (¢, x)| has

linear growth. So by theorem 3.1 and the remarks followed we havé:,an : %jl > Ct,

lim |Vu!(x)| = 0.
n—0

Let To(x) = 1. ThenT;'(x) = —2x and condition (ii) of lemma 4.1 holds and so does
(4.11), the formula forD logu!' (x).
For generallyp,

_T X 1
i) =T o v
and so
AYi() _ +2t)72D2T0()ﬁ)
1/’[ (x) To( 1+2r )

wherever it exists.

Let To(x) = 1+ x% ThenT; (x)/To(x) = u?2, — 2x, Vlogy,(x) = ﬁ has
linear growth, andAv,(x)/vy(x) = (1 + 2s)ﬁ is bounded. Thus by lemma 4.1,
the stochastic differential equation (4.5) by the logarithmic transformation has no explosion.

From theorem 5.1 we conclude thatu! (x)| converges to 0 at the crest.
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