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Let M be a compact Riemannian manifold and {P; : ¢ > 0} its heat semigroup
acting on differential forms. Thus if ¢ is a bounded measurable (or square integrable)
form on M we have

S.(Pi6) = 5A(P@), £

Poo =9
where we use the sign convention
A= —(dd+dd).

The formula for the exterior derivative of P;¢

t
aRo) ) =186 (W [ WOy wiewm) o)
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where ¢ is a bounded measurable g-form and Vy € AYMT, M was given in [9],
extending Bismut’s formula for the special case of ¢ = 0, [3]

AP)Vo) = 1ES ) [ WE(Ve),da) 02)

for f : M — R bounded and measurable and Vy € T,,M. In these formulae the
expectation E is with respect to a Brownian motion {z; : 0 < ¢t < oo} on M
starting from zo and for ¢ = 1,2,... we use the “damped” parallel translations
Ws(q) s NITp M — ANUT,, M, 0 < s < oo of g-vectors along the sample paths of (z.)
given by the covariant equation along (x.):

D

q — 1 q q
s (WiD(Vp)) = _§Rwo(Ws( ) (Vo))

(0.3)
Wi (Vo) = Vo,

where R : NIT, M — AT, M is the qth Weitzenbock curvature defined by
Ap=V'V¢ — ¢(R!-)

for ¢ a smooth g-form. See, for example, [1,13, 14, 18]. In particular R! is the Ricci
curvature Ric# : TM — TM,i.e. (Riv,u) = Ric(v,u), u, v € T, M.

Formula (0.1) has been refined and extended by Driver and Thalmaier, [5],
giving analogous results on various operators on vector bundles over M, e.g. the
square of the Dirac operator. Rather different types of Bismut type formulae for
covariant derivatives of operators on vector bundles were obtained by Norris in [25]
by different methods. The original proof of (0.1) in [9] was to derive it by applying
the method of conditional expectation from [16] to the earlier, non-intrinsic, formula
of Li, [7,24], see also [15],

A(P)sy = 1B [ (Tem do) AE1(9) 04)

for ¢ a bounded measurable g-form. Here {£; : 0 < s < oo} is a gradient Brownian
flow on M (see below), ¢ = & (zo) for zg € M, T¢ : TM — TM is the (random)
derivative of &, and &; ¢ is the pull back of ¢:

&Go(V) == o (N(T&)(V))
= ¢ (T&WY A ATEWY)),  V=v'A...AvI€NTM.

In fact the same proof allows the use of any Brownian flow which has Levi-Civita
connection as its LeJan—Watanabe connection in the sense of [12]. All the formu-
lae can be extended to obtain differentiation formulae for the corresponding heat
kernels and this is done in the references cited.

Bismut’s formula (0.2) can be obtained from infinite dimensional integration by
parts formulae by considering the cylindrical functions F'(o.) = f(o¢) on the space of
paths over M and indeed Driver’s integration by parts formula can be derived from
it, as described in [8] following comments by Nualart. Since integration by parts



September 2, 2003 10:2 WSPC/102-IDAQPRT 00121

Some Families of q-Vector Fields on Path Spaces 3

theorems for forms on path spaces are not yet well understood it is interesting to
ask if analogous results hold for (0.1) and (0.4) in the context of the L? theory
of differential forms being developed in [6,10] and to derive (0.1) and (0.4) by the
methods used there. Our approach is very much in the spirit of Bismut’s approach
to Malliavin Calculus [2] and of Fang—Franchi for Lie groups [17]. We do not attack
the two challenges of : (i) deriving integration by parts formulae for forms on path
spaces from (0.1) and (0.4), as done for functions in [8]; and (ii) deriving the more
general results of Driver and Thalmaier by similar methods.

In Sec. 1 below we define the class of flows used in (0.1). In Sec. 2 the infinite
dimensional theory in [6,10] is briefly described, and in Sec. 3 the two parts are
combined to give both a proof of (0.1) and (0.2) and some interesting examples of
g-vector fields on path spaces which have explicitly calculable divergences. On the
way we obtain, from our stochastic differential equation (1.1), a family of H-vector
fields on Wiener space, which for gradient stochastic differential equations form a
commuting family and in certain other cases have easily computable Lie brackets.
This gives a (q + 1)-vector field Vo on the path space CyroM of M which has a
divergence with respect to the Wiener measure i, in the sense that the divergence
divVj is a vector field on C,, M satisfying equation (2.3) below and such that (0.1)
can be written:

/ 46" (Vo) dpizy = / ¢ (divTo) djuz,
CugM CogM

for ¢' the cylindrical g-form on C,,M obtained from a differential form ¢ on the
manifold M:

¢'(V) = ¢(z4)(Vi,...+), for V any g-vector field.

Various versions of formula (0.2) are derived from this. For invariant stochastic
differential equations on Lie groups no conditioning is needed in (0.4), cf. [17], and
we obtain (3.28). Using gradient systems we give in (3.23) the minor extension to
(0.4) mentioned in [9] to the case of semigroups on forms with generators of the
form %A + L£4. We also consider the connections used by Ikeda and Watanabe
in [18], sometimes known as Riemann—Cartan—Weyl connections [26], where the
formulae (0.2) and (0.4) have a pleasant form (3.29), although the infinitesimal
generators of the semigroup on forms are rather complicated. However, the main
aims of the article are to study some interesting classes of g-vector fields on Cy, M
and to show that some finite dimensional formulae can be considered as projections
of the infinite dimensional theory.

1. Stochastic Flows and LeJan—Watanabe Connections

Consider a Stratonovich stochastic differential equation
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on M driven by an m-dimensional Brownian motion {B;,0 < ¢ < co}. Here X :
M xR™ — TM and A : M — TM are assumed to be smooth and X(z) :=
X(xz,—): R™ — T, M is assumed to be linear, surjective for each = and to induce
the inner product (,), on T, M given by the Riemannian structure of M. This
implies the Markov process of solutions to (1.1) has infinitesimal generator of the
form

1
A=350+Lz, (1.2)
where Lz is Lie differentiation in the direction of some vector field Z:
Lz(f)(x) =df(Z(x)), zeM.

The solution to (1.1) from x shall be denoted by {&:(z),0 <t < oo}. Write z; =
&1 (o). We can, and will, take versions which makes &;(z) continuous in t and a C*
diffeomorphism of M in z.

Let Y : TM — R™ be the adjoint of X, i.e. Y, = X(x)*, so that Y is the right
inverse to X. As described in [11], or more generally in [12], X induces a metric
connection V on M defined by

VU = X(z)d[z — Yo (U(2))](v), veT,M (1.3)

for any smooth vector field U on M. In general this, which we call the LeJan—
Watanabe connection of our stochastic differential equation, has torsion. The tor-
sion is given by

T(u,v) = X (2)dY (u,v), u,v € T, M (1.4)
where dY refers to the exterior derivative of Y considered as an R™-valued differ-
ential one-form on M, see Proposition 2.2.3 in [12]. When the torsion vanishes, V
is just the Levi—Civita connection, which we will always refer to using V, % etc.
There are two principal classes of examples, Examples 1.1 and 1.2 below, for which

this holds.

Example 1.1. Gradient system

Here we consider an isometric immersion « : M — R™ for some m, e.g. by using
Nash’s theorem. Let X (z):R™ — T, M be the orthogonal projection identifying
T, M with its image in R™ under da. Then Y, : T, M — R™ is just the inclu-
sion (da), and (1.3) is the classical formula for the Levi-Civita connection of a
submanifold of R™.

Example 1.2. Riemannian symmetric spaces

Let M be a symmetric space (K, H,o). In particular K is a Lie group acting
transitively on M and H can be identified with the isotropy subgroup fixing the
point xg of M, so that k — kx gives a diffeomorphism of K/H with M. Assume
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that the Lie algebra ¢ of K has an inner product (,), say, invariant under the
adjoint action of K on £. The action induces a stochastic differential equation

X: Mxt—=TM

with X (z)e = 4[(exp (te)) - x];—o. It is surjective and so induces a Riemannian
structure ((, )z, € M) on M which is K-invariant. The LeJan—Watanabe connec-
tion V is the Levi—Civita connection for the Riemannian structure, as is proved in

Corollary 1.4.9 of [12].

An important class of examples which give connections other than the Levi-
Civita connections are the left-invariant, and the right-invariant stochastic differ-
ential equations on Lie groups. For M a Lie group with left-invariant metric takes
the Lie algebra g on R™ and defines

Xl:Gxg—TG
to be left-invariant with X~ (e)a = a, for e the identity element of G, i.e.
XE5(g)a=TLy(a)

for Ly : G — G the left-translation = — g - z. Similarly if R, denotes right-
translation, z + x - g, define X : G x g — TG by X®(g9)a = TRy(a). It is easy
to see that the associated connections in the sense of (1.3) are just the canonical
left- and right-invariant connections, V¥ and V% say, of G, respectively. The flow
&R for the left-invariant stochastic differential equation dx; = XL (z;) o dB;, where
B, is a g-valued Brownian motion, is given by

¢E(x) = zg;, xeG,t>0.

Here g; is the solution starting from the identity e to dg; = X *(g;) o dB;. Similarly
the solution ¢F(x), with ¢f(x) = x to the right-invariant stochastic differential
equation dr; = X% (x;) o dB; is given by the right translation of h;, the solu-
tion starting from e. If the metric on G is bi-invariant, both stochastic differential
equations, with A = 0, have Brownian motions as solutions. Also in that case the
connections are torsion skew symmetric, with V¥ and V# adjoint to each other. In
particular the torsions 7% and TF are given by

TL(UH'U) = _[U7 V](g)v TR(U,,’U) - [U7 V](g)v (1'5)

where U, V are left-invariant vector fields with u = U(g) and v = V(g).

In the bi-invariant case we can also treat G as a symmetric space by taking
K = G x G with action (¢1,¢92)x = gla:ggl, with H = AG ={(g9,9) € K : g € G}
the isotropy subgroup fixing the identity e of G. The symmetry map o : g X g — ¢
is given by o(a, 8) = (B, a). The stochastic differential equation induced by the
action as described in Example 1.2 above is just

dz, = TRy, o dB; — TLy, o dB,, (1.6)
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where (B;) and (B;) are two independent Brownian motions on g. The solution
flow is then given by & (x) = gix(g;)~! where g; and g, are independent Brownian
motions on G and solutions to the following right-invariant stochastic differential
equations respectively:

dgt = TRgt o ch go = €,

dg; = TRy o dB;, go=c¢€.

The solutions & (z), when A = 0, are also Brownian motions on G.

For more general homogeneous spaces M = K/H, if the metric on M is induced
from an adg-invariant inner product on £ and the orthogonal complement of the
ker X (zo) is ady invariant then V, the connection associated to the stochastic
differential equation defined as in Example 1.2 above, is K-invariant. (see [12],
Proposition 1.2.9). Again in that case

&(x) = ke, reM

for k; the solution to the equation dk; = TRy, o dB; on K with initial point ky = e.

Stochastic flows and differential forms. For {& : t > 0} the flow of our stochastic
differential equation (1.1) there are semigroups on differential forms defined by
P,¢p = E¢f¢. On g-forms the semigroup has infinitesimal generator A? given on
smooth forms by

Al = 23" Ly Lxsb+ £a(9)

j=1

for L£x; denoting the Lie differentiation in the direction X7, etc. and with X7
denoting the vector fields X (-)e? for e!,...,e™ the standard basis of R™. This
comes from It6’s formula, see [15] or [14]. The generator can be written

A1(9) = —(db +8d)d + La(9), (1.7)
where, for V € ATTITM,
06(V) = = (1xiLxs9)(V)
j=1
= —trace@,qb(—, V), (1.8)

and V is the adjoint connection to V, in the sense of Driver [4] so the torsion of
Vis —T. See [12]. This shows that A% depends only on the connection V and the
Riemannian metric on T'M. In particular if A =0 in (1.1) and the associated con-
nection V is the Levi-Civita connection we get the usual Hodge-Kodaira Laplacian,
cf. [20].
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2. Spaces of Forms on the Path Space of M

Fix T'> 0 and xg € M and let C;,M denote the Banach manifold of continuous
paths o : [0,7] — M with ¢(0) = xg. Let p4, be the measure induced on it by the
solution to (1.1) starting from zg.

We can identify the tangent space T,Cy M to Cy M at o with the space of
continuous v : [0,7] — TM with v(0) = 0 such that v(t) € T,y M for each
0<t<T.Forq=1,2,... let N9T,Cy, M be the space of antisymmetric g-vectors
at xo completed using the largest reasonable cross norm, so that its dual space
can be identified with the Banach space of continuous alternating g¢-linear maps
¢ ToCryM X ... X TyCpy M — R. Thus g-forms on Cp, M are sections of the dual
bundle (AN1T,Cy M)*, e.g. see [22].

As an example of a g-vector on Cyy M consider AY(T,,€)(U) evaluated on a fixed
w € Q, where U € N9T,, M. It is then a g-vector at {z;(w) : 0 <t <T}. Forg=1
it is the tangent vector {T5,&:(-,w)(U) : 0 <t < T} to CypyM at z.(w). For higher
q we identify g-vectors V with certain continuous maps V : [0,7]9 — ®9T M such
that Vi, 1,1, € To(t,) @ -+ @ Ty(t,)M. Then, generalizing to allow U to be in
ATFLC((0, T Ty M),

AN T ) (Dtytair = (Taobts @ o @ Tuoir ) (Uny, i) -

As w varies in Q such ¢ + 1 vectors do not strictly speaking form ¢ + 1 vector
fields on Cyp, M. However, we can obtain ¢-vector fields from them by conditioning,
“filtering out the redundant noise’, to give o — E{AIT}(T,,&)(U) |€.(zo,w) = 0 }.
As shorthand, we write:

AT, €), (U) = E{AT (T ) (U) [ (20, w) = 0} (2.1)

See [12, 16]. Below we shall often use f to denote the conditional expectation of a
random function f with respect to the filtration of {x; : 0 < ¢ < oo}.

An important class of forms on C,, M are the cylindrical forms. In particular if
¢ is a g-form on M and ¢ € [0, T] we have the cylindrical g-form ¢* on C,, M given
by ¢(V) = 9(V....0).

For ¢ a (¢ — 1)-form on M we see, with P, as in the last section,

Pidy) = B(@) (MT)0) = [ (@) (IO du(o). (22
z0

In general we say that an L? g-vector field V has a divergence if there is an L?

(g — 1)-vector field divV on Cyy M such that for all smooth cylindrical (¢ —1)-forms

¢ on Cy M we have

/ dS(V) djizy = — / S(div V) iz, (2.3)
Cog M Cug M

For U = u!' A...Au?, a primitive vector, the non-intrinsic Bismut type formula

(0.4) will follow from showing that A9(T,,£)(U) has a divergence with
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div (NTRE, (U))

byt

o~

_ %E{ zq:(_w </Ot<T£s(uj),dacs)> A TEN W A A )

at least for a gradient stochastic differential equation with no drift. Here we have
adopted the convention that u/ means the omission of the vector u’ in the tensor.
For a general g-vector U in AYT,;, M this could be written as

. — 1
div (/\qufa(U))tMt = _E/\qil(Tgt)LfOt(Tgs—,dws>U'

Equation (0.1) will follow, as in [9], by calculating the conditional expectations.
Note that we have used another convention: if £ is a linear map on a vector space

q
(b AL ADT) = (=1 AL ADT AL A

j=1

In [6], see also [10], a general theory for forms on path spaces is given. There we
define Hilbert spaces H(9), densely included in NT,Cr, M and show that suitably
regular sections of (9 do have a divergence and give evidence to suggest that the
divergence is a section of H(?~1) with proofs for ¢ = 2, 3. This is the major step in
the construction of an L? deRham complex on C,, M, with an L? Hodge decompo-
sition and analogue of the Hodge—Kodaira Laplacian. For this construction we take
a stochastic differential equation (1.1) on M whose solutions are Brownian motions
and with its associated connection V the Levi-Civita connection, for example by
taking an isometric embedding in R™ and A = 0. We take (B.) to be the canonical
Brownian motion defined up to time 7" so that CoR™ with Wiener measure P is the
underlying probability space. For fixed xg € M there is the 1t6 map

Z:CoR™ — Cpy M
I(w)e = &(zo,w).
It is smooth in the sense of Malliavin calculus with H-derivative
T,I:H —TCy M

defined for almost all w € CyR™. Here H is the Cameron—Martin space; H =
L2 ([0, T); R™). We have the formula of Bismut

TZ(h), =T¢& /0 (T&) ™" X (z4)hs ds. (2.4)

By an L? H-g-vector field on CoR™ we mean an element U € L2 (CoR™;AYH)
where A?H refers to the completed tensor product using the usual Hilbert space
cross norm. Given such a vector field U we can define
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(NTT)(U) : CoR™ — NITCyy M.

At w € CoR™ this is in AT, (,)Copy M.
To obtain a g-vector field on C,, M define, for o € Cpy M

(NMTI)U), = E{(NTT)(U)|z. =o'}

Taking constant U, that is U(w) = h, some h € H we obtain continuous linear
maps

(NTZ), : NT"H — NT,Cpe M
defined by

(NTZ), (h) = (NITZ)(h),.

We can then define H¢ = Image(AYTZ,) with its induced Hilbert space structure,
inner product {,),, so that (A?TZ), becomes an isometry. These spaces are defined
for almost all o € Cp, M. It is shown in [6] that they depend only on the Riemannian
structure of M. The fact that suitably regular L? sections of H9 have a divergence
can be deduced from the theory for Wiener spaces given by Shigekawa [27].

The following is a specialization of his basic result to primitive adapted g-vector
fields.

Theorem 2.1. (Shigekawa [27]) For ¢ > 1, let ¢ : CoR™ — (AYH)* be an H-
differential q-form on Wiener space and h' : CoR™ — H, i =1 to q adapted vector
fields such that b := h1(:)A.. .ARITL(.) is in DY2(AYTLH). If also ¢ € DY2 (ATH)*)
then

/ dgi)(h)dIP’:—/ ¢ (div h) dP,
CoR™ CoR™

where
q . T .. )
divh = Z(—l)’/ (b, dBs) (h1 Ao AR /\.../\hq>
j=1 0

— Y (CUMIRLWI AR A AR AL AR AL AR
1<i<j<q+1
The assumptions of primitivity of A or adaptness of the components could have
been omitted with Skorohod integrals replacing It6 integrals, see [27].

The extension to forms on C,, M in [6,10] and the proof we give below for
formulae (1) and (2) is based on the following observation:

Theorem 2.2. Let ¢ be a smooth cylindrical g-form on CyoM. Then for h €
DY2(ATHLH) of the form h = h' A ... A h9TY with each h' adapted, the (q + 1)-
vector field NTHITZI(h) on Cy, M has a divergence:

/C - d (NTTTI(R) ) djtay = — /C u? (AATTTZ(R) ) dia, (2.5)
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and

div (AqHTI(h)) = NTZ(div h). (2.6)

Proof. The pull back form Z.(¢) is in D»? ((AYH)*). The integration by parts
formula of Shigekawa, Theorem 2.1, applies to give:

/C%M ab (NFTTW) dpoy = [ dT)0)

CoR™
= / T4 (divh) dP = — / " </\qTI(div h)) djizy. O
CoR™ C’L‘OM

For other discussions of differential forms on path spaces see [19, 21, 23] together
with the references therein.

3. Some Families of H-Valued Vector Fields
3.1. The Lie brackets

Below we identify a family of vector fields whose Lie brackets behave particularly
well.

Proposition 3.1. Given tangent vectors b; € Ty, M,i =1,2 and p: [0,T] = R, a
non-random L' function, set:

W= [ oy, (T @) ar (3.1

Then the Lie bracket of the two vector fields h' on the Wiener space Co (R™) is
given by:

G 1002, = o0) ([ otryar ) @v) (1), 760%)

L plt)Y,, (T& [ otnire) x (w600, 76 07) dr) ,
(3.2)
and so

t t
TZi([h', h?]) = ( / p(s)ds) T¢ ( / p($)TE M X (x5)dY (TE(bY), TE(6%)) ds> :
0 0
(3.3)
Proof. Denote by D differentiation on Euclidean spaces, D¥ the H-derivatives of

Wiener functionals, V covariant differentiation using the Levi—Civita connection on
M, and V¥ the corresponding covariant H-derivatives. Below we regularly abuse
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notation by omitting w in the argument, especially with & and T'¢;. First observe

that
T, (h) (@) = Té, / (TE) ™ X (2, () (ki) dr

- < /O t p(r)dr> T (bY) (3.4)

and that

d 1,2 _a
E[h’h}t(w)_dt

Now
= DM (Y., (T&(p(H)?)) (@) (k' (@)
Ve, ) (T&()) + p(0)Ys 00 (VHh ) (TE0P))

= pt) (Vrzu¥) (T&02) + o), (V) (TEBD)).
By the expression (3.4) for TZ;(h'), we have
D) @) = o) [ p)ir) Tren Y (T607)
+p(t)Ymt(W) (VhHl(w) (Tét(b2))) .

To calculate the second term, consider the map
T,: MxCy(R™) — M
Li(z,w) = &()(w)
with T{, )T : ToM x Ly (R™) — Tp, (2)(w)M its derivative in the sense of Malliavin

calculus. Then
T Tlwh) =Tt [ (1) X (&) ) dr + e,
and Tz, w)Le(u, h(w)) = TZ,(h(w)) + T€(u). Since b? is non-random,
Vet (Vi) (T6(02)) = Yoo (Vi (7€) ()

= Yo Vi [Tl Z (0.0 @) ] .

But
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Ve [T(,,w)i (0, hl(w))L

= Vs [T& /O (T X (6 () H®)) dr]

~vi[re | (L6 X (6 ()oY, (T, (1) .
Since (T—gr)_l X(&r(=w))Ye, () (T4) = 1d,

Ve |- (0,0 @),
-(/ t plr)ir) Vi (1) ()
0

ST / (o)™ X () Vi (0(r)Ye, (- (T-£,(01)))
- ( / p(r)dr) Vi (T6) 1) ~ T | 6(0) (Tuyfe) ™ Vin (T-6) 0Y)
0 0

t

STk / p(r) (Taor) ™ X (20) V12 (Yo, 1)) (Taokr(01))
- ( / p(r)dr) Vi (T€) (b') - T& / p(r) (T&) ™ Vi (TE,) (b1) dr
0 0

~T¢& /O p(r) (T&) ™" X (@) (Vre,0)Y) (T6:(0Y)) dr,
and so

Voo [T 0.1 @)], = Vs [T )T (0,13(w)]

= ([ otoyar) (9 (20 () = Vs (7 ()
1, /0 p(r) (T&)™ (Vi (TE:) (B1) — Vi (TE) (%)) dr

e, /O p(r) (T€,) ™" X (2,)dY (T (8), TE,(BY)) dr

¢
=7 [ o) (T6) ™ X(a)aY (T, (), T6,(0)) dr
0
Finally combining (3.5), (3.6) and the last identity, we have

£ 0
= p(t) ( /O tﬂ(?‘)C”) (Vre, oY) (T&(0%))
—p(t) ( /O tﬂ(?‘)C”) (Vre,2)Y) (T&(DY))
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' X (2,)dY (T€.(b?), T€-(0Y) dr>

(=)

ov., (re [ o) (T&,)
< /O t p(r)dr | dY (T&(b"), T (b%))
ov., (re [ o)z

To prove (3.3), simply do an integration by parts:

—p(
= p(t)
+p(

' X (2,)dY (T€(bY), TE-(b%)) dr> .

(=}

TT:([h*, h?)) T{t < )Tgs )TIXdY (Té(b'), TE(b?)) ds
T / plo) [ o) (T )XY (16 (01),76,02)) drds
=76 [ oto) ([ ptryar) (e xay (16,0, e, 0%)) s
476, < [ o1as) [ otrrre)-txar (re.w, re0%) aras
- Tg, /O ( | ()dr) p()(TE) I XAY (T&,(bY), TE, () ds
= ([ ptonts) e ([ e xar (e re0)as) . 0

Note that if T' is the torsion of the connection V, then X (dY) = T by (1.4).
Consequently,

Corollary 3.2. For h' defined by (1.4) in Proposition 3.1,

X( )jt[hl h2] = (t) (/0 p(r) d?") T(T&(bl),T&(bQ))

+ p(t)TE, / p(r)(TE) VT (TE(01), TE(P)) dr (3.7)
and

rzn0) = t plsjas) 7e ([ () TET (TEu(b), TE(62)) i) (8)

We shall now return to our examples.

Example 3.1. Gradient system

In Example 1.1, where the stochastic differential equation is a gradient system,
we have dY = 0. Consequently % (R, h2]t (w) vanishes and so does [h', hQL (w).

Indeed in this case if we set
- [ v we ) @
0
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for v € T,, M, we have a commuting family {h":v € T,, M} of H-valued vector
fields on CyR™. Note that if o : M — R is the immersion defining our stochastic
differential equation, then « o & is a random map of M into R™ and h} = d(a o

£)(v) = (&)« (da)(v).

Example 3.2. The Lie group case

For M a Lie group with left-invariant stochastic differential equations corresponding
to a bi-invariant metric as discussed in Sec. 1, if v € g and zy = e the identity
element, we have

i [ PY L (TeE WD) dr
B .—/O p(r)Y,, (T€: (")) d
_ / p(r)TL; TR, (b%) dr
0
B / p(rad(z, *)(b") dr .

0

In this case
t t
TZ,(h') = TR., / ad(x,)hi dr = TR, < / p(r)drbi> :
0 0

Let T® and TT be the torsions for the left- and right-invariant connections
respectively. From above, (1.5), the fact that T¢f (u) = TRy, (u), and by the right
invariance of TR,

Lt 12 = (1) < / e dr) TL, TR, [b',b°)

t
~POTLITR,, [ p(r)0h, 7] dr
0

— —20(t) ( /O C o) dr) ad(z; )b, b7

=2 ([ otrrar) adtar o8

= —ada) 5 [ /O " pr)drb, /O t p(r)der] .

Note that

TT.(h',h2]) = —TR,, /O ad(mr)(d%[hl,hQ]r)dr

=k, [ 200) ([ ptsras) ariv

= —TR,,| /0 t p(r)drb*, /0 t p(r)drb?).
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Example 3.3. Lie group as a symmetric space

We now consider the stochastic differential equation (1.6):
dry =TR,, odB; — TL,, o dB;

on the Lie group G with bi-invariant metric. The derivative flow of the solution
&t is given by T, = T'R(g)-1T Lg,. Note that in our notation the map, giving the
equation (1.6), X (g) : gx g — T M is given by X (g)(a1,a2) = TRg(a1) —TLg(as)
with inverse Y : TG — g x g given, for u € TyG, by
_ -1 -1
Y(u) = (TR, (u), =TL,; " (u))
= (YRu, —YTu).

Thus if u,v € T,G, for T® and T* the torsion tensors as in (1.5),

dY (u,v) = (TR, T (u,v), TL,; T " (u,v))
= ([Y*(u), Y ()], [V (), Y (v)])

SO
d 1 2 ¢ R 171 R 1,2
ZIh B2 = p(t) ( / p(r)dr) (V" (7L TRWY) Y R(TL, TR,
[YE(T Ly TR,'?), Y (T Ly, TR, 'bY)) ) .
Now
7 —1\—1 —1714
YR (TLgtTR 1)1)) = (TR, (9)™}) " TLy, TR,
_ -1 B —1zi4
~ (TR, oTR,,) TL,TR}'
= ad(gt)bi
while
_1\—1 _ i
vL (TLgtTR(gl)bz) = (TLy,(g)7}) " TL, TR
= TLgéTR;;Ibi = ad(g))t",
SO

Gt 12 = ot0) ([ ptryar) (aatan) ', 7], el ', 17)
cgxg.

In this case hi = (fo r)ad(g,)b* dr, — fo r)ad(g.)b dr)
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3.2. A family of H?-valued vector fields

In general when the associated connection V for (1.1) is the Levi-Civita connection
V and A = 0 we expect that N9TZ(h* A ... Ah?)_ € HZ for almost all 0 € Cp, M.
It follows from [10] that this holds for ¢ = 1 and from [6] for ¢ = 2, and a proof
for ¢ = 2 for our special h'’s is given below in Proposition 3.3 as an illustrative
example. For general g we have,

A(TT)(RE A ... Ah9) =E{AYTE) (PP A A [z, :0<s<T},

where b/ = <f0t p(r)dr) b and (T€.)(b"7) is just the vector field

{(T&)(B?7) : 0 < t < T} along £.(20). From [12] or [16] for gradient systems, we
can deduce that for 0 <¢; <... <t <T

NTI(TA. ANRY),,
t1 to tg )
= / p(r)dr/ p(r)dr .. / p(r)dr - (1 ®...® Wt::[q—l)
0 0 0

2

-(1®...®W(2)::: )...Wt(f)(bl/\.../\bq). (3.9)

1

Here W@; = W9 o (W)L . AT, M — AT, M with Wg = WO, for W@
the damped parallel transport defined by (0.3).

Let us recall the characterization of #! and H2. For ¢ = 2 it is shown in [6],
that

HZ={U+Q,(U)|U € N*H.} C N°T,Cpe M
where Q, : A2HL — A*T,C, M is defined by

Q@m¢=u@WWﬂwm/Y“@h*Raaomn 0<s<t<T (3.10)
0

for R : A2TM — A?TM the curvature operator.
The space H! is the ‘Bismut tangent space’, [19], but with a different Hilbert
space structure. In fact eler2nents of H! are exactly vector fields v in M along o
T
such that [|v, :== [, |%Ut‘o'(t) dt < co where

D D 1_. S d
U= + §ch#(vt) =W; IEWt V. (3.11)

From this it follows that A2H consists of those U in A%T,C,, M for which
s t
(W) @), = [ [ Hsr)dridr,
’ o Jo

for some H in L2 ([0,T] x [0,T); TwyM @ Ty M).

Proposition 3.3. Let A € L>'([0,T};R). Take V in A2T,,M and V> €
N2L2YT, M defined by VY = M)AB)V. If A = 0 in (1.1) and the associated
connection is the Levi—-Civitd connection, the vector field Z, where

Z =E{N(T&)(V)|zs,0< s < T}
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forms a section of H2. It is equal to U + Q(U) for Q as above and U given by
Ut = (1@ WHAAR) WP (V)
— (W, @ W}) / A2(r) A2 (WT)’lR(W,EZ)(V)) dr, (3.12)
0

for all0 < s <t <T. It has divergence
T/ D
(div Z)t = —/O' <<E—,dx7ﬂ> ® 1) Z’r,t
t
+ Wt/ ((—,dscr) ® (W) HR(1® Wg))_1 L. (3.13)
0
(For an interpretation of the, apparently adapted, integrals, see the proof below.)

Proof. From (3.9), for 0 < s <t <T,

Zor = Ms)A1)(1 @ WHWP (V). (3.14)
So
[(RPW) 1 Z] |, = M)A (N W) T W (V). (3.15)
Setting
k(r) = N2(W, YWD (V) € A2 Ty, M (3.16)

we see that
[(/\QW.)_IZ}S = As)A)k(s A t), for all s,t € [0,T].

Set

We only need to show that
U+ (AW HU) = Ms)M(t)k(s At) (3.17)

and that U belongs to A2H!.
Now for any K:[0,T] x Q — A2TM over {x; : 0 <t < T}

NI S (W2 (W) Ky) = RUK,) + WL (WD) K, (3.18)

when the derivative exists, so k'(s) = A2(W;HR (WS(Z)(V)) and consequently
by (3.12)

Ust = Ms)At)k(s A t) — /0 N2 (YK (r) dr, (3.19)
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for s,t € [0, T]. Integrating by parts,
Ust = Ms)AD)E(s At) = N2 (s At)k(s At) +2 /OSM N (P)X(r)k(r) dr
—2 /0 NN dr + MM = (s ARG AL, (3.20)
From this it is easy to see that
t—:/ ds/ dt N ()N () k(s At) + A(s AN (s VK (s A t)) (3.21)
since for 5 < t one has
/Os ds /Ot_dt (V ()N ()k(s A1)+ Als AN (s V DR (5 A 1))
_ /O ’ { /0 TSN (OR(E) + AON () (1)) dt
/ VN OR) +Als )X(t)k’(s))dt}
= [ XK s+ [ 0D - X A s
—2 / N(A($)k(s) ds + (D) — M@)MDK(). (3:22)
This shows that U € A?H!. Next note that
Us,s =2 /0 N(P)A(r)k(r) dr

by (3.20). By the definition, (3.10), of @, (3.16), and using (3.18) again we see that
for0<s<t<T,

NWHRWY, = 2O [V IR (U dr

= W [y R ()20 dr
0

S d
2 r-hwe [ 2 (2)y-1
A2 (W)W /O — [(WT ) UTT} dr
= N2(W Hw® / QW LA (WX (M)A k(r) dr — Us
0

= N2(W Hw® / N (A(r)V dr — U,
0
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— X2(s)k(s) — 2 /O NP dr
- /O NG () dr

Finally add (3.19) to the above to obtain the required identity (3.17).

To obtain (3.13) we can assume V to be primitive, V = bl Ab? say. By (2.6) the
divergence of Z is just the conditional expectation J of J for J = TZ(div(h' A h?))
where hl = A(t)Y,,T&(b7). By Theorem 2.1 and Proposition 3.1

T T
J =TT, (—/ <hi,dBr)h?+/ <hf,dBT>h,1>
0 0

=J+J,

where
T T
JO=T17, | = | (hl,dB,)h? h?,dB,)h!
: </< e+ [ >>
T
= [ (AT o) xOTER)
T
ANr)TE(TE (), dzy ) NE)TE(BY).
+ [ (Aoreran). e, ) xoTe')
Therefore
T.
E{JP| F*o Vv Fi} = =) / Ar)eqwy -z, N2 (TE) (B AD?)
giving
_ T D
tﬁz/ O®<§—ﬂ&>)%m
t
by (3.14).

The second term J! could be treated as in Corollary 3.5 below, but to get the
form (3.13) observe

T == [ AOAC) () 0 1) (TG ),

and so by (3.9)
A ' ) r —,dx, : (2) (1 2
T = [ A0 (e ©1) (1o WHWE (02 A5)

Here we can interpret the, apparently adapted, integral by using W} = W;(W,.)~*
and taking the term (1 ® W) outside of the integral. Now

(52 ® 1) Ze = 2 [MOAG(1 © WHWE (b 7 17

1
+3 (Ric* ®1)Zyt
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giving
AP (1 @ WHW® (bt A b?)
D 1
= — — Z(Ric#*
(37‘ ® 1) Dt 2(ch ® 1)Zyt
A1 ® Wt)g(l ® (W) Hw® (b! Ab2),
but
D -1 (2) (11 2
5, (1@ (W))W 5 (b™ A Db%)
— W 1)%(/\2W;1)W£2)(b1 Ab?)

1
—Z(Ric” 1)(1 @ W;H Y)W (b! A b2
2 r r
1
= (1 W;HRW (b Ab?) - E(Ric# ®1)(1 0 W;HW® (b! A b?)
by (3.18), and so

. D
A1 @ WHW ) (b Ab?) = (5 ® 1) Zot — (1@ WHR(1® W) 1Z,,.
The result follows noting that (1 @ W)~ 1Z,¢ is F¥°-measurable and the factor
(1 W) in (1@ WF) = (10 W)(1® (W)™ 1) can be taken out of the stochastic
integrals to make them It6 integrals. O

Remark 3.3. (1) The formula (3.12) in Proposition 3.3 demonstrates the alter-
native characterisation of H? from [6] which states that V is in #? if and only if
V —IR(V) is in A2H! where R is the curvature operator of the damped Markovian
connection on H*.

(2) Note that for the proof of (3.12) we could allow V : CpuM — A2T, M
to be nonconstant provided it is in L'*® for some £ > 0. Our filtration in cal-
culating (3.9) can be chosen to be {F, vV F* : 0 < ¢t < T} as in [8]. Now
let V' : [0,T] x [0,T] — A*Ty,M be such that Vi, = [; fot Zqpdadb some
Z € L ([0,T] x [0,T] x Cyo M — N*Tp, M) symmetric in (s,t) € [0,7T] x [0,T].
As a corollary we see, for 0 < s <t <T,

E{AX(TE)(V)|zs :0< s <t <T}=U+Q(U)

for

S

Ui = (1© W)W (Vo) — (We ® Wt)/ A2(W,) IR (W) (Vi) ) dr.

0
Moreover U is a section of A2H! and so U + Q(U) is a section of H2. This fol-
lows from the proposition by polarization for Vi, = (A'(s)A2(t) + A2 (s)A(?)) b,
some b € L?(Cyy M;A*Tyy M) and then for general V by continuity since we can
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consider such V' as elements of the completed tensor product [©2LJ" ([0, T];R)] ®
L23(Cyo M; N*Tyyy M), where © refers to the symmetric tensor product. Note the

mapping
©*Lo™ ([0, T R) © L*(Cuy M; A*Tiry M)
Ny 2 (chM; N2(L21(0,T);R) ® TEOM)
~ L2 (CxOM; /\Q(L(Q)’I(TwOM))
given by
O ((uov)® flanp)) (o)

= SO [@® ) A0 E8)+ (0@ a) A B0 € CuyM,

where f(-)(aAB) € L? (CooM; N2TyoM) ~ L*(Cyo M; R) @ A2 Typo M, o, 3 € Tyy M,
f € L?(Cyy M;R).

In this generality the stochastic integrals in (3.13) will need to be treated more
carefully and if V' is non-random an additional term involving its H-derivative will
be involved in the divergence.

3.3. From Integration by parts to Bismut type formulae

First we shall give an extension of the non-intrinsic formula (0.4). For this consider
a general non-degenerate stochastic differential equation (1.1) with smooth coeffi-
cients. For {& : 0 <t < oo}, its flow of diffeomorphisms of the manifold, consider
the semigroup described in Sec. 1, given by

P¢= E{f((b).

Since M is compact d(P;¢) = P;(d¢) when ¢ is C''. The generator A of {P;}+>0 is
given on smooth forms by (1.7) above.

Proposition 3.4. For any bounded measurable form ¢ on M and L' function
p:[0,t] = R with fot p(r)dr #0,

d(Pip) (b A ... ABTTY)
-1 qg+1

_ < / tp@dr) By (19 / )T, X (2,)dBL),

BB A L ADI AL ABITY
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-1

([ otrrar) LT s
: (/t p(s)TE? (T (Tgs(bi),Tgs(bf))) ds ALY A A ADI LA bq+1>,
0
(3.23)

where T : TM & TM — TM is the torsion of the connection V given by (1.4).

Proof. Define h',i =1toq+1,by (3.1). Set h =h'A... AR and b=b'A... A
b9t1. Arguing as in Theorem 2.2, but without taking conditional expectations we
see, for ¢ a C! g-form,

d(Pip)(b) = P(dg)(b)
= E&/ (do)(b) = (/0 P(T)dr> Ed¢ (ANTHTI)(h)e,....t)

—q—1

T
T ( /0 P(TW) E¢ (AN(TT)(div h)y, . 1) -

By Shigekawa’s result, Theorem 2.1, formula (3.23) follows using Proposition 3.1,
equations (2.4), (3.8), and the fact that fg(h;, dBgs) fo $)(Tés(bY), X (25)dBs) s, -
By continuity it also holds for bounded measurable ®. O

To obtain an intrinsic formula from (3.23), we shall take conditional expecta-
tions, which can easily be done if the torsion T' = X (dY') is invariant under the
flow (e.g. for certain homogeneous spaces). In this case formula (3.23) becomes:

d(P;g)(b* A ... ADITY)

([ 55

EZ ]Jrl/ )<T§S(b]) (xs)st>a:s
'ff(fb)(bl/\.../\by/\._./\bq+1)

- (—1)”j+1E(§:(¢)(T(bi,bj)/\bl/\.../\bAi.../\bAJ'.../\qu)».
1<i<j<qg+1
(3.24)

Let WtA’q s NIy M — ATy, M, the damped parallel translation of ¢ vectors,
defined by:

S(WA"I(V ) = —%7”330 (Wa(vo)) +dat (VA) (Wa(v)) |

] (3.25)

W) =V,
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Here 825 refers to covariant differentiation using the connection V, the adjoint con-
nection of V. Since the conditional expectation of A?TE; is given by

NTE(~) = W/(-),

by Theorem 3.3.7 in [12], or Theorem A in [16] for the Levi-Civita connection, we
only need to worry about the first term on the right-hand side of equation (3.24).
Set

Uy = / 0(9) S (1P ), X ()dB) - AITE( A AT AL A B
0

V7 = NTEB AL ABI AL ABITL).
Then, e.g. by (3.3.10) in [12],

a1
DU, = Z(—l)j+1p(t)<T€t(bj)vX(mt)dBt> V!
a1

n Z ]+1/ )<T§s(bj) X(xs)dBs) - d N? (ﬁX(_)dBt)(V;fj))

g+1

+Z ”1/ SHTE(V), X (5)dBs)

~ (—;qumf‘)dwdm AW )it

q+1

=Y (L) p(t)(T& V), X (20)dBy) - Vi

j=1
+ant (VX()dB)(U) - %(Z?q)*(Ut)dt AN VAU

Taking the conditional expectation of the above equation, as in the proof of Propo-
sition 3.3.7 in [12] or that of Theorem A in [16], we have

+1
DU = (=17t p(t)(T&(b9), X (we)dBy) - NTE (M A ... A bi A ... AbIHD)

j=

Q

—

—Z(RY)*(T;)dt + d AT VA(T;)dt

l\.')l»—l

1 . — U

= PO x(w)ap) N TE (DT Ao AbITE) = S(RY)"(Ur)dt + d AT VA(Ur)dt
y 1. .

= P x(@apy W BN AL NG = S(RY) (W)t + d ATV ATt

= p(t)e_. //tdBde’q“(bl L ABITY) — Z(RY*(Ty)dt + d ATV A(T)dt

N~
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Here /7 ; denotes parallel translation corresponding to the connection V and (Bs)
is the stochastic anti-development Brownian motion on Ty M, i.e. the martingale

VS
part of [ //s o dz,. Solve the equation to obtain
t
U = VVVtA’q . (WsA’q) P(S)L<_7//”sdgs>WsA’q+1(bl A ABTH) ds.

Finally we arrive at:

Corollary 3.5. Suppose that the torsion T = XdY is invariant under the flow &.
Then for b € Ty, M,i=1,...,q+1,

d(P;p)(b* A ... ADTTY)

t -1 t
— </0 p(r)dr> E¢ (WtA’q/O p(s)(WsA’q)1L<7/75dés>WsA’q+1(bl/\.../\qu))

—¢ [ WA S ()T Y)Y AV AL AL A A
1<i<j<q+1
(3.26)

Note that in the non-invariant case, an analogous proof to that of Corollary 3.5
leads to the intrinsic formula below. If V' is a ¢ + 1 vector, we define 14V to be the
operator from AYTYTM — AYT M which restricted to primitive vectors is given by:

O AL ABTY = ST (ST ) AB AL AL AT ABTHL
1<i<j<q+1

Corollary 3.6. Let b be a q vector in N9TYT, M, then

([ strar) e

t
=56 (Wit [T (1 WA 0) 4 W0 ) ).
(3.27)

Proof. We only need to worry about the last term of (3.23), since the previous
term is as in Corollary 3.5. For this

Z (_1)i+j+1

1<i<j<q+1
xE<£:><¢>< | otores (7 (re.0).76.0))

-~

><ds/\b1/\.../\bi.../\I)Aj.../\qu)



September 2, 2003 10:2 WSPC/102-IDAQPRT 00121

Some Families of q-Vector Fields on Path Spaces 25

=1E¢< > ””+1T£l/) $Te (T (Te, (), TEb)) ) ds

1Si<j§q+1
ATEBY A ... ATED) ... NTEDI) ... A Tgt(bqﬂ))
Set

U= Y (-1t / (Tgs(bl) Tgs(bj))) ds
1§i<j§q4r1
ATEWBY) A ATEDT) ... ATEDT)... NTEDIH).

Then after covariant differentiation and filtering we have

DT = Y (~1)p()

1<i<j<q+1
T (T€,(b7), TE (b)) ATEBY) A .. ATED) ... ANTEDI) ... ANTE(bs+1)
- %(RQ)*@)dt AN VATt

1 o — U
= p(O)ip ANTTTTERT A ABT) — (R (To)dt +d A7 VATt

o 1 . — PR
= p()x WA (b) — 5 (B (@)t +d AT VAT, dt,

giving
t . -1 .
U, = wi p(s) (W:l’q> Lp WAL (b) ds.
0

The required equation now follows. O

Special cases

(1) When the connection V defined by (1.3) is the Levi-Civita connection and
p(t) = 1, formula (3.23) essentially reduces to (0.4), but in this case P; has
generator given by %A + L4 on smooth forms.

(2) For a left-invariant stochastic differential equation on a Lie group G with bi-
invariant metric and A = 0, formula (3.23) reduces to

d(Py)(b* A ... ABTTY)

_ (/Otp(r)dr> T <</Ot ad(z)dBs, —> A R;t(¢)> BL A B

- X (—1)i+jER;t(¢>)([bi,bj]AblA...z?iA...z?JA...Abq“),
1<i<j<q+1
(3.28)

for zop = e (so b’ € g, each 7). In this case the generator of P; is —traceVRVR
by (2.4.3) of [12].
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Formula (3.28) is intrinsic. It could have been deduced from the path space
integration by parts formula of [17]. The ¢ = 0 case was given in [7].
Another computable example comes when A = 0 and X is chosen so that V has
torsion T'(u,v) = =25 (v Au)Z(x) for u,v € T, M and Z a fixed vector field on
M. Here v A is the operator such that (vAu)Z(z) = (v, Z(x))zu— (u, Z(z))v.
This connection was used by [18]. In [12], example 2.3.5 (though there is a minor
misprint in the formula written there), the generator on g-forms is shown to
be $A + £[2(7:1:11)_1]Z — —2-1zd. Set Z# = (Z(x),—),. The term involving the
torsion in (3.23) reduces to
t -1 4
(/ p(r)dr> ﬁ155;*(2# A@)(bEA L ABTTY
0 _
1 P(Z% N ¢)
= 7 t .
(n—1) Jy p(r)dr

In this case we have:

d(Pip)(bE A ... ABTTY)

= (/Ot p(r)dr> B E¢ (/Ot p(s)%—,/ngBQquH(b))

4 # 1 at1
=) [ dr (ZF ANg) (B AL ABTTY) . (3.29)

References

Hélene Airault, Subordination de processus dans le fibré tangent et formes har-
moniques, C. R. Acad. Sci. Paris Sér. A-B, 282 (1976) A1311-A1314, 1976.

J.-M. Bismut, Martingales, the Malliavin calculus and Hérmander’s theorem, in
Stochastic Integrals (Proc. Symp., Durham, 1980), Lecture Notes in Mathematics,
Vol. 851 (Springer, 1981), pp. 85-109.

J. M. Bismut, Large Deviations and the Malliavin Calculus, Progress in Math., Vol. 45
(Birkhé user, 1984).

B. K. Driver, A Cameron—Martin type quasi-invariance theorem for Brownian motion
on a compact Riemannian manifold, J. Funct. Anal. 100 (1992), 272-377.

B. Driver and A. Thalmaier, Heat equation derivative formulas for vector bundles, J.
Funct. Anal. 183 (2001), 42-108.

K. D. Elworthy and Xue-Mei Li, An L? theory for differential forms on path spaces,
in preparation.

K. D. Elworthy and Xue-Mei Li, Formulae for the derivatives of heat semigroups, J.
Funct. Anal. 125 (1994), 252-286.

K. D. Elworthy and Xue-Mei Li, A class of integration by parts formulae in stochastic
analysis I, in Ité’s Stochastic Calculus and Probability Theory (dedicated to Ité on
the occasion of his eightieth birthday) (Springer, 1996).

K. D. Elworthy and Xue-Mei Li, Bismut type formulae for differential forms, C. R.
Acad. Sci., Sér/ I, Math. Paris 327 (1998), 87-92.

K. D. Elworthy and Xue-Mei Li, Special Ité6 maps and an L? Hodge theory for one
forms on path spaces, Can. Math. Soc. Con. Proc. 28 (2000), 145-162.



September 2, 2003 10:2 WSPC/102-IDAQPRT 00121

(11]

(12]
(13]

(14]

(15]

(16]

Some Families of q-Vector Fields on Path Spaces 27

K. D. Elworthy, Y. Le Jan and Xue-Mei Li, Concerning the geometry of stochastic
differential equations and stochastic flows, in New Trends in Stochastic Analysis,
Proc. Taniguchi Symposium, eds. K. D. Elworthy, S. Kusuoka and I. Shigekawa,
Sept. 1995, Charingworth (World Scientific Press, 1997).

K. D. Elworthy, Y. LeJan and Xue-Mei Li, On the Geometry of Diffusion Operators
and Stochastic Flows, Lecture Notes in Mathematics, Vol. 1720 (Springer, 1999).

K. D. Elworthy, Stochastic Differential Equations on Manifolds, London Mathemat-
ical Society Lecture Notes Series 70 (Cambridge Uni. Press, 1982).

K. D. Elworthy, Geometric aspects of diffusions on manifolds, in Ecole d’Eté de
Probabilités de Saint-Flour XV-XVII, 1985-1987, Lecture Notes in Mathematics,
Vol. 1362, ed. P. L. Hennequin (Springer-Verlag, 1988), pp. 276-425.

K. D. Elworthy, Stochastic flows on Riemannian manifolds, in Diffusion Processes
and Related Problems in Analysis, Birkhauser Progress in Probability, Vol. II, eds.
M. A. Pinsky and V. Wihstutz (Birkhauser, 1992), pp. 37-72.

K. D. Elworthy and M. Yor, Conditional expectations for derivatives of certain
stochastic flows, in Sem. de Prob. XXVII. Lecture Notes in Mathematics, Vol. 1557,
eds. J. Azéma, P. A. Meyer and M. Yor (Springer-Verlag, 1993), pp. 159-172.

S. Z. Fang and J. Franchi, De Rham—Hodge—Kodaira operator on loop groups, J.
Funct. Anal. 148 (1997) 391-407.

N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes
(North-Holland, 1981).

J. D. S. Jones and R. Léandre, LP-Chen forms on loop spaces, in Stochastic Analysis
(Durham, 1990), London Mathematical Society Lecture Notes Series 167 (Cambridge
Univ. Press, 1991), pp. 103-162.

S. Kusuoka, Degree theorem in certain Wiener—Riemannian manifolds, in Stochastic
Analysis: Japanese—French Seminar 1987, Lecture Notes in Mathematics, Vol. 1322
(Springer-Verlag, 1988), pp. 93—-108.

S. Kusuoka, Analysis on Wiener spaces II, Differential forms, J. Funct. Anal. 103
(1992) 229-274.

S. Lang, Introduction to Differential Manifolds (Interscience 1962).

R. Leandre, Analysis over loop space and topology, to appear in Math. Notes.
Xue-Mei Li, Stochastic flows on noncompact manifolds, University of Warwick, 1992.
Ph.D. thesis.

J. Norris, Path integral formulae for heat kernels and their derivatives, Probab. Theory
Related Fields 94 (1993) 525-541.

D. Rapoport and S. Sternberg, On the interaction of spin and torsion, Ann. Phys.
158 (1984).

I. Shigekawa, De Rham—Hodge—Kodaira’s decomposition on an abstract Wiener space,
J. Math. Kyoto Univ. 26 (1986) 191-202.



