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Abstract

An L? theory of differential forms is proposed for the Banach manifold of continuous paths on a Rie-
mannian manifold M furnished with its Brownian motion measure. Differentiation must be restricted to
certain Hilbert space directions, the H-tangent vectors. To obtain a closed exterior differential operator the
relevant spaces of differential forms, the H-forms, are perturbed by the curvature of M. A Hodge decom-
position is given for L? H-one-forms, and the structure of H-two-forms is described. The dual operator d*
is analysed in terms of a natural connection on the H-tangent spaces. Malliavin calculus is a basic tool.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Background. We are concerned with the construction of an L? Hodge theory on path spaces with
respect to a suitable reference measure and a collection of ‘admissible’ vector fields. Consider
the space of continuous paths on a compact Riemannian manifold, over a fixed time interval
[0, T']. Path spaces are Banach manifolds with the usual concepts of differentiable functions and
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differential forms, for example see Eells [24], Eliasson [25], Lang [54]. They also have a natural
measure, their Brownian motion, or Wiener measure.

From the works of Bismut [10], Léandre [47], Driver [20] and others following pioneering
work by L. Gross [44] in the classical Wiener space case, it seems the natural Sobolev differen-
tial calculus for functions on path spaces using such measures is of differentiation in directions
given by Hilbert spaces of tangent vectors at each point: essentially the tangent vectors of finite
energy. These are the so-called Bismut tangent spaces. The integration by parts formula given
by Driver [20], and subsequent results suggest that these notions will lead to a satisfactory, and
useful, Malliavin type calculus in this context. However the construction of differential form the-
ory using Bismut tangent spaces leads to difficulties even at the level of the definition of exterior
derivative. This is because of the lack of integrability of Bismut tangent ‘bundle’: the Lie bracket
of suitable Bismut tangent space valued vector fields does determine a vector field, but in the
presence of curvature it no longer takes values in the Bismut tangent spaces. Several ways of
getting round this problem have been formulated, and carried out, especially by Léandre [55,56,
58] who gave analytical de Rham groups and showed that they agree with the singular cohomol-
ogy of the spaces. See also [57]. But we are not aware of any which have led to an L? theory
with Hodge—Kodaira Laplacian on our path spaces in the presence of curvature. In flat Wiener
space the problem does not arise and the L? theory was defined and shown to be cohomologi-
cally trivial by Shigekawa [69,70]. See also Mitoma [62] and Arai and Mitoma [5]. For abstract
Wiener manifolds, a class of infinite dimensional manifolds with an integrable Hilbert bundle of
admissible directions, see Piech [65]. For M a compact Lie group with bi-invariant metric the
corresponding results were proved by Fang and Franchi [42], but using the Bismut tangent spaces
obtained from the flat left invariant connection on M so the problem again is avoided. They also
considered loop groups [42]. For work done on ‘sub-manifolds’ of Wiener space see Airault and
van Biesen [4], van Biesen [71] and especially Kusuoka [52,53], Kazumi and Shigekawa [48].
These submanifolds were constructed to replicate loop spaces over Riemannian manifolds, with
their natural “Brownian bridge” measures. For a general survey see Léandre [59], and for a more
introductory article concentrating on the approach taken here, see [34].

Let M be a compact C*° Riemannian manifold. For a fixed positive number 7', consider the
space Cy,M of continuous paths o :[0, T] — M starting at a given point xo of M, furnished
with its natural structure as a C° Banach manifold and Brownian motion measure fy,. For
smooth differential forms there are the de Rham cohomology groups ng rRiam CxoM). C.J. Atkin
informs us that the techniques of [7,8] can be extended to show that the de Rham groups would be
equal to the singular cohomology groups, even though Cy, M does not admit smooth partitions of
unity, and so trivial for ¢ > 0 since based path spaces are contractible. For related work, also see
Lempert and Zhang [60] on Dolbeault cohomology of a loop space. Since our primary interest
is in the differential analysis associated with the Brownian motion measure o on Cy, M, which
could equally well be considered on Holder paths of any exponent smaller than a half, we could
use Holder rather than continuous paths and it is really only for notational convenience that we do
not. In that case we would have smooth partitions of unity, see Bonic, Frampton and Tromba [11].
However contractibility need not imply triviality of the de Rham cohomology groups when some
restriction is put on the spaces of forms. For example if f:R — R is given by f(x) = x then
df determines a non-trivial class in the first bounded de Rham group of R. If f has value +1
for x > 1 and —1 for x < 1 then df is non-trivial in L2-cohomology. In finite dimensions the
L?-cohomology of a cover M of a compact manifold M gives important topological invariants
of M even when M is contractible, e.g. see Atiyah [6]; note also Bueler and Prokhorenkov [12],
Ahmed and Stroock [1], and Gong and Wang [43].
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The Bismut tangent spaces H; are defined by the parallel translation
//t(O') . TX()M —> To’(l‘)M

of the Levi-Civita connection and consist of those v € T,Cyy M such that v; = //;(0)h, for
h. e Lg’l ([0, T']; Ty, M). To have a satisfying L? theory of differential forms on Cy, M the obvi-
ous choice would be to consider ‘H-forms,’ i.e. for 1-forms these would be ¢ with ¢, € (H;)*,
o € CyyM, and this agrees with the natural H-derivative dy f for f:Cy M — R. For L?
g-forms the obvious choice would be ¢ with ¢, € A?(H))*, using here the Hilbert space com-
pletion for the exterior product. An L? de Rham theory would come from the complex of spaces
of L? sections

L 2P ANY(HY) L L2D AT (HD L (1.1)

where d would be a closed operator obtained by closure from the usual exterior derivative:
forV/,j=1tog+1,C I vector fields, and ¢ a differentiable one-form:

dp(VI A - AVIH)

q+1
=- LZ(—U"“LWM(W A AVEA A VI
170
—i—qurl ) (=) S([VLVITAVI A AVEA - AV A A VT

1<i<j<q+1
(1.2)

where [V, V/] is the Lie bracket and V/ means omission of the vector field V7.

From this would come the de Rham—-Hodge—Kodaira Laplacians dd* 4+ d*d and an associated
Hodge decomposition. However the brackets [V, V/] of sections of H! are not in general sec-
tions of H!, e.g. see Cruzeiro and Malliavin [18], Driver [21], see also [33], and formula (1.2),
below, for d does not make sense for ¢, defined only on /\q H;, each o, as mentioned earlier.

Our proposal is to replace the Hilbert spaces /7 HG1 in (1.1) by a family of different Hilbert
spaces He, ¢ = 2,3,..., continuously included in A? T, CyxyM, though keeping the exterior
derivative a closure of the classical exterior derivative on smooth cylindrical forms.

In Elworthy and Li [32], for ¢ = 1, 2, we identified a class of Hilbert subspaces HL, of the
completed exterior powers \? T, Cy, of the tangent space T, Cy, to Cy,M at a path o which
could be the basic building blocks of an L? de Rham and Hodge theory for CxyM . We described
H2 without proof, proved closability of exterior differentiation on corresponding L? 1-forms,
defined a self-adjoint Hodge—Kodaira Laplacian on such L? 1-forms and established the Hodge
decomposition.

The article [33] both discusses some of the constructions here for more general diffusion
measures and connections, and relates them to the Bismut type formulae for differential forms
on M [31], see also Driver and Thalmaier [22]. In particular it shows that a very natural class of
two-vector fields on Cy, M are of the type we consider here (i.e. are sections of H2).

Main results. Here we give a detailed analysis of H?, and define HZ for ¢ > 0. For ¢ =1, as
a space H! = H!. For flat manifolds, HZ = A7 H_ for all ¢ and the standard Hodge decom-
position theorem follows. However in general, the spaces H¢ we construct are different from
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/\? H, the exterior products of the Bismut tangent bundle. Sections of H? are called H-q-vector
fields and sections of (H?)* are called H -differential forms of degree ¢. In fact 7-((27 is a defor-

mation of /\2 H inside Ly, (H. , H!) by the curvature of M. As a Hilbert space 12 is defined

to be isometric to /\2 H(} by a map involving the curvature of the so-called damped Markov-
ian connection on the Bismut tangent “bundle.” Algebraic operations such as interior products
acting on H-two-vectors, and the exterior products of H-one-forms, as well as the derivation
property for the exterior derivative are shown to make sense. A Hodge decomposition is given
for H-one-forms. In a sequel, Part II, we establish the analogous decomposition for L? 2-forms,
and we show that the spaces H¢ defined by suitable Itd maps Z depend only on the Riemannian
structure of the base manifold M.

Organisation. The article is organised as follows:

Section 2. Review of basic results concerning exterior powers of relevant spaces of tangent
vectors to Cy M.
Section 3. Special It6 maps and the definition of HY.
Section 4. Characterisation of H! and H?2.
Section 5. H-one-forms: exterior differentiation and Hodge decomposition.
Section 6. Tensor products as operators: algebraic operations on H-one-forms.
Section 7. The derivation property of d!.
Section 8. Infinitesimal rotations as divergences.
Section 9. Differential geometry of the space H? of two-vectors.
Appendix A. Conventions.
Appendix B. Brackets of vector fields, torsion, and d¢p (v! A v?).

In Section 2 we discuss the various completed tensor products of tangent, and other spaces
which we will use. Properties of these relating to tensor products of abstract Wiener spaces are
used in order to define our spaces H9 in Section 3. The aim is to show that these constructions
are well behaved and have interesting geometry.

One of the main results, see Section 4, is a characterisation of 2 as a perturbation of /\2 H
by a curvature of the Levi-Civita connection on M. Write H, = H_, then

Hy =+ Q)N Ho (1.3)
for some operator Q, on /\5 T5 Cy,. Equivalently
ueH? ifandonlyif u—R@u)e \*H

where R is identified in Section 9 as the curvature of the damped Markovian connection on the
H -tangent spaces.

In Section 5 we rapidly recall the results concerning closability of our exterior derivative on
H -one-forms and the Hodge decomposition for H-one-forms.

The remainder, the main part, of the article is an analysis of the space H?, its associated
H-two-forms, and the adjoint of the exterior derivative, an operator from H-two-forms to H-
one-forms, together with the corresponding divergence operator from two-vector fields to vector
fields. In Section 6 it is shown that the exterior product of two H-one-forms is naturally an H-
two-form, and the interior product of an H-two-form with a H-one-form is a H-one-form. The
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operator Q has image in L., (H; H), which implies an element of Hg can be considered to
be an element of L., (Hs; Hy), cf. Corollary 6.2, although in general it is not compact and
so not in /\2 Ho . In Section 7 a corresponding derivation formula for the exterior derivative of
H -one-forms, Theorem 7.1, is shown to hold.

In Section 8 it is shown that the elements of the image of suitable smooth sections of /\2 'H by
QO “have a divergence” in the sense of satisfying an integration by parts formula and a formula
is given in 8.1 for div Q(V! A V2). Vector fields which are not H-vector fields also make their
appearance, especially as Lie brackets. The latter involve infinitesimal rotations which “have a
divergence,” and in their case the divergence is zero. It is natural to ask if they themselves are
divergences, in this extended sense, of some two-vector field. In Section 8 this is shown to be true
in a wide class of adapted situations on flat Wiener space, Proposition 8.2. This has independent
interest, but it is extended, in Theorem 9.3, to show that the torsion of the damped Markovian
connection when applied to suitable non-anticipating H-vector fields is the divergence of the
perturbing factor in the definition of H?:

divQ(u' Au?) = %T(ul,uz). (1.4)

Here T is the torsion of the damped Markovian connection V. This helps explain the “cancella-
tion” of the bracket occurring with our exterior derivative, and fits in with the result of Cruzeiro
and Fang [16], concerning the vanishing of the divergence of such torsions. The damped Markov-
ian connection, introduced by Cruzeiro and Fang [16], plays an important role here, as it did
in [35]. As in [35] we introduce it by giving a Ciy([0, T']; O (n))-bundle structure to H. This is
done in Section 9. Here we also relate the divergence of our H-two-vector fields to the adjoint
of the damped Markovian covariant derivative in a non-anticipating situation, Corollary 9.7: For
suitable non-anticipating U, V,

VXU A V) =div(I + Q)(U A V). (1.5)

We also describe the curvature of the damped Markovian connection in Section 9D, to estab-
lish our claim that 4 is a perturbation of /\2 H! using this curvature operator, Theorem 4.3(iii).
In Section 9D we essentially show that D>! H-two-forms are in the domain of the adjoint of
d'*, extending the result for one-forms proved in [35].

List of symbols

Cy,M or Cy,—space of continuous paths over M starting from x.

T CyyM or T, C,—tangent space at o to Cy M.

H}, or H,—Bismut tangent space, a Hilbert space included in 7, C,,.

H'! or H—corresponding Bismut tangent “bundle,” | J H(],.

H2—vector “bundle” with fibres H(z, C /\2 TsCyyM.

I' B—sections of a vector bundle B.

L?I" B—L? sections of a vector bundle B.

CoR"™—Wiener space with Wiener measure P, the canonical probability space.

L%’I(G)—for G a Hilbert space, this is {h:[0, T] — G such that fOT |hs|*ds < 0o}. When
G = R, this is the Cameron—Martin space, denoted by H.

(&, t > 0)—a Brownian stochastic flow of diffeomorphisms of M.
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T &,—space derivative of &;.

u—Brownian motion measure, also called Wiener measure, on Cy M.

Z—the It6 map induced by (& (x¢), t = 0), Z(w) :=&.(x0, ®).

TZ—H -derivative of the 1t6 map.

JF*0—the algebra generated by (&;(xg),? > 0) on M.

f (0)—conditional expectation of f givenZ =0, 0 € Cyy» .8 TZ,.

W,(q)—Weitzenbock flow of g-vectors, Eq. (4.1).

W(Q)f—Weitzenbock flow starting from time s.

W;—damped parallel translation, W; = W,(l).

%, %—see Section 4.

L, T, C,—the space of L? tangent vectors at o, Definition 4.1.

W—isometry between H! and L,TC xo» Eq. (4.3).

L(E1; E»)—the space of continuous linear maps between Banach spaces.

L>(Hy; Hy)—Hilbert—Schmidt maps between Hilbert spaces.

R, R4, Ric—respectively the curvature operator, the Weitzenbock curvature on g forms,
and the Ricci curvature on M.

In general we shall use | | to denote norms of finite dimensional spaces. || | for infinite
dimensional spaces, with | | for spaces such as LZ(Q; R™), or L2(C M ; R), where integration
over probability spaces are involved.

2. Exterior powers: Notation

For convenience the conventions we use for tensor products, exterior powers, etc. are gathered
together as Appendix A. Please note that they differ from those used in our previous articles, such
as [32].

A. All linear spaces are over R. We shall deal with tensor products of Hilbert spaces and of
Banach spaces of continuous paths. For any linear space E let ®g E denote the gth algebraic
tensor product of E with itself and /\g E the linear subspace of antisymmetric elements. For
infinite dimensional Banach spaces E we will need completions of these spaces, e.g. see Ruston
[67] or Cigler, Losert and Michor [14]:

(i) When E = T;Cy, or CoR™ let ®? E and /\? E denote the completions using the largest
cross norm, i.e. the projective tensor products ||—||,. For general Banach spaces Ej, if v is
in the algebraic tensor product £ ®q - - - ®q Eg,

n q n q
lv||x = inf ak|, where v= ak, at €Er, n<ooy.
l l l

i=1k=1 i=1 k=1

(i) When E is a Hilbert space H, let ®? H and /\? H denote the standard Hilbert space com-
pletions, (so ®2 H can be identified with the space of Hilbert—Schmidt operators on H).

(iii) In general let Q7 E and /\? E refer to the completions with respect to the smallest reason-
able cross norm, i.e. the inductive cross norm,

lwlle= " sup  |(uj®@---@up)(w)|.

lufll px <1, ufcE*
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We shall use the natural inclusion maps as identifications and so consider

RPE CREC QIE.

Thus a differential g-form ¢ on C,, M which by definition gives a continuous antisymmetric
multilinear map ¢, : T5Cy, X --- x TsCyy, — R, Lang [54], can equivalently be defined as a
section of the bundle L(/\? T Cy,; R) with fibres the dual spaces (/\? T5Cy,)*, 0 € Cyx, M.

B.If S: Ey — E; and T : F1 — F; are two linear maps of linear spaces, there is the induced
linear map S ® T: E1 ®¢ F1 — E2 ®¢ F>. The Banach space constructions are functorial so
thatif §, 7 € L(CoR™; T, C,,) then S ® T determines a continuous linear map of the completed
tensor spaces > CoR” to Q> T, C,, M and if S = T we have its restriction A% S: A? CoR" —
/\2 T, Cx,M, Ruston [67, p. 63] and Cigler, Losert and Michor [14]; with the corresponding
result for the inductive tensor product, for the Hilbert space case, and for ¢ > 2. There is also the
estimate on operator norms

[s'®--@st < s |57
so that in particular
INTS| < Is)

in all of these cases, see Ruston [67] and Cigler, Losert and Michor [14].

For example let H = L2 'R™ be the (Cameron—Martin) Hilbert space of functions

h:[0, T] — R™ of the form h; = fo hyds with i € L2([0, T]; R™) and inner product (h', h?) =
S (AL, h2)gn ds. Thus the indefinite integral

N

/:Lz([O, T1;R™) — H

0

is an isometry with inverse which we will write as
d 2 m
TiH—L ([0, T];R™).

From this we obtain the isometry
/\‘1(/) :ATL* ([0, TI; R™) — NTH
0

with inverse

N9 (%) ATLE'R™ — ATL2([0, T]; R™).
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C. We will regularly make use of the well-known isometries
®RICoR™ L5 Co (10, T1Y; QIR™)

where the right-hand side consists of those continuous «:[0,7]7 — ®q R™ for which
a(ty,...,1g) =0 1f 7; =0 for any j. For example see Cigler, Losert and Michor [14, p. 66].
For V € @7 CoR"™, write

Vir,oty = (V)1 .. 1)
Let ev; : CoR™ — R™ be the evaluation map at time ¢, then

V[] Iy = (CV[1 KR eV[q)V.

.....

Also note that such V lies in A? CoR” if and only if p(V):[0, T]17 — @7 R™ anti-commutes
with permutations, i.e.

th(1) ----- In(g) — (=D7"S; Vi, Iy
for any permutation 7 on {1, ..., g} with S; the induced action on ®q R™. If so,
Vit € /\qu

and
Vit ER"® /\q_lRm,

etc. From this we see that elements of /\? CoR™ and hence those of the smaller spaces /\? CoR™
are determined by their values on the simplex 0 <7 <--- <1, <T.

Similarly, to any V € ®Z T5 Cy, we have V; ty € Tal1 MR - ® T% M corresponding to an
isometric isomorphism of ®g T, Cy,, with the space of continuous maps V. on [0, T']¢ such that

.....

RITM

/ \L
T
0. X+ X0.

[0, T4 Mx---xM

commutes and V;, ;=0 when ¢; =0 for any ;.

.....

D. By functorality the inclusion i : L(z)’lRm — CoR™ gives rise to a continuous linear inclusion
X?i: QT H — QI CoR™. From paragraph B we see that V € Image @7 i if and only if

V... tq=//---/Us1 ..... sy dst ... dsg, @.1)
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(t1,...,ty) € [0,T]4, for some U. € L2([0, T17; QR™). Here we use the isometry p of
&7 L2([0, T]; R™) with L?([0,T]7; @7 R™). In fact the U. in the above formula is just

p(®q (%) V) or equivalently Uy, .. ; ’ is the weak derivative T rl?ﬁa » Vi

E. Given a bounded linear operator S: E — F of Banach spaces there is also the functorial
construction

(1R1)(5): @ E — RN F
defined by linearity and
(@& ) (e @@ er)
:S(el)®ez®---®eq+el®S(e2)®---®e‘1—|—---+el®e2®---®5(e‘1),
This is just a sum of operators described in paragraph B and so extends over the relevant com-

pletion. The same notation will be kept for these extensions.
Note that if V is in Q)¢ H then ((d ®q)(%))(V) is in ®7 L%([0, T]; R™) with kernel

(e () -y o 22)
d- Iyeeny Iy at] iy ty .

The restriction (d A9(S)) of (d ®7(S)) to /\g E has the form
(@A9(S)) (v AP A AV =S AVEA AV 4ot AV A A S (1Y)

and for g =2
(@A*() (v Av?) = %{Svl @vi+v! @ Sv? — S @v' —v? @ Su'). (2.3)

3. Special Ito maps and the definition of 72

A. Take a surjective C* vector bundle morphism, X : R” — T M, of the trivial R” bundle
over M onto T M, for some m > n = dim M. Suppose that X induces the given Riemannian
metric on M and let Y be the R”-valued 1-form such that Y, = X (x)*:TyM — R™. For U a
vector field and v € Ty M, set

VoU =X (x)d[y — Y, U(»]), (3.1)

as in Elworthy, LeJan and Li [29,30], where it was called LW connection for X. Suppose that the
connection V is the Levi-Civita connection. Take (B;) to be the canonical Brownian motion on
R"™ with probability space CoR"” and Wiener measure P and consider the stochastic differential
equation on M

dx, = X(x;)odB;, 0<t<T. (3.2)
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Then the solutions are Brownian motions on M. Let uy, be the Brownian motion measure on
Cx,M, the probability distribution of the solution starting from xo. An example is the gradient
system induced from an isometric immersion « : M — R with X (x):R" — Ty M defined to
be the orthogonal projection for each x € M. Another class of examples arises from symmetric
space structures on M, see [30].

For our fixed xo in M there is the solution map, or It6 map,

Z:CoR" — Cy M,
of (3.2) defined by
I(w); = x(w), e CoR™,

where x; is the solution starting at xo. Thus Z (IP) = jtx,. This Itd map has an H-derivative in the
sense of Malliavin calculus which is a continuous linear map from the Cameron—Martin space
H=Ly'R",

for almost all w € CoR™. Thus forh € H and 0 <t < T we have TZ(h); € T, M, a.s.

B. Let {&: 0 <t < T} denote the flow of (3.2) so Z(w); = x;(w) = & (x0, ). It can be taken
to consist of random C*° diffeomorphisms &, : M — M with derivative maps T&,:TM — T M,
so that Ty,&; € L(Tx,M; T,,M).

Take h € H. Set v; = TZ(h),. Bismut showed that v. satisfies the covariant equation along the
paths of {x;: 0 <t < T}

Dv, =V, X 0dB, + X (x,)h; dt (3.3)

with solution
t
o =Té& f (T&) ™ (X (xs)hy) ds. (3.4)
0

Lemma 3.1. (See [30,38].) There is a canonical decomposition of the noise {B;: 0 <t < T}
given by

dB; = [ dB; + [, d; (3.5)
where

1) {B,: 0 <t < T} is a Brownian motion on the orthogonal complement [ker X (xo)]* of the
kernel of X (x¢) in R™;
(1) {B:: 0 <t < T} is a Brownian motion on Ker X (xq);
(ii1) for eacht > 0, /7 1 :CxoM — O(m) is a measurable map into the orthogonal group of R™
with //~, (o) [ker X (xo)] =ker X (07) for iy, almost all o € Cy M.
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N.B. We will regularly consider random variables on Cy, M, such as /i, to be random variables
on CoR™ by taking their composition with Z. For example the stochastic equation (3.5) above
is to be interpreted that way. Moreover let 7' be the o -algebra on CoR™ generated by Z with
{]—",x 9 0 <t < T} the filtration generated by (x;: 0 < s < T). Then we can, and often will,
consider F*0-measurable functions as functions, defined up to equivalence, on C M.

Let F? be the o-algebra generated by {8;: 0 <t < T}, and F B that generated by {B;: 0<
t < T}. From Elworthy and Yor [38], Elworthy, L.eJan and Li [30] we know that

(a) F ﬂ~ and F B gre independent and
(b) FB = F*,
(c) Eq. (3.3) can be written as the It6 equation

Dv, =V, X (/;dB;) — % Ric*(v,) dt + X (x,)h, dt (3.6)

where Ricﬁ:TxM — TyM corresponds to the Ricci curvature by (Ricﬁ(ul),uz) =
Ric(u!, u?) for u', u? in T, M.

We shall often write covariant derivatives such as V, X as VX (v) so VX (v) odB; is just Vy X o
dB;.

C. We first show that A7 7,7 take values in the exterior product space /\? T Cy, rather than
just in A? TCy,. Recall that a continuous linear map of H to a separable Banach space E is
y -radonifying if it maps the canonical Gaussian cylinder set measure of H to a Borel measure
on E. The 2-summing norm, m>(A), of an operator A: E — F is given by

A 2
7T2(A)2 = sup Z ” Xn ” .
(%) CE SUP =1, ue £* 2. (@ (xn))

where {x,} is a finite subset of E. When E and F are Hilbert spaces A has finite two summing
norm if and only if A is Hilbert—-Schmidt. See for example Pietsch [66].

Lemma 3.2. For almost all v € CoR™ the map
TwI:H — T7(,)Cy,

is v -radonifying. Its operator norm |[TZ|| is in L (CoR™) for 1 < p < 00 as is the 2-summing
norm of its adjoint.

Proof. Note that a:h +— fo'(Tés)_lX(xs)(fzs)ds maps H to LS’I(TXOM) and is continuous
linear; almost surely. The inclusion i :L%’I(TxOM ) = CoTyyM is y-radonifying. Write 77 =
T& oioca. Then the first result follows by composition properties of y -radonifying maps and con-
tinuity of Ty,&.: CoTyyM — Ty (4)Cx,- The pth power integrability of the operator norms come
from the corresponding properties of T& and (T&)~!, e.g. see Kifer [49]. For the 2-summing
norm apply Schwartz’s duality theorem [68] to see that the adjoint of the y-radonifying map i
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is 2-summing with norm > (7). Then use the composition properties of 2-summing operators to
estimate the 2-summing norm

0 ((TD") < o[ m2 (%) | (78"

, a.s.

Then apply the integrability results again to see the normisin L”. 0O

Theorem 3.3. For almost all @ the map \? T, I can be considered as a continuous linear map
from the Hilbert space completion of the qth exterior power of H to the projective exterior power
of the tangent space (T7(,)Cx,)

ANUTLD) : ALY 'R™) = AT () Cry)-
Moreover the operator norms lie in L (CoR™) for 1 < p < oo.

Proof. This follows from Lemma 3.2 and results of Carmona and Chevet [13] especially their
Proposition 3.1 and Lemma 3.1 a version of which is stated below as Lemma 3.4. Although they
only deal with tensor products of two maps the lemma shows that the result holds for general ¢
by induction. O

Denote by E ®, F the completion of the tensor product space of two Banach spaces E and
F using projective tensor product norm, cf. notation (i) in Section 2A.

Lemma 3.4 (Carmona and Chevet). Consider separable Hilbert spaces H and K and separable

Banach spaces E and F. Let T : H — E be y-radonifying and S : K — F bounded linear. Then

S®RT:HRK — EQ®y F isabounded linear map into the projective tensor product. Moreover
IS ® TlLHak: Ee, F) < T2(T*) S]]

where 13 (T*) denotes the 2-summing norm of the adjoint of T

The conditional expectations of these operators can be defined as in Elworthy and Yor [38],
Elworthy, LeJan and Li [30], to give bounded linear maps, defined almost surely,

N T D) (@): N"H = N (T1() Cxo)-

For example

AT (w) :=E{\NUTLD)|F}(w)

is given by

AT D (@) () = (AT ) )EINL (17 YNAUTT () | F2 Hw).

For 1y, almost all o € CyyM we have also

(AN'(TD), : \"H - N1(T,Cy,)
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given by

(ANUTD)), (h) :=E{\NU(TD)(W)|I =0}

Note the inequalities

INTD @B <E{|ATTDMB||F*} @) as.
<SE|AYT.D|In) as.

which give L? bounds for operator norms of AY(TZ),q=1,2,....

D. Definition of Hg, H-q-vector fields and H-q-forms. We can now define H¢ , for almost all

o € Cy,M, to be the image of /\q(TZ)U in /\q T, Cy, together with the inner product induced
by the linear bijection

NG NG 1L
N'TZs | a7z, [ker N/ (T D6 ] — HE.

Thus the HZ are Hilbert spaces with natural continuous linear inclusions ¢, say, into the
N T5Cy,.

Denote by H? =, HL the “vector bundle over C vwM” with fibres HL and (H9)* the
corresponding dual “bundle.” Set H = H!. Since these are only almost sure defined it is not
strictly speaking correct to consider them as bundles over Cy,M though some vector bundle
structure is given to  in [35] see also Section 9 below. The space of L? sections of ¢ and
H7* are denoted by L2I"H? and L>I"H?*. Sections of (H4)* or of (H4) will be called H-g-
forms (or admissible g-forms), or H-g-vector fields, respectively. Note that any g-form on Cy M
restricts to give an H-g-form.

4. Characterization of H1 and 2

A. ‘Damped parallel translations’ Wt@ will play an essential role. For a g-vector v €
N\ Ty, M, define W (V) e \? Ty, M to be the random g-vector satisfying

D 1
WO W)= RIWD W), 0<i<T, @.1)

where R? € Hom(A\? TM; \? TM) is the Weitzenbock curvature term defined by R = A —
trace V2, see e.g. Airault [3], Elworthy [26], Ikeda and Watanabe [46], Elworthy, LeJan and
Li [30], Elworthy, Li and Rosenberg [36], Malliavin [61]. Here (4.1) is a covariant equation
along the paths of our solution {x;: 0 <t < T} to (3.2).

For g =1 write W, for Wt(l). Then W; : Ty, M — Ty, M is the Dohrn—Guerra translation given
by

D 1 . #
W)= —ERlcxt(Wt(V)), 0<r<T.
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Write

D D_ _,

— W[ - Wt

dt dt

acting on suitably regular vector fields {v;: 0 < ¢ < T} along the paths of {x;: 0 <7 < T}. Then

D D—|—1R'#
— = — 4+ - Ric",
dt dt 2

cf. Fang, formula (1.3), in Fang [41] and Norris [63].

Definition 4.1. For almost all paths o, define the L? tangent space L>T, C xo to consist of those
paths u : [0, T] — T M over o with

/7 u e L*(10, T1; TeyM)
together with its natural Hilbert space structure.

It was shown in [28], see also [30,32] that

TZ,(h) =W, (X (x)h.) (4.2)
where
W: LT, Cyy — Ty.Cyy
is defined by
t
(W), =W, / W)~ ) dr. (4.3)
0
Note that
D 2
E(W(u))t =u;, u€LTCy,. (4.4)
Thus, as shown in [30,32],
H={veT,Cx: 7 v e Ly (T M) (4.5)

with inner product
D, D,
—v,, —; )ds (4.6)

so that % :H. — L?T,Cy, is an isometric isomorphism with inverse W for almost all o €
Cyx,M. Thus it agrees as a Hilbertable space with the usual Bismut tangent space, though the
inner product is not the one originally used. Using the same notation, by Section 2D we note that
a vector u of /\2 T5CxyM is in /\2 H, if and only if there exists k € /\2 L*T, Cx, M so that
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ugr = (A\*W), k,

or written in full,

s 1
o = (Ws / W)~ (=) dr @ W, f <Wr2>—1<—>drz)@n,r2. @.7)
0 0

Ifsok,, =g ® guorequally k= A\ Zu.

B. More generally let L2(A? TM), and Co(/\? T M), denote respectively the spaces of L>
and continuous paths vanishing at 0, u : [0, T] — /\q T M over o. Define

W@ L2(NTTM), — Co(NITM),

by
t
(WD), = W,(Q)/(W,(q))_l(vr)dr (4.8)
0
t
= / WDV, dr (4.9)
0
where

“ ( )t - ” t (H N )
iS the SOlution to

D_ s 1
EW(");(V) = —ER‘I(W(");(V)), s<tel0,T], (4.10)

with W@ =1d: A\ T,, M — N\? T, M. Write W* for W1 and observe that W) = W. For

simplicity we shall write W% (V.) for (V@ (V.)),.
Set

D@ D 1
?7=<z)+ﬂ”’ @10

acting on g-vectors on M along a sample path o. Then as for ¢ = 1, and for W,(q) defined by
(4.10):

.....
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and the inverse of 2~ is

D@\ ! \
<_d ) =W,(Q)/Wr(Q)(evr—)dr=Wq

where ev,, generically, denotes the evaluation operator at r. Furthermore let R : /\2 ™ —
/\2 T M be the curvature operator. Then the second Weitzenbock curvature R? is given by

R? =d \*(Ric*) — 2R.

Here the operator d /\2 (Ric™), also (d /\2)(%) below, is defined using formula (2.3). Therefore
using (2.2), for V e A>T, CyyM,

o= (e (3)))
—Vi.=(((a —))v) =R, (4.12)
i ve=((em(2))v) -rov

whenever all the terms involved make sense. In the above we have identified %Vm with
(d /\2 g)(V),,, where the first refers to covariant differentiation of the 2-vector field {V;;:
0 <t < T} along o obtained from the element V in /\2 15 Cy,.

C. In this section we shall discuss a system of equations related to the conditional expectation
of the Itd map. First note that the curvature operator R on the manifold M induces a linear map
Qs on /\z T Cy, given by

00 (G = (10 W)W / W) (Re, (Gr)dr, s <. (4.13)
0
Equivalently,

Qs (G)s,r = (W @ W) </\2(W.—1)W.<2>

S —

(W) (R, (G.)) dr) .
min(s,)
Clearly

D
<1®E)Q(G)S,t:Oa S<t’

D®@
d_ Q(G)s,s = R(Gs,s)~
S

(4.14)
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The second equation is equivalent to (d/\ 7)0(G)ss =R(UI + Q)G);y 5. Define jg:[0,T] —
Ty M @ Ty,M by

jo(s) = (W @ W )w® f W) (Ro, (Gr)) dr (4.15)
0

Then jg is C! and, writing s A t for min{s, ¢},

(W, @ W) Q0 (Gs = ja(s A1) (4.16)
If we set
u € \2T, Cy, such that
D(AT,Cy,) = (1) foreach0<s < T, t+ (/7' ® J/7 Duy, is

absolutely continuous on (s, T'];
2) r— /\2(//; l)ur,r is absolutely continuous on [0, T']

then Q(G) clearly lies in D( /\2 T5 Cy,). There is another linear map R on /\g T Cy, defined by
R(Z)s,r = (Ws @ Wy) f(AZWr_l)(RG, (Zr,r)) dr, s<t, 4.17)

which also sends /\z T5CxyM to D( /\2 T Cx,M). Furthermore, from Eq. (4.12)

D
(1®d)R(Z)vt— s <t,

D®
IR(Z)S,S = Ras (Zs,s - R(Z)s,s)-

(4.18)

In fact 1 + Q and 1 — R are inverse of each other as described in the following lemma. It will
be shown later, Section 9D, that R restricted to /\2 H s the curvature operator of the damped
Markovian connection on ! which is induced by the map T D from the pointwise connection on

the L? tangent bundle L2T Cy,.

Lemma 4.2. (i) Given G € D(/\2 T5Cy,), there is a unique solution Z & D(/\2 T5Cy,) to the
following equations

D
dt t
D@ (D (4.19)
o= ((00(F))e)
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The solution is
Zst =Gy + Qo (G-
Conversely for each Z € D( /\2 15 Cy,) the unique solution to (4.19) is given by
G=Z7Z-R(2). (4.20)

(i1) As operators on /\z 15 Cx,M both Q and R are compact and 1+ Q and 1 — R are mutual
inverses. In particular for all v in /\z T Cx, M,

0(w)=R(v+ Q(v)),
01+ 0) v =R(@).

(iii) The following holds on D(\* T, Cy,):

(/\2W_lz)s,t B (/\2W_IZ)S/\t = (/\2W_1G)s,t o (/\ZW_IG)S/\I’ (421)
which is equivalent to, forr <s <t,

Zr,t - (1 ® W[s)Zr,s = Gr,l — (1 X Wzs)Zr,s-

Proof. Given G € D( /\2 T5Cyy), Z =1+ Qs)(G) certainly solves (4.19). For uniqueness let
Z be any solution in D( /\2 T5 Cy,)- Solve the first equation in (4.19) to get

Zsi =Gy +(Ws @ W)(j(s), s<t, (4.22)
some j (s) € /\2 TsyM. Then
Zss =Gy + (W @ Wy)(j(s)). (4.23)

In particular (W ® Wg)(j(s)) is absolutely continuous in s. Substitute the above equation (4.23)
into (4.19) and use (4.12) to see

D® -
K(Ws ® Ws)(](s)) = R(Gs,s)’
giving

N

(M@Wmm»=wéﬂm%”mMQMW.
0

Thus f(s) = jg(s) and uniqueness holds by formula (4.16).
Similarly given Z € D(/\2 T5Cyxy), (1 — R)(Z) is seen to satisfy (4.19) given Z €

D(\*T,Cy,).
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Now using the isometry between ®§ CoTy,M and Cy([O, T1%; ®2 Ty,M) and the Arzela—
Ascoli theorem applied to (s, t) — j (s, t) for abounded set of G, we see that Q : /\z ToCxyM —
/\z T, Cx, M is compact. Therefore 1+ Q has closed range. Since we have just seen that its range

contains all Z in the dense subspace D( /\2 T5Cy,) it is surjective and so an isomorphism. By
Eq. (4.20) its inverse is 1 — R and so R is compact. The rest of parts (i) and (ii) follows directly.
Part (iii) follows from (4.22) and (4.23). O

See Section 6 below for a more detailed examination of Q (V).

D. The following theorem gives alternative descriptions of the space Hg.

Theorem 4.3. For any h', h* € L(z)’]Rm, set h =h' A h?. Then

N TI() =1+ QN TI(h). (4.24)
In particular the space Hg ={ /\2 TZ,(h), he /\2 H} can be characterised by any one of the

following:

ue D(/\ZTU Cy,). such that there exists G € Hcl, A Hclr,
(i) HZ=1 with(A® Pu)s;s=(A® )Gy, s <1, and

@
Dty = (@A 2)G)ss. 0<s < T
(i) H; {” € /\ngch, such thatu =v + Qs (v), some v € H(l, A Hflf},

o —

and for vi, vy € N> 'HL, by definition,
(0 + Q0 (v'), v + Qo (v7) )32 = (0!, 0%) 21 - (4.25)
(i) u € H? ifand only if u — R(u) € N> H!. If so
lullye = u =R | p2901-

In particular 'H?, depends on the Riemannian structure of M but not the choice of stochastic
differential equation (3.2) provided its LeJan—Watanabe connection in the sense of Elworthy,
LeJan and Li [29] is the Levi-Civita connection.

Proof. For h! Ah? € L(Z)’I(R’”), write VIAVZ = (/\2 TT)(h' Ah?). Then applying It6’s formula

in ¢t for 0 < s <t < T with D; referring to covariant stochastic differentiation in ¢,

1® D) (VI AV?)

s,t

1 .
=3V ® (VX(V?) 0 dBy + X () (h}) )

| :
-3 2R (VX(V)') odB, + X (x,)(hy) dt)

_ %VJ ® <v X(V2) /) dp, — % Ric*(V?) dt + X (x,) (h?) dt)
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— %Vsz ® (VX(th)//t dp; — %Ric#(th)dt T X(xt)(htl)dt)

= (1@ VX()/idp) (VI AV?), — (1 ® %Ric#(—)) (VIAVE),, dr
5 (v @ X (i) — V2 © X (i) di

Write VI A V2 for the conditional expectation of V! A V2 with respect to F*0, and similarly
let V' stand for the conditional expectation of V' with respect to F*0. Then by (3.6), following
Elworthy and Yor [38], and (4.4)

- 1 -
A D)(VIAV2) =~ (1 © 5 Ric#(—)> (VIAV2)  dt
1, oy = ,
+ E(V} ® X(h7) — Vi ® X(h})) dt.
This is equivalent to

1 — . — .
LV o x(i2) - V2o X (i)

D JE—

(1 ® Z)(Vl AV =
D\ — —

- <1 ® E)(Vl AV,

On the other hand, 1t6’s formula, applied to the 2-vector field {th A Vtz, 0<t T} along o
in M, gives

D/(VIAVE) =V A(VX(VE) 0dB, + X (x0) (A7) dt)
+(VX(V,') odB, + X (x;)(h)) dt) A V2.

Change to It6 differentials and decompose the noise recalling that VX vanishes on [ker X]*:
1. .
DV AVE) =V A (vx(v,z)(//Z dpy) = 3 Ric*(V?)dt + X (x,) (h}) dt)

+ (VX (V") (), dBr) - %Ric#(th)dt + X (x0) (R} dt) AV

N
<

i VX' AVX) (VI AVE)

i=1

N (VX (=) dB))) (VA V)
( ( Ric*(— )))(th A Vt2) dt—l—i(VXi /\VXi)(th /\Vtz)
\4

+

= (d

i=1
A X () (hE) + X () (h)) A V) dt.
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But
of 1. s - i i 1 _»
—(d/\ (ERIC () +i§:] VX' A VX = SR, (4.26)

as in Elworthy [27] for gradient systems, see also Elworthy, LeJan and Li [30] for the general
situation. Again use the technique of Elworthy and Yor [38], taking conditional expectations to
get

%v,l AVE= —%RZ(V,I AVE)+ V] AX ) (R7) + X () (h])) A VE

Thus

D@ _ : =
—VIAVE=V] AX ) (RY) + X (x) (h)) AV

dt
_ @N@»(W AT,

We have shown given u = A> TZ(h' Ah?), itis related to TZ(h') A TZ(h?) by Eq. (4.19). Solve
the equation to obtain

N

NTTW.s = N TZW + (10 WWS [(W2) (RN TTW,,)) dr
0

that is, the desired identity (4.24). On the other hand, given u satisfying (4.19) for G =

/\2 TZ(h),he /\2 Lé’l(Rm), then u = /\2 TZ(h) by uniqueness of the solution. This proves the
first equivalence. The second equivalence follows from Lemma 4.2. Part (iii) follows straightfor-
wardly from the previous lemma. O

5. H-one-forms: Exterior differentiation and Hodge decomposition

A. Differentiation of functions. For scalar analysis in our context and with this notation, we
refer to [35] or for the basic facts to [30]. As emphasised in [35] it is necessary to fix an initial
domain, Dom(dy) C L2(CxOM ; R) for the H-derivative operator d7y. We shall choose this to
be a subspace which contains the smooth cylindrical functions and consists of BC? functions
in the Fréchet sense, using the natural Finsler structure of Cy,M, see [37]. For example the
space of all smooth cylindrical functions. (We will require two derivatives in order to be able
to prove that exact H-one-forms are closed.) It is standard, going back to Driver [20], that then
dy : Dom(dy) C L3(C M) — L2I"H* is closable. We will denote its closure by d° to show it
is acting on zero forms, or simply by d, and let D>! be its domain with graph norm. There is the
analogous result for functions with values in a separable Hilbert space G. In this case the domain
will be written as ]D)Z’l(G) or D>1(C xoM; G) and for almost all o € CyyM the derivative d fo
of f at the path o will be in the space of Hilbert—Schmidt maps £, (Hy; G). As usual for real-
valued functions there is the corresponding gradient operator V:D>! — L2I"H. The negative
of its adjoint we write as
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div: Dom(div) € L>I"H — L*(C,,M; R),

so if V is an H-vector field in Dom(div) and f € D*! then

[ arwan= [ [vir@1V©@ly, du)

M Cx M

c X0

*0

= f f(o)div(V)(o)du(o). (5.1)

CxgM

This divergence operator is closed and the standard Riesz correspondence ¢ — ¢* with inverse
V > V¥ between H-one-forms and H-vector fields maps the domain of the adjoint d* of d to
that of the divergence with d*¢ = — div(¢¥).

For 1 < p < oo there are the spaces D”! defined in the same way as for p = 2 but using
L? norms. Spaces of “weakly differentiable” functions W7 ’I(C wM; G), 1< p < oo, were also
given in [35], loosely following [23]. Here we shall also denote those weak derivatives by d.
Whether WP = D?:1, as occurs on CoR™, is an open question. We note the following from
[35], cf. [32]. Parts (a) and (b) are essentially equivalent and (a) is a vital step in the proof of the
closability of the exterior derivative used below.

Theorem 5.1.

(a) The map TZ(—) from L>*(CoR™:; H) to vector fields on Cx,M given by

TI(V)o =E{w— TZ,(V(0))|IT(w) =0} (5.2)

gives a continuous linear map TZ(—) : L>(CoR™; H) — L*T"H.

(b) The pull back operation ¢ — L*(¢p) defined from one-forms on Cx,M to H-one-forms on
CoR"™ by (I*$)w = ¢1(w) © TwT extends to give a continuous linear map L*: L:IH* —
L?(CoR™; H*).

() If fe ]D)p’l(CxOM; G) then the composition f oT is in DP'(CoR™:; G) and then d(f oT) =
T*(d f).

(d) A measurable function f:Cx,M — G has f € WP’I(CXOM; G) iff the composition f o1 is
in DP-1(CoR™: G) and then the weak derivative d f satisfies d(f oT) =T*(df).

B. Exterior differentiation of H-one-forms. For any C! one-form ¢ on C xoM there is the usual
exterior derivative d¢ given by formula (1.2). This can be restricted to give an H-2-form, d}iqb

say. Thus d}iqba is the composition of d¢, with the, continuous, inclusion of H(Z, in /\2 T, Cy M.
As for functions we choose an initial domain Dom(d%{) to give an operator

dj,:Dom(dy,) C L*I'(H')" — L*I"(H?)".

The domain must consist of C2 one-forms ¢ on C oM which satisfy
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(i) as an H-one-form, ¢p € L*°T"H*.
(i) The exterior derivative d¢ when restricted to H? is essentially bounded, 1i.e. d%{(b €
L®TH?.
(iii) (Module structure) If f € Dom(dy) and ¢ € Dom(d;,) then f¢ € Dom(d;,).
(iv) The domain of d3 is mapped into the domain of d711 by dy.

All these hold if we use smooth cylindrical functions and forms as initial domains, or C?
functions and C! forms which are bounded together with their exterior derivative using the nat-
ural Finsler metric on Cy,M. In fact it is shown in [35] that D21 is independent of the choice
of Dom(d7;) under these restrictions, so we may as well assume that the latter is the space of
smooth cylindrical functions.

Under these assumptions we have

Theorem 5.2. (See [32].) The exterior derivative considered as an operator
d},:Dom(dy,) C L*T'(H")" — L*I (H?)"
is closable.

Since the proof was given in full in [32] and the analogous proof for two-forms is in Part II
it will be omitted here. However we note that the main step is to obtain a simple integration by
parts formula for elements of Dom(d}_[) by considering their pull backs, and that of their exterior
derivatives to Wiener space by the Itd map. The pull back operation commutes with exterior
differentiation, and a simple integration by parts formula for Wiener space can be applied to give
the standard closability argument when combined with part (a) of Theorem 5.1. The crucial point
is that, for h € /\2 H,

‘/ d#¢0\%TZXh»dumf:‘/ dLp(N*(TT)(h)) dP.

CxgM CoR™

Let d! denote the closure of d71_(.

Theorem 5.3. (See [32].) The derivative d° f of any function f € D*! lies in the domain of d"
and

d'd’f =o.

The derivation property d'(f¢) = fd'¢ +d°f A ¢ is given meaning and proved in Theo-
rem 7.1 below.

C. The first L?> de Rham cohomology group and a Hodge decomposition for H-one-forms.
From the results above we can define the first L?-cohomology group of C oM to be the quotient
of the kernel of d! by the image of d°. An important result here is due to Fang:

Theorem 5.4. (See Fang [39].) The image of d° is a closed subspace of L*>I"'H*.
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It is almost a formality now to define the self-adjoint Hodge—Kodaira operator A or Al by
AL = g1l + GO0
and to obtain the Hodge decomposition. For the details we refer to [32] or Part II.
Theorem 5.5. (See [32].) There is the orthogonal decomposition
L*I"H = Image(d®) + Image(d'*) + ker A
where m denotes the closure of the image of the adjoint of d".

6. Tensor products as operators: Algebraic operations on H -one-forms

To show that the exterior product of H-one-forms can be defined as an H-two-form (by a
pointwise construction) and to obtain a better understanding of the spaces Hg we will give an
interpretation of H-two-vectors in terms of linear maps from H}, to itself. We will also give an
example on flat linear Wiener space to show how a theory of tangent processes would lead to
analogues of the elements in 2.

A. First we establish our notation and review the well-known results identifying various com-
pletions of the algebraic tensor product H ®¢ H, with spaces of linear maps, and the dualities
between the spaces. For example see Ruston [67], though our conventions are slightly different.
Here H will be a separable real Hilbert space. Identify H ®¢ H with finite rank operators on H
by

H®yH— L(H; H)
given by

(u @ v)(h) = (v, h)u. (6.1)
This extends to an identification of the projective tensor product (the “smallest”) H ®, H with
the space L£1(H; H) of trace class operators, of our usual H ® H with the Hilbert—Schmidt

operators L, (H; H), and of the inductive, the ‘largest reasonable,” completion H ®, H with the
space of compact operators L.(H; H) in L(H; H):

H®, H HQH H®:H

)

Li(H; H) — Lo(H; H) —— L.(H; H) — L(H; H).

The vertical arrows above are isometries, the inner product on £,(H; H) being given by

0
(S.T), =traceT*S = (Sei, Tei)n (6.2)
i=1
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for {e;};2, an orthonormal base of H. So trace(u ® v) = (u, v) and
lu @ vz, =llullllvl=llu @ viagH-

These conventions lead to the following isomorphism with the space of bounded bilinear maps

L(H; H)— L(H, H;R),
T T

being given by
T (h1,h2) = (1, Thy) 6.3)
with resulting isomorphism, as L(H, H; R) ~ (H @, H)*,
L(H; H) 2 (L1(H; H))*
expressed by
D (T)(S) =trace T*S. (6.4)
This construction shows that D restricts to an isomorphism
Laew(H; H) 25 (A2 H)*

where L, (H; H) refers to the skew adjoint elements of L(H; H). We shall see later that our
operator Q can be considered as a map from /\2 H t0 Lo (H; H).

B. We will need the ‘double duality’ map 6 = Dy o i with i the canonical inclusion
Li(H; H)— L1(H; H)**:

Li(H; Hy S L(H; HY,
6(T)(S) := trace S*T,

T eLli(H;H),SeL(H; H). Through the isomorphism £{(H; H) >~ H ®,; H, it corresponds
to the continuous bilinear map

0:Hx H— L(H; H)*
given by

o(h',h?) =6(h' ® h?)
so that

0(h', h*)(S) = (h', Sh?). (6.5)
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C.Let H= LS’IR’”. If V belongs to the inductive tensor product H ® . H < ®§ CoR™ we
see, by taking V primitive, that the corresponding element SV, say, in £L(H; H) is given by

T
SV(h)s = V(h)s = f (%m) (hy)dt, (6.6)
0

identifying % Vs € R" ® R™ with the corresponding element of £(R™; R"). For more general
kernels V € ®§ CoR™ this can be used to define a linear operator S¥ and we let R™ denote
the set of such V for which % V;.+ exists for almost all # for each s € [0, T'] and (6.6) determines

an element SV of L(H; H).
As our main example of an element of ICR™ let

j:[0,T]— R" @ R™

be absolutely continuous with essentially bounded derivative and j(0) =0. Set Vi ; = j(s A 1).
Then V belongs to LR

N

T
0 . .
sV () = / s ANy di = f )Gy dr
0

0

and there is a conjugacy

220, 71 R = 120, 71 R

I '

Ly'R™ Ly'R™

to the multiplication (i.e. zero order) operator M/ / given by

M7 (fF)(@t) = () f ()

for j’(r) considered to be in L(R™; R™). In particular we see that in general such V do not cor-
respond to compact operators, let alone to elements of H ® H. Alsofor6: H x H — L(H; H)*
defined in Section 6C we see from (6.5) that

T
o(h', h*)(S f 7 ) (hF)) g ds. (6.7)
0

Theorem 6.1. For V in H}, A H}, let Q(V) € /\E 15 Cy, be defined by (4.13). Then considered
as a kernel it determines an element S2V) of E(H},; H},) which is conjugate to a multiplication
operator M on LZT(, CxyM:
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L2T.Co M~ 12T.Co M
o “Xxo 0 ~Xx0

D D
dt at

{ se) 1
H! HL.

Here M(u); = W,j(,(t)(W,_lu,) for jv given by Eq. (4.15) (and so ji, by (6.9) below),
ue€ L*TCyM.

Proof. Set \75,, = (WS_l ® Wt_l)Vs,,. Let Q : /\2 L(z)’lTxOM — /\2 CoTy,M be given by

OW)s: = (W oW, (A (D)) (6.8)

s,t°

Then from Eq. (4.16)

O(V)sr = jy(s AL).

As earlier S2V) is conjugate, by j—t, to MJv acting on L?([0, T']; T\ M).
For h e H}, we have S€V)(h), = W, (S (W~1h.)), so

D d 67 (4
=82 (hy, = W, — (S (W h)) = w, ( MWV [ =W 'h.
a1 (h): tdl‘( ( : )) t dt

t
y D D
=W MV(W—h)) =W i, O)W " —h
(o (W Zn ) =Wipow ' 2
proving the conjugacy. O

Thus Q(V), corresponds to an element of Ly, (Ho; Hy), and so of (K} ®, HE)*, but is
not compact and in particular does not belong to /\2 H},. This yields

Corollary 6.2. There is a natural inclusion of H(z, in Lkew(Ho: Hy) given by Vi SV.

Note that by the definition (4.15) and formula (4.12)

t
./ -1 -1 D@ 2) @)\—1 2
Jv (t) = (Wt ® Wt ) ——+ Rﬁt Wl (Wr ) Rar (/\ (Wr)Vr,r) dr

dt
= (W, @ W, ) (R, (N> (W) Vir))
t
+(W e Wfl)<73m w? / (W) 'R, (/\2(Wr)Vr,r)dr>. 6.9)
0

Remark 6.3. The inclusion can also be seen geometrically from the fact that if U € Hg then

U-RWU) e /\2 Hy C Lskew(Hy; He) where R is the curvature operator of the damped Markov-
ian connection which takes values in L., (Ho; He ); see Section 9D below.
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D. Interior and exterior products. For any separable Hilbert space H define the interior prod-
uct by an element & of H by

Lh:H®0H—)H, hEH,
th(h! @ h?) := (', h)h* = S*(h),

where S € L(H; H) corresponds to h' ® h?%. Thus ¢, extends to a continuous linear map over all
the completed tensor products we use and even can be defined consistently as

th:L(H; H)— H, by
th(8) := S*(h).

E. The first part of the following lemma is standard, but the conventions are important, see
Appendix A.

Lemma 6.4. (i) The maps 1, H ® H - H and h® : H — H ® H are mutually adjoint as are
the maps 1, : N> H — H and hn:H — N\* H.

(ii) The adjoint of h® :H — H ®, H is v, : L(H; H) — H, identifying (H @, H)* with
L(H; H) by Dy as in (6.3). Similarly the adjoint of hA: H — /\72T H is the restriction of i), to the
skew-symmetric elements Lgie,,(H; H) of L(H; H), using the restrictions of D (see Section 6B
above).

Proof of (ii). If S L(H; H) and h| € H then
(tr (S), k1) =(S*(h), h1) =trace[S* o (h ® h1)]
=Di(S)(h®h1) =Di(S)(h®)(h1)

while if S is skew-symmetric
1
Di(S)(h ® h1) = (h, Shy) = §{<h, Shi) — (Sh,h1)} = D1(S)(h Ah). O

F. Now take H = L(Z)’ITXOM and consider QO : /\2 H — /\2 CoTy,M given as in (6.8). The
inclusion H < CyTy,M has an injective adjoint with dense range (CoTy,M)* — H. Let "
denote the image of ¢ € (CoTy,M)* under this map. There is the interior product

tg: N>CoTeyM — CoToyM

given by
1
ol A0) = 2o = 60
Lemma 6.5. For h € /\2 H consider §2-® ¢ L(H; H). Then for ¢ € (CoTy,M)* we have

L¢(QG (h)) = L¢#SQU(E) — _SQU(@ (¢#)
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Proof. Write ¢ in terms of a T,,M-valued countably additive measure, m@®, of finite variation
on [0, T] so

T

o(w) = f(ws, dmd’(s)), w e CoTy M.
0

Then, if u = u' Au? € N> CoTyyM has ug, = u; s,

T

T
Lp(u); = %f(u}, a’m‘b(s)ﬁtt2 — (u?, dm"j(s)>u,l = —/‘gm (dm¢(s))
0

0

treating u, | € /\2 TyyM as an element of Ly (T, M; TyyM). Thus

T t T
3 d
(1] 0s M)]), = —fjh(s/\t)(dm‘p(s)) = —f(aj@(s))<fdm¢(r)> ds. (6.10)
0 0

N

On the other hand, if k € H,

T T T

T
/(éfa’%s)ds = (0", k), =/(ks,dm"’(s))ds =/<l€s,/dm¢(r)>ds.
0

0 0 s

Thus d)f = fot ( fST dm®(r))ds (a well-known result in Wiener space theory). This, using (6.10)
and then Section 6C above, gives

t

~ d . )
(0[O0, == [ £ () ds = =520 4?)

0
=g Qs ()
by definition (see Section 6E). O

Remark. The same calculation shows that the analogous result holds with general elements of
KTy,M, see Section 6C, replacing Q, (h).

G. Set
H2 = (1+ 0x) [N\ H] € N*CoTyu M.

From Section 6D above we can consider elements of ﬂg as skew-symmetric bounded linear
operators on H. This can be exploited to extend the definition of exterior products:
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Lemma 6.6. The mapping
(CoTwyM)* x (CoTuM)* — (H2)*
given by
(¢1’¢2) Sl /\¢2|ﬂg
extends to a continuous, antisymmetric, bilinear map
HxHs (7:l(2,)*

inducing a bounded linear map 0 : /\72T H— (7:{?])* which agrees with the map 6 of Section 6C:

L(H; H)*
/ \L
2 6o 2\
Nz H (H3)

using the inclusion 0f7-{(2, into L(H; H).

Proof. For S =% ® ¢ Lskew(H; H) corresponding to Qo (h) as above, if ¢!, p? € (CoTx,M)*
then using Lemma 6.5,

(6" A $%)(00 () = ¢* (141 (00 ())) = —9*(S(0'™))
=—(¢**,5(¢""),.. 6.11)
Also

ISl ey = sup |a(s)| < const-sup|h,.| < const- 121l 52 g (6.12)
r

IS

for aj, the multiplication operator corresponding to § as in Section 6C, i.e. (1) = % Jn(t) given
by Eq. (6.9). Therefore

(62", 0!")| < const - 1Al p2sr - |67 10! |-

This shows we have 6, € E(/\i H; (7:@)*). This agrees with 6, as required, by equal-
ity (6.5). O

H. We now interpret these result in terms of H-forms and H vectors on Cy, M.
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Theorem 6.7. (i) For v € Hé there is an interior product (annihilation operator)
i H: > HL
which is continuous linear, and agrees with the usual iy for ¢ € (T5CyxyM)* when v = ¢*. The

map (v, U) +— 1,(U) is in L’(Hclr, ch,; H},) and is bounded uniformly in o.
(i1) The map

(To CxyM)* x (T Cxy M)* — (HZ)",
(@' ¢%) = (@' A ¢%) s
extends to give a continuous linear map
hot (Hg)™ Ax (Hg)" — (He)"

which is bounded uniformly in o as an element ofﬁ((H(l,)* Ag (H},)*; (Hg)*).
(iii) Moreover, if v € H},, e (H},)* and U € H?,,

Ao (VP AL)(U) = LG, U).
Proof. (i) The existence of ¢, and its properties come from Lemma 6.5 and the bounds on §
noted in Eq. (6.12).

(i1) Lemma 6.6 provides the proof of (i1) with A, being conjugate by /\Z(W.) to the map 6, of
Lemma 6.6. We see from there that 6, is bounded uniformly in o if the inclusion H(Z7 — L(H; H)

is. However this is essentially the map & +— § 0o (h) again.
For (iii) approximate v* and ¢ by elements coming from (7,C ) . By Lemma 6.5, if
U=V + Q)
(U) = 1,(V) — 52V ()

SO

o)) = (V) = (¢, S9 ()
=" AW+ (VA 0)(0s(V)), by(6.11). O

We shall write A, (¢ A ¥) as ¢ A; ¥ when no confusion can arise.

Remark 6.8. The map A, is independent of the choice of the Hilbert space inner product given
to H},, or Hg. Its adjoint gives a continuous map

by i Mg = (Ho)" Ax (He)")"

of H2 into the skew-symmetric bi-forms on (7} )*.
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7. The derivation property for d!
A. We can now formulate and prove the derivation property of d'.

Theorem 7.1. Suppose f:Cx,M — R is in Dom(d®) and ¢ € Dom(d") N LI (H")* with
d'¢ € LTI (H?)*. Then f¢ € Dom(d") and

d'(f$)=d"f rz ¢+ f(d'¢)
where Ay is defined above by Theorem 6.7.

Proof. Let {¢j}§?°=1 be a sequence in Dom(d}_() with ¢; — ¢ in L2 (HY)* and d1¢j —dl¢
in L2I"(H?)*. Assume first that f € Dom(dy). Then f¢; — f¢ in L>I"(H!)* by the module
structure of Dom(d%{), and by standard calculus

d(fe;)=df Nn¢j+ fde;,
therefore
d(f ol =hodf I3y A jlag) + Fd)) e

in the notation of Theorem 6.7. By the uniform bound on A, from that theorem, and taking a
subsequence if necessary to assume ¢; |H}, — ¢|H(‘; for almost all o, we see

ho (A 130 ADjl31) = ho (d° for A )

almost surely and so in L? by the dominated convergence theorem. Since f (d¢ )= f d'¢ and
foje Dom(d;{) the result follows for f € Dom(dy).

For general f € Dom(d?) take {fj}?o:1 in Dom(dyy) with f; — f in L? and ij —df in
LI (H')*. From above we know that f ¢ € Dom(d') with

d'(fip)=dfi rx ¢ — fi(d'9), Jj=1tooco.

Now ¢ and d'¢ are bounded so as before we see chj Ag ¢ — df Ny ¢ and f]dld) — fd'¢,
both in L' I"(H?)*, completing the proof. O

8. Infinitesimal rotations as divergences

We will say that a p-vector field V on CyyM (or similarly on Co(R™)), has a divergence if

there exists divV e L'I AP “'rc xoM such that for all smooth, bounded, cylindrical (p — 1)-
forms ¢ we have

f d$(V)dpy = — ] ¢ (div V) dpi,. (8.1)

CxO M CXO M
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For p = 1 from Driver [20] we know that not only do sufficiently regular elements of L>I"H!
have divergences but so do the infinitesimal rotations R® € L>T" /\2 T Cyx,M given by

t
R =/ f /1y ot dixg (8.2)
0

where a5 : CxyM — Lk (Ty,M; Ty, M), 0 < s < T, is in L? and progressively measurable.
Indeed

div R¥ = 0.

For more examples of one-vector fields with divergences see Bell [9], Cruzeiro and Malliavin
[19], Fang [40], and Hu, Ustiinel and Zakai [45] and for p-vector fields see [33]. As in finite
dimensions if a p-vector field V has a divergence div V, when p > 1, then div V has a vanishing
divergence. In view of the looseness of the definition and the homotopical triviality of Cy,M
we would expect that a field with a divergence which is zero would necessarily be a divergence,
and we will give some evidence for this which also sheds light on the structure of our modified
de Rham complex.

First we observe that the exterior product of suitably regular H -vector fields in Dom(div) has
a divergence. For this let V!, V2 € L2I"H!. Then we have an L? section V! A VZ of H! A H!.
If ¢ is a smooth (bounded) cylindrical 1-form, then as discussed in Appendix B,

2dp(VI A V) =1p1duya(@) — tyadiyi (@) —26([VE, V?])
provided V!, V2 are sufficiently regular. Give such a regularity

2 f dp(VI A V) dpuy,
CooM

= / 1 (@) div V2 dpy, — / ty2(p)divVidu,, — f o([V', V?]) diry,.

CxgM CxgM CxyM

Thus V! A V2 has a divergence with
2div(VI AV?) = —(divVH) V! + (div V) V24 [V, V2. (8.3)

The first two terms are sections of ! but as is well known, Cruzeiro and Malliavin [18], Driver
[21], the bracket involves a stochastic integral of the form / for

t
Iy =/ f //S_IT\),(VS1 A Vsz) dxg, (8.4)
0
i.e. an infinitesimal rotation. The above applies in particular to Vi = TZ(h') for h' e

w2l(Cy M; H),i=1,2.
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Also if h:CyyM — A*H is in W2, the 2-vector field A* TZ(h) has a divergence with
div /\2 TZ(h)=TZ(div(hoZ)).Indeed for ¢ a smooth cylindrical one-form

/ d(NTT(0) dysg = / T*(d¢)(h o T)dP

Cxy M CoR™

X0

= / d(IT*¢)(hoI)dP = — / T*¢(divh o I)d P

CoR™ CoR™

— / ¢(TZ(div(hoT)))dP.

CoR™

Here we use the fact that since & € W21 we have hoZle D! c Dom(div). Consequently,

div(A*TZ(h)) = TZ(divh). (8.5)

(For another version of this result see Section 8E.) On the other hand,

N TI(h) = N*TZ(h) + Q(NTZ(h)).
Thus:

Proposition 8.1. For h = h' A h? with h' € W>(CyyM; H), i = 1,2, the two-vector field
Q(/\2 TZ(h)) has a divergence with

div Q(A’TZ(h)) = TZ(divh) — div(A*TZ(h)).

Since TZ(divh) € I' H! we see that div O( /\2 TZ(h)) must cancel out the infinitesimal rota-
tion term 7 in div( /\2 TZ(h)). A geometrical interpretation of this is given below, see Section 9.
The following result concerning the flat Wiener space case shows how this can happen. It should
be considered together with formula (4.16) for Q and the discussion in Section 6C.

Proposition 8.2. Every two-vector field V : Co(R™) — /\2 Co(R™) given by Vs, = j(s At) for
j@) = fg ardr, where a.: [0, T] x Co(R™) = Lgren (R™; R™) is progressively measurable with

fCO(Rm) fOT g |? ds dLy, < 00, has a divergence. It is given by

divV = /ozs d By,
0

i.e. divV = R“.
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Proof. Let f:Co(R™) — R be bounded and C*° and let £ € Cy(R™)*. Define the 1-form ¢ on
Co(R™) by

b (v) = f(0)t(v).

Bounded cylindrical 1-forms can be written as sums of such forms. Then d¢ =df A £.

Let k be the image of £ under the inclusions Co(R")* — L(Z)’l (R™) adjoint to the inclusion of

L(2)’1 in Cy.
From (6.7) above we see

T

de(V) :/<($-;‘I7)s’aslés>Rm ds :df(/aslés dS).
0

0

Thus

T
f dp(V)dP = / F(@) / (ks dBy)re d P (@)
0

CoR™ CoR™

T
i / f @) / (ks s d By d P ()
0

CoR™
- _ / f(w)ﬁ(/asd3s> dP(w)
CoR™ 0

as required. (The last equality being obvious .in the (most relevant) case when £(v) = A(v;,) some
A e (R™)*, some 0 <79 < T, in which case ks = x[0,,](s)A.) O

9. Differential geometry of the space H?2 of two-vectors

In this section we will give a bundle structure to the Bismut tangent bundle H and interpret
the quantities Q and R which define 72 in terms of a natural connection on .

A. The L? tangent bundle and its frame bundle. Let w : OM — M be the orthonormal frame
bundle of M. Our Banach manifold Cy,M has natural structural group Ci4([0, T']; O(n)) with
frame bundle identified with the space of paths C-1,,)([0, T]; OM) in the frame bundle OM
of M, starting at any frame over x. Let

7% . Cﬂ_](xo)(OM) —> CX()M

be the projection. Note that C;;(O (n)) has an orthogonal representation on L?([0, T];: R"Y), acting
pointwise
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Ci(0(m)) & O(L*([0, T1; R")),
p @) (/) (1) =a@)(f1)).

For «, B in Cig(O(n)),

T

”,O(O[) - p(ﬁ)”]L(Lz([O,T];R”);LZ([O,T];R”)) = sup / }O{(S)f(S) - IB(S)f(S)|2dS
HPENE

T
< sup f}f<s)|20sup ja(s) = Bs)|*ds
0

||f||L2<1\ ST

< sup |a(s) — B(s)| =d(a, B).
0<s<T

Thus p is continuous into the uniform topology and we see it is even C°° with derivative map
Typ at a:

Toup:T,CiaO(n) — TO(L*([0, T1; R")) C L(L*([0, T1; R"); L*([0, T]; R"))
given by To p(V)(f) (1) = V(1) f (7).

From this we see that the L? tangent bundle L?T Cy,M has the structure of a C* bundle
associated to C—1(,,(O M), whose elements u act as frames on it by

u:L*([0, TI;R") — L*T,C\M, o =7u,
u(f)e= u,(f(l‘)).

This construction determines L2T C xwM as a C*™ bundle over Cy,M. It tells us what its smooth
sections (in the Fréchet sense) are. (For example see Remark 9.1 below.)

B. The pointwise connection. Let V denote the pointwise connection on Cy,M, as described
in greater generality by Eliasson [25]. It is defined on the bundle L?’TC oM — Cx,M by

~ D
(VvU) = —=U(exp, (sV), ©.1)

s=0

where d—DS and exp come from the Levi-Civita connection on 7M. Thus

- d
(VyU)r =X (01) 1 (Y (expy, (s V) U (exp, (sV.)),)

s=0
= X (o)d[Y(OUO](V)s,

where the L%-valued one-form Y : L2TCxOM — L2([0, TT; R™) is the lift of Y, i.e.

Yo (V)(1) = Yo, (V ().
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This says that the pointwise connection is the LW connection in the sense of [30], for the lift X
of X to Cy, M.
This connection is torsion free and is metric for the L? metric.

Remark 9.1. The pointwise derivative VY: TCyyM x LZTCXOM — L2([0, T]; R™) is C*°.

To see this let 7" be a locally defined C*° frame field for L2TCXOM giving a local trivialisation
over an open subset U of Cy M

T:U x L*([0, T1; R") - L*TC, M.
Then

[Yo T (0)()], = Yo, (Y () f(1)).

Its derivative is
(Vo DT (@) £ (1) + Yo, (Vo T (£ (1))

C. The bundle structure of H and its damped Markovian connection. Let C)(C)OM be a set of
paths of full measure along each element of which the Levi-Civita parallel translation, //, is

defined and satisfies its basic composition properties. Then H, is defined for each o € C)?OM by
formula (4.5) with an isometry W, : LT, Cyx M — 'H,, with inverse % Thus we get an induced

smooth vector bundle structure on !, over CSOM by

D
- H S LPTC M.

We can use this isomorphism to pull back the pointwise connection to get a metric connection
V on H!. This is the damped Markovian connection defined in a different way by Cruzeiro and
Fang in [15,16], Cruzeiro, Fang and Malliavin [17]. The basis for a covariant Sobolev calculus
using it is given in [35]. In particular we have a closed covariant derivative operator ¥ with
domain, denoted by D*!#!, in the space of L? sections of ! mapping to the L? sections of
Lo(HY; HY). In general we shall not distinguish between CQOM and Cy M.

Since the inverse map to % is W it follows from Eq. (4.2) that this connection is the LW
connection associated to 77 in the sense of [30]. With this in mind define

X:CyyM x H— H',
X(o)(h) = TZ(h). (9.2)

As noted in [35] the adjoint of X is the H-valued H-one-form Y given by

' D
Y, (V) = / Sy Vedr
0
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This is also a right inverse to X. Suppose that u' and u? are in D>'H. For j = 1,2, set h/ (¢0) =
Y, (u/ (). Then, by [35], h/ € D*>!(C,,M; H) and

V,iu’ =X(0)d[Yu?](u' (o))
=X(0)dh*(TZ(h'(0))) =X(0)(d(h2 0 I)s (h' (0))). (9.3)

We saw in Proposition 8.1 that for certain v! and v? the two-vector field Q(v! A v?) has a
divergence. After the following lemma we can identify that divergence:

Lemma 9.2. Suppose h: CoR"™ — H is adapted. Then
TZ(h)=TZI(h).
Proof. Set v; = TZ;(h). Then, since k is adapted we have as for Eq. (3.6)

- 1 .
Duy =Vy X ([ dpy) = 3 Ric*(v,) dt + X (x,)h, dt.

Now take conditional expectations as usual to get the result. O
Theorem 9.3. For any F.° adapted vector fields u' € LPTH', i = 1,2, some p > 2,
divQ(u' Au?) = %T(u],uz), (9.4)
where T is the torsion of the damped Markovian connection V.
Proof. As above set b/ = Y(u/), Jj =1,2. Define the adapted H -vector fields fzj, j=1,2,0on

CoR"™ by h/ = h/ o T. First assume that each u/, and so i/ and i/, belong to D?-!.
By the integration by parts formulae, as for the proof of (8.5) for two-vector fields in Section 8,

and using the fact that h (w)s L ker X (x5(w)) a.s.,

T
div(u’) o I = E{div(h/)|F*} = —E{/(hs, d By)
0

T
=— /(i;g, X (x,) d B) = div(i/).
0

In particular div(h/) is F*-measurable. Consequently, from Proposition 8.1 and formula (8.3),

2div Q(u' A u?) =2TZ(div(h! AR2)) —2div(u' A u?)

= TZ(—h"div(h?) + h2div(h') + [, k%))
— (diV ul)u2 +ul diV(MZ) — [ul, u2]

= 7Z([i",72]) - [, u?].



234 K.D. Elworthy, X.-M. Li / Journal of Functional Analysis 254 (2008) 196-245

Also from (9.3)

giving

2div Q(u' Au?)(0) =TZ([h', h?])e — TZo([A', h2]o) + T (u', u?)(0).
For adapted vector fields the first two terms cancel by the previous lemma, so we have (9.4) for

adapted D?! vector fields.
If ul, u? are adapted but not in D?-! we can choose, cf. Lemma 9.4, sequences of adapted

processes {ui,}ftozl, j=1,2,in DP-H, converging to ul, u?in L?. Then as n — 0o,
T(u}l, uﬁ) — ’]T(ul, u2)
inL'TC oM, by the formula
T(VY, V) = X((V V)V — (V1 7)V?)

given in Appendix B. On the other hand, for any C*° cylindrical 1-form ¢,

[ o)) =2 [ do(o(u nu) ~ =2 [ as(o(u! nic)).

Thus for all adapted L” vector fields u’, we have
1
din(u1 /\uz)zi'ﬂ‘(ul,uz). O

Lemma 9.4. If u is an F,°-adapted H-vector field in LP I'H! for some p > 1, there is a sequence
u, € DPYHY of FI° adapted H-vector fields such that u,, converges to u in LP.

Proof. Set h = Y(%u) oZ € LP(CoR™; L2([0, T]; R™)). As finite chaos expansions are dense

in L, let {h,} be a sequence of functions with finite chaos expansion converging to 7 in
LP(CoR™; L*([0, T]; R™)). Define v, : Cy, — L*([0, T]; R™) by

(vw o I); = E{h,|F°}.
Then v, belongs to DP 1, see [35]. Set u,, = X(fo' (vn)s ds) then u, convergesin L” tou. 0O

Remark 9.5.

(1) It is noted in Cruzeiro and Fang [16] that the divergence of T(v!, v?) vanishes for a class of
adapted H -vector fields v! and v?.
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(2) The conclusion of the theorem does not hold for general smooth nonadapted vector fields. In
fact for a smooth, cylindrical f: Cy,M — R we have T(fv!, %) = fT (3!, #?). But

div Q((f') A 9%) =div(fQ(v' A %)) = £ div(Q (3" A 52)) +ivrQ(8" A D?).

Though we state the following for Brownian motion measures and the damped Markovian
connections note that it applies in considerable generality, for example for any metric connection
on a finite dimensional Riemannian manifold with smooth measure. In it we consider the closed
covariant derivative operator

VD> c L’ TH' - 12T Ly(HY; 1Y)
with L?-adjoint V*: L>I"C(H'; H') — L?>T"H!.

Proposition 9.6. Let U, V € L*°I'H!. Suppose U € D> and V e Dom(div). Then o +— U(0) @
V(o) as an element, U @ V, of L>T" (H' ® H') is in Dom(V*) and

VU ® V)(o)=—(divV)(o)U(o) — Vy)U. 9.5)
In particular this holds if U and V are both essentially bounded and in D> in which case:

V(U AV)=div(U AV)+ %T(U, V). (9.6)

Proof. Let Z € D>!H!. By (6.1) and (6.2),

/ (V2). U@ V()1 301 dity(©)

CeoM

= / ((VZ)O-, U ® V(U)>E2(H1;Hl) d/LxO(U)

C

oM

= [ D A(Va2)e U@V (@), ei))y dis,(0)

—_—

S

= | (Vv Z.U@))y; diix(0)

= [ A2, U0 (V@) dity (o) / (Z, Vvio) U diteg ©),

M Cyn M

0
since V is a metric connection. This proves the first part.

For the second part first note from [35] that H -vector fields which are in D?! are in Dom(div).
Then plug U AV = %{U ®V —V ® U} into Eq. (9.5) and use formula (8.3) to see
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V*UAV)= %{—(div V)U + (divU)V — VyU + VyV}
=div(U A V) + %T(U, V). O
By formula (9.4) this immediately gives
Corollary 9.7. For U, V as in Proposition 9.6
VU AV)=divl + Q)(U AV)
provided U, V are non-anticipating. In particular for h', h? in LS’I(R’") non-random
div(ATZ(h' AR%)) = V*(TZ(h') A TZ(h)).

Note that for Z as above, if f : CyyM — R is smooth and cylindrical then

/ (VZ, fU AN V>H1®H1 deo

CxyM
= f (V(fZ)=ZQV [, UAV)gr itz
CXOM
1 1
= / {(z, FVUAV)) - SZ.Uydf (V) +5(2, V)df(U)}d,uxO.
CxOM
So
V¥ fUAV]=FfV*UAV) - %{Udf(V) —Vdf )}
=fV*UAV)+wys(UAV)
whereas

div(l + Q) (fFU AV) = fdiv(I + QYU A V) + 1ty (U AV) 4147 QU A V).

Thus the formula is not true, if ‘non-anticipating’ is dropped.

9.7)

(9.8)

D. The curvature operator. The curvature operator R of the damped Markovian connection ¥

on I"'H! is conjugate to the curvature operator
R N*TCoyM — Lo (LT CxyM; L*T CyyM)
of the pointwise connection on the L? tangent bundle via the map %. In fact

R: AXT, CooM — Lo (HL: ML)
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is given by

(R(U)R), =W, (ﬁG(U(o)) (?h))

that is
\ D
(R@U)R), =W, / Ws_lRGS(US,S)(ZhS) ds. (9.9)
0

We shall show that this agrees with the definition given in Eq. (4.17).
Our convention that (a ® b)(u) = (b, u)a makes clear the correspondence between the curva-
ture operator R of M considered as a map R : /\2 TM — L(TM;TM) and it considered as a

map R : /\2 ™ — /\2 T M. Note also that for a linear map T
(T ®1)(a®b)|u)=T((aQb)w)).

Then

t

Fo D » D
R(U) (k) = W f w; R(Um(ahr) dr=W, f (W' ® 1)R(Urr)](5hr) dr
0 0

t

D
= [[waw) " o )Rw, ) 5on ) ar

0

T
D
- / X[O,l)(r)(Wt ® Wr)/\z(Wr_l)R(Urr)(Zhr) dr.
0

Proposition 9.8. As a linear map from /\2 T CxyM to /\2 T Cyx,M, the curvature operator of the
damped Markovian connection on H' is given by

t
RWU)= W@ W) [ AN2W) ' RWdr, 1<, 9.10)
0
Proof. Since R(U) is regular, its integral representation is

p D Da,
R(U)(h.), = f <1® E)R(U)”< = )dr.
0

Compare this with the integral representation above the proposition to see the result. [
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E. The domain of d'*. An important result for functions on CoR” was that the domain of
the divergence acting on H -vector fields contains D> ! (CoR™; H), in particular H-vector fields
which are in D>! are Skorohod integrable [51]. For C oM the analogous result was proved
in [35] using the damped Markovian connection. We have not yet given a “bundle structure”
or connection to H? or its dual, but /\2 L2TCxOM is a smooth bundle and inherits a connec-

tion from the pointwise connection. This will be the LW connection for /\2 X. As discussed,
in general, in [35] a section Z of /\2 LZTCXOM is in D! /\2 LZTCXOM if /\ZY(Z) is in
DZ’I(CXOM; /\2 L?([0, T1; R™)). Where defined, the map

A+ ON* W N L2 TC( M — H?

is an isometry and it would be natural to use this to give a connection on 2. In this sense the
following shows that the results mentioned above extend to our H-two-forms (or equivalently
for the divergence operator on H-two-vectors). It is stated in terms of the weak Sobolev class
W21 for, possibly, greater generality.

Theorem 9.9. 1. Let ¢ € L2I"H>. If
pod+0)o N*We WA N (L*TCyyM)”

then ¢ € Dom(d'™). i
2. More generally ¢ € Dom(d'™) if the conditional expectation of its pull back by the Ité map

*

E{Z*(¢)|F*}: CoR™ — (\°H)

is in the domain of d'* on CoR™. If so, for almost all o € CyyM the H-vector field div " is given
by

div(¢*) = TZ(div(E{T*@)|F})").

Proof. Set
~ d
glo)=¢po(1+Q)o /\ZWO /\ZX(O‘) o /\2<d_)

for 0 € Cyy;M. Then our first condition implies that g € W2’1(CXOM ; /\2 H). Note that
g=¢o(1+0)o A*Wo A*X and so
g o T =E{T*(¢)|F*}.

By [35]goZ € D2! on CyR™. By [69] this implies that as an H-two-form g o7 is in the domain
of d'*. Now let ¢ € Dom(d%{), cylindrical one-form on Cy, M. Then we have

/ [di . by = f (@30 (N TZ()), d(NTZ)) p2 oy

Cy M Cy,

0 0
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- f ([} N> TZ(=), B{T*@)| 7)) oy

CoR™

- f(I*(d%_llﬁ),E{I*((p)‘}—xo})/\zH*

CoR™

— /(&II*(w),E{I*(¢)‘7:x0}>/\2f1*

CoR™
- / ()., (@) EB{Z @) FY) 2 -
C()Rm

From this the results follow. O
Corollary 9.10. Every C! cylindrical 2-form on Cy,M is in the domain of d'*.

Proof. Let MY = M x M x --- x M be the Cartesian product of k copies of M and for 0 <
t1 <. < < T define p : CoyM — M® by pi(0) = (a(t1), ..., 0(#)). Suppose ¢ = p;(6)
for 0 a C! two-form on M®) . Then

E{T*(¢)|F*} = ¢7) o A + 07() 0 A’X(Z())
=00 A’XN(Z(pu(1) o APY O N*Tor0 (14 Q1)) 0 AX(Z())
where X® (z;,...,z¢) = @]]‘.:1 X(z)): GBkRm — T.M® for z = (z1,...,z1) € MP . Now,
from the differentiability of 6 and X it is clear that 6 o A* X® (Z(p;()) is in D! for all 1 <

p < 0o, while it follows from standard approximation arguments that so is A*Y® A% Tp; o
A+ 0z o /\2 X(Z(-)), for example as in [2]. Thus we can apply the theorem as required. O

Appendix A. Conventions

In the past we have used different conventions on the exterior product of a differential form,
inner product of two antisymmetric tensor vectors, and the interior product of a vector with
another. Here we were driven by the insistence that exterior product spaces are subspaces of the
corresponding tensor products. To make these differences more transparent and easier for the
reader to compare to their own conventions, we list in this section the conventions we use. It is
only necessary to state them for uncompleted tensor products.

A. Let E, F be areal linear spaces. Any multilinear Y : E X E X --- X E — F determines a
linearmap ¥ : E Q¢ E Qp --- ®9 E — F with

VU @ Qug) =Y (U, ..., ug).

Denote by /\g E the subspace of anti-symmetric tensors and use the convention

1
ul/\.../\uqZEZ(—l)”un(l)@)-”@un(q) (A1)
4
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where the summation is over all permutations 7 of {1,2,...,¢q} and (—1)” is the sign of the
permutation. This convention ensures that if ¥ is anti-symmetric then

&(ul/\---/\uq):lﬁ(ul,...,uq).

An inner product (—,—) on E determines one on the tensor products

(ui, vi), (A.2)
1

U1 R Qug, 1 -+ Quy) =

q
1=

any u;, v; € E. In turn this determines one on the exterior powers by restriction, giving

1 (ur,vr) (uy,v2) ... (ur,vy)
(UI AN ANug,vp A+ Avg) = — det . (A3
q!
<uqav1> <uq’ U2> <uq’vl]>
Now suppose there is a pairing ((—,—)) : E’ x E — R between E and a linear space E’. We are

thinking of the cases E = E’ with inner product pairing or E’ being the dual space of E with
respect to some topology, with (I, e)) = I(e). Then if [ € E’, there is the standard interior product,
or annihilation operator ¢,

U ® -+ Qug) ={(Lu1) (U2 ® - Quyg). (A.4)
This gives
1 < .
Ui A Aug) == (=D uhur A Al A Aug (A.5)
q 4
j=1

where # means the omission of the vector u. Note that:

) e .. -1

(i) If E = E’ with inner product pairing then for each v € E the operator t,: A\{ E > A\{ ™ E
is adjoint to the map determined by uj A -+ - Aug—1 > VAU A+ Aug_1.

(i) The interior product is now not a skew-derivation, cf. [50, p. 65]. For example if g =2 we
have

uur ANup) = l{((l, ur)uy — (I, u)uy}.
2

Keeping the duality between the interior product and the “creation operator” v A —, for ¢ as
above and v € E define:

XY DE SR
by
W)W, .. ug—1) =y, ug, ..., ug—1),

so that if ¢ is skew-symmetric we have



K.D. Elworthy, X.-M. Li / Journal of Functional Analysis 254 (2008) 196-245 241
W)@ A ANug_1) =Y OAUL A ANug_q).

If ¢1 and ¢, are in a dual space to E then ¢; A ¢» is defined on /\8 E by
1
¢1 A p2(uy Aup) = §[¢1 (1) pa(uz) — P2 (1)1 (u2)].

This is in agreement with ¢, (¢ A ¢2) := %((bl (W) — P2 (v)P1).

B. More generally if S: E; — E; and T : F| — F, are two linear maps of Banach spaces,
there is the induced linear map

S®T:E1®F1 — Ex® F>.

If £, =F andE2=F2setSAT:%(S®T+T®S)soS®SagreeswithS/\Sasalinear

operator on /\2 E. This reduces to the previous definitions when E; = F> = R after identifying
R ® R with R.

C. Consider now the tangent bundle 7'M of a smooth manifold M. The exterior differentiation
d: N'TM — N TM is defined by

dp(VI A A veth

q+1
- (q_lH) Z(_l)i+1Lvi[¢(Vl/\'-~/\Vi/\~-~/\V‘1+1)]
i=1
1 i+j i j 1 f_— = g+1

1<i<j<q+1
(A.6)

where Ly denotes Lie differentiation in the direction of v'. This differs from the convention
used in our previous research paper, e.g. [30,31,33] where we did not add any constants before d
and d*. This lead to a change in the divergence of g-vector fields by a factor of ¢

divod (V) = q divpew (V). (A7)

By our conventions if f is a function on M,

(df Np,¥) =(,ar¥r), (A.8)
d(fe)=df n¢+ fdo, (A.9)
div(fV) = £(div V) + v (@df). (A.10)
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Appendix B. Brackets of vector fields, torsion, and d¢ (v! A v2)

Lie brackets of H-vector fields have been discussed in many places, e.g. [19,21,55], for com-
pleteness, and definitiveness, we give a definition and some properties here. The torsion of the
damped Markovian connection is also described, for explicit formulae see [16]. We refer to
[35] for the Sobolev calculus of sections of H, related bundles, and smooth bundles such as
L?T Cy,M. The latter will always be taken here with its pointwise connection.

Proposition B.1. The inclusion map of H into L>T C xo M isin DP 1 for1 < p < oo as a section of
Lo(H; LZTCXOM) and any H-vector field V in DPYH, or WP YK, is a DP-1, or WP:1, section
of L°TC oM. Moreover for such V the pointwise (weak) covariant derivative V_V isan LP
section of L(H; T Cyx,M).

Proof. For the first assertion it suffices to show that the map
©:CyyM — Lo(H; L*([0, T]; R™))
given by
O (0)(h) = Yo TZ, (h)

is in D?-1. However © (o) (h); = Yoy Wi fé WS_IX(U (5))(hs) ds and so the result holds from
standard arguments, as in [2]. For the claim about sections we can apply the corresponding
arguments to o — @ (0 )(U (o)) for U € ]D)p’l(CxOM; H), or in WP’I(CXOM; H); in the latter
case it is only necessary to consider the composition with Z, see Theorem 5.1. In particular
the final assertion comes from standard results giving the continuity in ¢ of the derivative of
(B oZ)(UoI);:CoR™ — R™, e.g. as [64, p. 106]. Alternatively the derivative can be calculated
explicitly as in [2]. O

Definition B.2. If V! and V2 are in W”+!’H define their Lie bracket by
(VL V2] =V v = VeVl
where V is the pointwise connection defined by formula (9.1).

By Proposition B.1, [Vl, Vz] is then a measurable vector field, i.e. section of TCy M. Since
the pointwise connection restricts to a torsion free connection on 7'Cy, M this definition agrees
with the usual one. Moreover if f: Cy,M — R is smooth and cylindrical we have

ddf(V))V =V dHVi+df (Vi V?)

so that

ddf(vV)v!—d(df(vh))v:=df(v'.v?])
as usual. The torsion T(V!, V2) is defined as a measurable vector field by

T(V, V) =V, Vi -V, vi—[vi V2]
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To see the torsion as an “H-tensor field” use the LW characterisation of the pointwise con-
nection to observe first that

TV, V)=V, V2= ViV =V V24 Ve v!
=V V2= Xd(YV)V! - v, v+ Xd(Y V') v2

Now consider the restriction gf Y to H as a section of La(H; L%([0, T]; R™)). As above it lies
inDP1, 1 < p < oo, with VY asection of Lo(H; £2(H; L?([0, T1; R™))). Then

Vi Vi—Xd(YVH) V= -X (V1 7)V?
and so

T(V, V) = X((V V)V = (V1 1) V).

From this we see we can consider the torsion as a section of £;( /\2 H; TCyx,M). Alternatively
noting that Y maps H into Co ([0, T']; R™) and arguing as before we see that it gives a section of
Lskew(H, H; T Cy,M). In both cases the sections are in L? forall 1 < p < oo.

Finally we give the result used in Section 8.

Proposition B.3. If ¢ is a smooth cylindrical 1-form and V', V? are in WP'V'H then, almost
surely,

2dp(VI AV =1p1diyag —tadiyig — o[V V2)).
Proof. Using the pointwise connection on the sections of T*C,M:

[Vl d_Lv2¢ - Lv2 d_lvl(P - ¢([V1, Vz])
= (V1) (VD) + o (Vy) V2 — (Vi) (V) — (V2 V) — o[V, V7))

= ﬁvl(b(vz) — 6V2¢(V1)

_l 1 ys2
_2d¢(V ,V?)

by the standard formula, as the pointwise connection V has no torsion. [

References

[1] Z.M. Ahmed, D.W. Stroock, A Hodge theory for some non-compact manifolds, J. Differential Geom. 54 (1) (2000)
177-225.

[2] S. Aida, On the irreducibility of certain Dirichlet forms on loop spaces over compact homogeneous spaces, in:
K.D. Elworthy, S. Kusuoka, I. Shigekawa (Eds.), New Trends in Stochastic Analysis, Proc. Taniguchi Symposium,
Charingworth, September 1995, World Sci. Press, 1997.

[3] H. Airault, Subordination de processus dans le fibre tangent et formes harmoniques, C. R. Acad. Sci. Paris Sér. A 282
(1976) 1311-1314.

[4] H. Airault, J. van Biesen, Géométrie riemannienne en codimension finie sur I’espace de Wiener, C. R. Acad. Sci.
Paris Sér. I Math. 311 (2) (1990) 125-130.

[5] A. Arai, I. Mitoma, de Rham—Hodge—Kodaira decomposition in co-dimensions, Math. Ann. 291 (1) (1991) 51-73.

[6] MLF. Atiyah, Elliptic operators, discrete groups, and von Neumann algebras, Astérisque 32-33 (1976) 43-72.



244 K.D. Elworthy, X.-M. Li / Journal of Functional Analysis 254 (2008) 196-245

[7] C.J. Atkin, Extension of smooth functions in infinite dimensions. I. Unions of convex sets, Studia Math. 146 (3)
(2001) 201-226.

[8] C.J. Atkin, Extension of smooth functions in infinite dimensions. II. Manifolds, Studia Math. 150 (3) (2002) 215-
241.

[9] D. Bell, Divergence theorems in path space, J. Funct. Anal. 218 (1) (2005) 130-149.

[10] J.-M. Bismut, Martingales, the Malliavin calculus and Hérmander’s theorem, in: Stochastic Integrals (Proc. Sym-
pos.), Durham, 1980, in: Lecture Notes in Math., vol. 851, Springer-Verlag, 1981, pp. 85-109.

[11] R. Bonic, J. Frampton, A. Tromba, A-Manifolds, J. Funct. Anal. 3 (1969) 310-320.

[12] Ed. Bueler, I. Prokhorenkov, Hodge theory and cohomology with compact supports, Soochow J. Math. 28 (1) (2002)
33-55.

[13] R. Carmona, S. Chevet, Tensor Gaussian measures on L” (E), J. Funct. Anal. 33 (1979) 297-310.

[14] J. Cigler, V. Losert, P. Michor, Banach Modules and Functors on Categories of Banach Spaces, Lect. Notes Pure
Appl. Math., vol. 46, Marcel Dekker, Inc. XV, New York, Basel, 1979.

[15] A. Cruzeiro, S. Fang, Une inégalité L? pour des intégrales stochastiques anticipatives sur une variété riemannienne,
C. R. Acad. Sci. Paris Sér. 1 321 (1995) 1245-1250.

[16] A. Cruzeiro, S. Fang, Weak Levi-Civita connection for the damped metric on the Riemannian path space and van-
ishing of Ricci tensor in adapted differential geometry, J. Funct. Anal. 185 (2) (2001) 681-698.

[17] A. Cruzeiro, S. Fang, P. Malliavin, A probabilistic Weitzenbock formula on Riemannian path space, J. Anal.
Math. 80 (2000) 87-100.

[18] A. Cruzeiro, P. Malliavin, Renormalized differential geometry on path space: Structural equation, curvature,
J. Funct. Anal. 139 (1) (1996) 119-181.

[19] A. Cruzeiro, P. Malliavin, A class of anticipative tangent processes on the Wiener space, C. R. Acad. Sci. Paris Sér. I
Math. 333 (4) (2001) 353-358.

[20] B.K. Driver, A Cameron—Martin type quasi-invariance theorem for Brownian motion on a compact Riemannian
manifold, J. Funct. Anal. 100 (1992) 272-377.

[21] B.K. Driver, The Lie bracket of adapted vector fields on Wiener spaces, Appl. Math. Optim. 39 (2) (1999) 179-210.

[22] B.K. Driver, A. Thalmaier, Heat equation derivative formulas for vector bundles, J. Funct. Anal. 183 (1) (2001)
42-108.

[23] A. Eberle, Uniqueness and Non-Uniqueness of Semigroups Generated by Singular Diffusion Operators, Lecture
Notes in Math., vol. 1718, Springer-Verlag, 1999.

[24] J. Eells Jr., A setting for global analysis, Bull. Amer. Math. Soc. 72 (1966) 751-807.

[25] H.I. Eliasson, Geometry of manifolds of maps, J. Differential Geom. 1 (1967) 169-194.

[26] K.D. Elworthy, Geometric aspects of diffusions on manifolds, in: P.L. Hennequin (Ed.), Ecole d’Eté de Probabilités
de Saint-Flour XV-XVII, 1985-1987, in: Lecture Notes in Math., vol. 1362, Springer-Verlag, 1988, pp. 276-425.

[27] K.D. Elworthy, Stochastic flows on Riemannian manifolds, in: M.A. Pinsky, V. Wihstutz (Eds.), Diffusion Processes
and Related Problems in Analysis, vol. II, in: Progr. Probab., Birkhiuser, Boston, 1992, pp. 37-72.

[28] K.D. Elworthy, Y. LeJan, Xue-Mei Li, Integration by parts formulae for degenerate diffusion measures on path
spaces and diffeomorphism groups, C. R. Acad. Sci. Paris Sér. I 323 (1996) 921-926.

[29] K.D. Elworthy, Y. LeJan, Xue-Mei Li, Concerning the geometry of stochastic differential equations and stochastic
flows, in: K.D. Elworthy, S. Kusuoka, I. Shigekawa (Eds.), New Trends in Stochastic Analysis, Proc. Taniguchi
Symposium, Charingworth, September 1995, World Scientific Press, 1997.

[30] K.D. Elworthy, Y. LeJan, Xue-Mei Li, On the Geometry of Diffusion Operators and Stochastic Flows, Lecture
Notes in Math., vol. 1720, Springer-Verlag, 1999.

[31] K.D. Elworthy, Xue-Mei Li, Bismut type formulae for differential forms, C. R. Acad. Sci. Paris Sér. I Math. 327 (1)
(1998) 87-92.

[32] K.D. Elworthy, Xue-Mei Li, Special Itd6 maps and an L? Hodge theory for one forms on path spaces, Canadian
Math. Soc. Conf. Proc. 28 (2000) 145-162.

[33] K.D. Elworthy, Xue-Mei Li, Some families of g-vector fields on path spaces, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 6 (Suppl.) (2003) 1-27.

[34] K.D. Elworthy, Xue-Mei Li, Geometric stochastic analysis on path spaces, in: Proceedings of the International
Congress of Mathematicians, Madrid, 2006, pp. 575-594.

[35] K.D. Elworthy, Xue-Mei Li, It6 maps and analysis on path spaces, Math. Z. 257 (3) (2007).

[36] K.D. Elworthy, Xue-Mei Li, S. Rosenberg, Bounded and L? harmonic forms on universal covers, Geom. Funct.
Anal. 8 (1998) 283-303.

[37] K.D. Elworthy, Zhi-Ming Ma, Vector fields on mapping spaces and related Dirichlet forms and diffusions, Osaka J.
Math. 34 (3) (1997) 629-651.



K.D. Elworthy, X.-M. Li / Journal of Functional Analysis 254 (2008) 196-245 245

[38] K.D. Elworthy, M. Yor, Conditional expectations for derivatives of certain stochastic flows, in: J. Azéma, P.A.
Meyer, M. Yor (Eds.), Séminaire de Probabilités XXVII, in: Lecture Notes in Math., vol. 1557, Springer-Verlag,
1993, pp. 159-172.

[39] S. Fang, Inégalité du type de Poincaré sur I’espace des chemins riemanniens, C. R. Acad. Sci. Paris Sér. 1
Math. 318 (3) (1994) 257-260.

[40] S. Fang, Stochastic anticipative integrals on a Riemannian manifold, J. Funct. Anal. 131 (1) (1995) 228-253.

[41] S. Fang, Stochastic anticipative calculus on the path space over a compact Riemannian manifold, J. Math. Pures
Appl. (9) 77 (3) (1998) 249-282.

[42] S. Fang, J. Franchi, De Rham—Hodge—Kodaira operator on loop groups, J. Funct. Anal. 148 (1997) 391-407.

[43] Fu-Zhou Gong, Feng-Yu Wang, On Gromov’s theorem and Lz—Hodge decomposition, Int. J. Math. Math.
Sci. 2004 (1-4) (2004) 25-44.

44] L. Gross, Potential theory on Hilbert space, J. Funct. Anal. 1 (1967) 123—181.

45] Y. Hu, A.S. Ustiinel, M. Zakai, Tangent processes on Wiener space, J. Funct. Anal. 192 (1) (2002) 234-270.

46] N. Ikeda, S. Watanabe, Stochastic Differential Equations and Diffusion Processes, second ed., North-Holland, 1989.

47] 1.D.S. Jones, R. Léandre, L?-Chen forms on loop spaces, in: Stochastic Analysis, Durham, 1990, in: London Math.
Soc. Lecture Note Ser., vol. 167, Cambridge University Press, Cambridge, 1991, pp. 103-162.

[48] T. Kazumi, I. Shigekawa, Differential calculus on a submanifold of an abstract Wiener space. II. Weitzenbock
formula, in: Dirichlet Forms and Stochastic Processes, Beijing, 1993, de Gruyter, Berlin, 1995, pp. 235-251.

[49] Y. Kifer, A note on integrability of C"-norms of stochastic flows and applications, in: Stochastic Mechanics and
Stochastic Processes, Swansea, 1986, in: Lecture Notes in Math., vol. 1325, Springer-Verlag, 1988, pp. 125-131.

[50] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, vol. I, Interscience Publishers, New York, London,
1963.

[51] M. Krée, P. Krée, Continuité de la divergence dans les espaces de Sobolev relatifs 1’espace de Wiener, C. R. Acad.
Sci. Paris Sér. I Math. 296 (20) (1983) 833-836.

[52] S. Kusuoka, de Rham cohomology of Wiener—Riemannian manifolds, in: Proceedings of the International Congress
of Mathematicians, vols. I, II, Kyoto, 1990, Math. Soc. Japan, Tokyo, 1991, pp. 1075-1082.

[53] S. Kusuoka, Analysis on Wiener spaces. II. Differential forms, J. Funct. Anal. 103 (2) (1992) 229-274.

[54] S. Lang, Introduction to Differential Manifolds, Interscience Publishers, 1962.

[55] R. Léandre, Cohomologie de Bismut—Nualart—-Pardoux et cohomologie de Hochschild entiere, in: Séminaire de
Probabilités XXX, in: Lecture Notes in Math., vol. 1626, Springer-Verlag, 1996, pp. 68-99.

[56] R. Léandre, Brownian cohomology of an homogeneous manifold, in: New Trends in Stochastic Analysis, Charing-
worth, 1994, World Sci. Publishing, 1997, pp. 305-347.

[57] R. Léandre, Singular integral homology of the stochastic loop space, Infin. Dimens. Anal. Quantum Probab. Relat.
Top. 1 (1) (1998) 17-31.

[58] R. Léandre, Stochastic cohomology of the frame bundle of the loop space, J. Nonlinear Math. Phys. 5 (1) (1998)
23-40.

[59] R. Léandre, Analysis on loop spaces, and topology, Mat. Zametki 72 (2) (2002) 236-257 (in Russian); translated
in: Math. Notes 72 (1-2) (2002) 212-229.

[60] Laszlé Lempert, Ning Zhang, Dolbeault cohomology of a loop space, Acta Math. 193 (2) (2004) 241-268.

[61] P. Malliavin, Stochastic Analysis, Grundlehren Math. Wiss., vol. 313, Springer-Verlag, 1997.

[62] 1. Mitoma, De Rham—Kodaira decomposition and fundamental spaces of Wiener functionals, in: Gaussian Random
Fields, Nagoya, 1990, World Sci. Publishing, 1991, pp. 285-297.

[63] J.R. Norris, Twisted sheets, J. Funct. Anal. 132 (2) (1995).

[64] D. Nualart, The Malliavin Calculus and Related Topics, Springer-Verlag, 1995.

[65] M.A. Piech, A model for an infinite-dimensional Laplace Beltrami operator, Indiana Univ. Math. J. 31 (3) (1982)
327-340.

[66] A. Pietsch, Operator Ideals, Mathematische Monographien, vol. 16, VEB Deutscher Verlag der Wissenschaften,
Berlin, 1978.

[67] A.F. Ruston, Fredholm Theory in Banach Spaces, Cambridge Tracts in Math., vol. 86, Cambridge University Press,
1986.

[68] L. Schwartz, Un théoreme de dualité pour les applications radonifiantes, Acad. Sci. Paris Sér. A 268 (1969) 1410-
1413.

[69] I. Shigekawa, De Rham—Hodge—Kodaira’s decomposition on an abstract Wiener space, J. Math. Kyoto Univ. 26 (2)
(1986) 191-202.

[70] 1. Shigekawa, Vanishing theorem of the Hodge—Kodaira operator for differential forms on a convex domain of the
Wiener space, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 6 (Suppl.) (2003) 53—-63.

[71] J. van Biesen, The divergence on submanifolds of the Wiener space, J. Funct. Anal. 113 (2) (1993) 426—461.

[
[
[
[



