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1 Introduction

Let M be a n-dimensional connected smooth manifold and B, an m-dimensional
Brownian motion on a probability space {Q, #,P} with filtration {#,}. Con-
sider the (Stratonovich) stochastic differential equation (SDE) on M:

dx, = X(x,) o dB, + A(x,)dt . (1)

Here X is C* from R™ x M to the tangent bundle TM with X(x): R" — T, M
a linear map for each x in M, and 4 is a C? vector field on M. The pair
(X,4) is called a stochastic dynamical system (SDS). Let {es,es,...,e,} be an
orthonormal basis for R™. Set X(x) = X(x)(¢'), and write B, = (B.,...,B™).
Then (1) can be written as:

dx; =Y X'(x;) o dB! + A(x,)dt .
=1

Let {F/(x)} be the solution to (1) starting from x with explosion time &(x).
A SDE on a Riemannian manifold is called a Brownian system with drift

Z if it has (i.e. its associated semigroup has) generator %A + Lz. Here A4 is the

Laplacian, Z is a vector field and Lz is the Lie derivative in the direction Z.
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Its solution is called a Brownian motion with drift Z. Let 2 be a C* function
on M. The Bismut-Witten Laplacian is 4" =: A + 2Lv;. A SDE with generator
%Ah is called a h-Brownian system. Its solution is called a h-Brownian motion.

Recall that a SDE is called complete if its explosion time &(x) = oo for each
x; it is strongly complete if the solution can be chosen to be jointly continuous
in time and space for all time. Such a solution is called a continuous flow.

The known results on the existence of a continuous flow are mostly on R”
and on compact manifolds. On R” results are given in terms of global Lipschitz
conditions. See Blagovescenskii and Friedlin [3]. The problems concerning the
diffeomorphism property of flows have been discussed by e.g. Kunita [15],
Carverhill and Elworthy [4]. See Taniguchi [22] for discussions on the strong
completeness of a stochastic dynamical system on an open set of R". For
discussions of higher derivatives of solution flows on R", see Krylov [14] and
Norris [20].

On a compact manifold, a SDE with C? coefficients is strongly complete.
In fact the solution flow is C"~! if the coefficients are C”. Moreover the flow
consists of diffeomorphisms. See Kunita [15], Elworthy [9], and Carverhill and
Elworthy [4]. For discussions in the framework of diffeomorphism groups see
Baxendale [2] and Elworthy [10].

In the article, we discuss the regularity of solution flows from a new ap-
proach. We introduce the notions of “strong p-completeness”. Roughly speaking
a SDE is strongly p-complete, if the map F.(—) is continuous in time and space
for all time while restricted to a smooth p-dimensional submanifold of M. This
concept reveals the complicated regularity property of the flow. For example the
flow x + B, on R* — {0} is strongly (n — 2)-complete but not strongly (n — 1)-
complete (see example 2 in Sect. 2); on R" — ¢, for £ a smoothly immersed
curve it is only strongly (n — 3)-complete, n = 3.

Besides this, strong 1-completeness turns out to be a powerful tool for ob-
taining results on differentiating semigroups (Sect. 9), for getting formulae for
the derivatives of the logarithms of the heat kernels [12], or for obtaining re-
lated topological and geometrical properties of the underlying manifolds[17][18]
via moment stability. The moment stability part is illustrated in theorem 2.4
below.

Main Results

Theorem 2.3 A stochastic dynamical system on a smooth manifold is strongly
complete if strongly (n — 1)-complete.

Now consider M furnished with a complete Riemannian metric and associated
Levi-Civita connection. '

Theorem 3.1/4.1 A SDE on a complete connected Riemannian manifold is
strongly p-complete if it is complete at one point and its derivative flow
{T,F.} satisfies: for each compact set K and each t > 0,

supE (sup|Tsz|p+5> < oo
x€K s<t

for some & > 0 (& can be taken to be zero for p =1).
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Note for p =1 we only require the first moment of |7,F;|, so do better
than a Sobolev type theorem.

Following from these, we obtain Theorem 5.1 giving criterion for the ex-
istence of a global smooth flow in terms of the coefficients of the stochastic
differential equations. A straightforward application of Theorem 5.1 extends
the standard global Lipschitz result on R” (Corollary 5.2): denote by . the
differential generator for (1), which is given by

A1) = XXX W) + 4

Here 4¥ = 13"VX(X!) + A4 is the first order part of the generator.
341

Theorem 5.3/Corollary 5.2 A complete SDE on a complete Riemannian man-
ifold is strongly 1-complete if

Hi(x)(v,8) =2(V4% (0), 1) + 32 ROE, 0)(X), )
1
+SIVX @) - $|—I}|—2<vxf<v>, o)

is bounded above. Here R is the curvature tensor. It is strongly complete if
|VX| is bounded and if for some constant ¢

2(V A% (v),v) + fj(R(Xf, (X, v) < clvf?.
1

There are also more refined results:

Theorem 6.2 Let M = R" with its flat metric. Suppose the coefficients of the
SDE have linear growth, then its solution flow consists of diffeomorphisms if
the first derivatives of its coefficients have sub-logarithmic growth.

Let r(x) denote the distance between x and a fixed point in M.

Theorem 8.2 A Brownian motion with drift Z is complete if the Ricci cur-
vature is bounded from below by —c(1 +r*(x)), and dr(Z) £ (1 + r(x)).
It is strongly complete if both (VX |* and 2(NZ(x)(—), ~) — Ricy(—, —) have
sub-logarithmic growth in the distance function r.

2 Strong p-completeness: definition

Let S, be the space of the images of all smooth (smooth in the sense of extend-
ing over an open neighbourhood) singular p-simplices. Recall that a singular
p-simplex in M is a map from the standard p-simplex to M. For convenience
we also use the term singular p-simplex for the image of a singular p-simplex
map.

Before giving the definition, here is an example:
Example 1 [9], [10] Let X(x)}e)=e, and 4 = 0. Consider the ‘following

stochastic differential equation dx, = dB, on R* — {0} for n > 1. The solu-
tion is: Fy(x) =x + B,, which is complete since for a fixed starting point
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x, Fy(x) almost surely never hits 0. But it is not strongly complete. However
for any n — 2 dimensional hyperplane (or a submanifold) / in the manifold,
inf,eyé(x,0) = 00 as., since a Brownian motion does not charge a set of
codimension 2. ’

This leads to the following definition suggested by D. Elworthy:

Definition 2.1 4 SDE on a manifold is called strongly p-complete if its so-
lution can be chosen to be jointly continuous in time and space a.s. for all
time when restricted to a set K € §).

Example 2 The example above on R” — {0} (for n > 2) gives us a SDS
which is strongly (n — 2)-complete, but not strongly (n — 1)-complete. It is not
strongly (n — 1)-complete from Proposition 2.3. We shall show it is strongly
(n — 2)-complete.

First note every singular n — 2 simplex has an extension to a bounded
Lipschitz map from the cube [0, 11" to M. Let U be a subset of R"~2
containing a ball radius ¢ > 0. Let f be a bounded Lipschitz map from U
to R". We only need to show that the capacity Cap(f) of f(U) is zero.
For this, the author is grateful to Dr P. Krdger for the following proof. Let
a = infycy f(x). Clearly Cap(f(U)) = 0 is equivalent to Cap(2a + f(U)) = 0.
Thus we may assume a > 0. Define 4 : R* - RU {00} as follows:

dx
f — plr—2
g lfx)~yl
Clearly A(y) is superharmonic. Thus A(B;) is a supermartingale. By the maxi-
mal inequality for positive supermartingales, we have:

h(y) =

P{suph(Bs) = n} = %Eh(O).

0Zs

So P{sup,, M(Bs) = oo} = 0. This proves Cap(h~!(c0)) = 0. Next we show
f(U)C h™Y(00). Let y = f(z) for z € U, then for some constant c,

dx dx
h = —_— > —_——
D=1 - ror 2 r—a
dx
g Ciw_—z =0oC.

Thus Cap(f(U)) =0 as wanted. W

For further discussions, we need the following theorem on the existence of a
partial flow, taken from [10] based on [15]. See also [4].

Theorem 2.1 Suppose X and A are C’, for r = 2. Then there is a partially
defined flow (F;( - ),&( - )) which is a maximal solution to (1) such that
if M(w) = {x € M,t < &(x,w)}, then there is a set Q of full measure such
that for all w € Qy:

1. My(w) is open in M for each t > 0, i.e. &( - ,w) is lower semicontin-
uous.
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2. F(-,0): M(w)— M is in C"~! and is a diffeomorphism onto an
open subset of M. Moreover the map: t— F,( - ,w) is continuous into
C"~Y(M(w)), with the topology of uniform convergence on compacta of the
first ¥ — 1 derivatives.

3. Let K be a compact set and X = inf,cg E(x). Then

lim  sup d(xo, Fi(x)) = oo (2)
1t/ (w) xek

almost surely on the set {E& < oc}. (Here xy is a fixed point of M and d is
any complete metric on M.)

From now on, we shall use (F, ) for the partial flow defined in Theorem 2.1
unless otherwise stated. Note that if the solution can be chosen to be continuous
in time and space for all time on a compact set K, then the explosion time &£
in the above lemma is infinite (Elworthy [10]). Thus strong p-completeness of
a SDE is equivalent to ¢¥ = oo a.s. for all K € S,

Proposition 2.2 If the SDE considered is strongly p-complete, then V¥ = oo
a.s. for any p dimensional smooth submanifold N of M. In particular F can
be chosen to be C"™! on any given smooth p-dimensional submanifold.

Proof. Let N be a p dimensional submanifold. Since all smooth differential
manifolds have a smooth triangulation (Munkres [19]), we can write: N = UV;.
Here ¥; are smooth singular p-simplices. But ¢/ = oo a.s. for each i from
the assumption. Thus F.( - )|V; is continuous a.s. and so is F|y itself. This
gives ¥ = oo almost surely. The existence of a C"~! version comes from a
uniqueness result from [10]. W

Note that if 0:47 — M is a smooth p-simplex, then by [10], strong p-
completeness implies that F, o ¢ has a C"~! version.

If p equals the dimension of M, strong p-completeness gives back the usual
definition of strong completeness, i.e. the partial flow defined in Theorem 2.1
satisfies inf,cp E(x) = oo almost surely. In this case we will continue to use
strong completeness for strong n-completeness.

Theorem 2.3 A stochastic dynamical system on a n-dimensional manifold is
strongly complete if strongly (n — 1)-complete.

Proof. Since we have strong completeness for compact manifolds, we shall
assume M is not compact in the following proof. Let B be a geodesic ball
centered at some point p in M with radius smaller than the injectivity radius
at p. Since M can be covered by a countable number of such balls, we only
need to prove # = oo almost surely.

Let B be such a ball. Clearly M — 6B consists of two parts, one Ky say
bounded and the other Ny unbounded. Fix 7 > 0. By the ambient isotopy
theorem there is a diffeomorphism H from [0,7] x M to [0,7] x M given
by: (t,x) s (t,h:(x)) for h, some diffeomorphism from M to its image, and
satisfying:

hz|aB :Ft|aB .
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Set Kt = ht(KO);Nt = ht(N()) Then
M :Kl UFt(aB)UNt N
and .
F(B) C K, (3)
on {w:t < &(w)}. Now

U K, =Proj'[H(K, x [0,T])],

0<i<T

here Proj' denotes the projection to M. Thus Up<,<rK; is compact. By (3),
FyB) = Fi(Ko) UF,(8B), for 0 <t < T A &8, stays in a compact region. So
& > T almost surely from part 3 of Theorem 2.1. W

Application of strong p-completeness

Let C*°(Q7) be the space of C*° smooth p forms on M,H?(M,R) the p*
de Rham cohomology group, and HY(M,R) the de Rham cohomology group

for compactly supported p-forms. Recall that a SDS is said to be strongly

p"-moment stable if for all K C M compact,

— 1
ug(p) = lim sup—log E|T,.Fs|? < 0.
t—oorek b

The following theorem follows from an approach of [8] for compact manifolds.
For a discussion of such topological consequences of strong moment stability
on noncompact manifolds, see [17].

Theorem 2.4 Let M be a Riemannian manifold and assume there is a strongly
p-complete SDS with strong p”-moment stability. Then all bounded closed
p-forms are exact. In particular the natural map from HY(M,R) to HP(M,R)
is trivial.

Proof. Let ¢ be a singular p-simplex, and ¢ a bounded closed p-form. We
shall not distinguish a singular simplex map from its image. Denote by F; ¢
the pull back of the form ¢ and (F;).c = F; 0 a. Then

f d’ = f(Ft)*¢

(Fr)xo 4

But (F;).0 is homotopic to ¢ by the strong p-completeness. Thus:

Jo= [ ¢o=[F)o.

(Ft)xo 4
Using strong p™ moment stability,
E|[¢] = lim E|[(F)" $| < |$los T [E|TF,|?
a 2 g

< |¢IootTj§Os1€1pElTsz|p =0.
xXco

So fa ¢ =0, and ¢ is exact by de Rham’s theorem. W
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Theorem 4.1 below suggests that strong p-completeness is not a major
restriction given strong moment stability.

3 Strong 1-completeness

Take a sequence of nested relatively compact open sets {U;} such that it is a
cover for M and U; C Upy;. Let A be a standard smooth cut off function such
that:
Ve { 1 x€ U
- O: x g (Ji+2'

Let X' = A'X,4' = A4, and F'. the solution flow to the SDS (X?,4"). Then F*
can be taken smooth since both X ’_ and 4’ have compact support. Let S;(x) be
the first exit time of F(x) from U; and SX = inf,cx Si(x) for a compact set
K. Thus SX is a stopping time. Furthermore F!(x) = F(x) before SX. Clearly
SK < &K and in fact lim;_, ., SX = &K as proved in [4].
Let

K} = {Image(a)|o : [0,/] — M is C*,¢ < oo}.

Suppose M is given a complete Riemannian metric. Denote by | — | the norm
with respect to this metric. Let TF(v) be the derivative of F; in the direction
v, whenever it exists. Note it always exists in probability up to explosion time.
See [10]. We shall call {7F(—):¢ = 0} the derivative flow.

Theorem 3.1 Let M be a complete connected Riemannian manifold. Assume
there is a point ¥ € M with &(X) = oo almost surely. Then &7 = co for all
HeKl,if

lim sup £ (ITszﬁlxqu) <0 )
j—ooxek J J

for every compact set K € K| and each t > 0. In particular when (4) holds
we have strong 1-completeness, and strong completeness if the dimension of
M is less or equal to 2.

Proof. Let yo € M. Let ay be a piecewise C! curve parametrized by arc length
with end points: gp(0) = x, and 6o(£y) = yo. Denote by K the image set of
the curve. Let K; = {Fi{(x) : x € Ky}, and o, = F; 0 60 be the composed curve
with length #(o,). Then o,(w) is a piecewise C' curve on {w: ¢t < &o(w)}.
Let T be a stopping time such that T < &%, then for each ¢ > 0,

£g d
Ef(or)r<: = Ef|d_§(FT(w)(U(S)a (W)\ds xr<: &)
9
a0
< [EQur<dTowyFr|)ds < 4o SUI? E(|TFrlyr<:) . (6)
0 x€Ky

Assume P{£%0 < 0o} > 0. There is a number Ty with P{&%0 < T,} > 0. On
the other hand there is also a number R(®) such that R(w) < oo a.s. and
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sup d(Fy(%,0),%) = R(w) (7

0=t §T0
following from &(X) = oo a.s. But by Theorem 2.1,

11m sup d(¥, Fy(x,)) = (8)
l/f 0 xEKy

almost surely on {¢%0 < oo}. So the triangle inequality combined with (7)
and (8) vield:

li_rn. sup d(Ft(xnw)sFt(fa w))g h_m sup d(Ft(X,CO),)E) - d(x—aFt()Eaa)))
t/'EK() x€Ky t/'EKO x€Ky
= lim supd(Fi(x, w), x)— sup d(x Fy(x,w))=00
t/‘fKOXEKO

on {w: &0 < T,}. Therefore on this set,

lim #(o/(w)) 2 lim sup d(Fi(x,w), F(x,0)) = o0 )
¢t/ Ko ¢t Ko x€Ky

almost surely for ¢+ < Tp. Let T; ::Sf" be as defined in the beginning of the

section, which converge to %0, Then there is a subsequence, still denoted by
{T;}, s.t. on {&&0 < T},

jl_i,ngof(aﬁ)xéKMTo =00, a.s. (10)

However by equation (6), hypothesis (4) and Fatou’s lemma:

E lim £(a7;)):% <, .1i_m Et(or,0)(@0))xri <1,

]—)OO

< o lim sup E|ToFr,|yr<7, < o0,
J—oo x€Ky

contradicting (10). Thus &% = co. In particular &(y) = oo for all y € M.
Next take K € K/, and replace Ky by K in the above proof to get && = oo,
for we only used the fact that there is a point ¥ in Ky with &(¥) = co and
|TF,| satisfies (4).
To see strong 1l-completeness, just notice the set of smooth singular 1-
simplices §; is contained in K}. W

Example 3 A. The requirement for the manifold to be complete is necessary.
e.g. example 1 on R? — {0} in section 2 satisfies equation (4) but is not strongly
complete. In fact if we apply the inversion map z — % in complex form as
in [4]. The resulting system on R? is (X, B) where

¥ —x? 2xy

X(X,J’) = —2xy y2 42

The transformed flow Fy(z) = 755 on R? by inverting does not satisfy the
condition of the theorem on its derivative and it is not strongly 1-complete.
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B. Theorem 3.1 is sharp in the sense it does not work if equation (4) is
replaced by sup, E|T.F;| < oo. This can be seen by using the above example
on M = R* — {0} but with the following Riemannian metric:

v
o = u,v eTM.
x|
This is a complete metric since fol % = 0o so the point {0} is ‘at infinity’.
But for each compact set K and ¢t > 0

sup E|T.F,|* = supE < o0

x€K xek ¥+ B
We say a SDE is complete at one point if there is a point xo in M with
E(xg) = oo. From the theorem we have the following corollary, which is known
for elliptic diffusions without condition (4).

Corollary 3.2 The SDE (1) is complete if it is complete at one point and
satisfies condition (4) of theorem 3.1.

4 Strong p-completeness, flows of diffeomorphisms

Denote by L, the space of all the image sets of Lipschitz maps from [0, 1]7
to M. As in the last section, we assume that M is connected and is given a
complete Riemannian metric.

Theorem 4.1 Assume that the SDE (1) is complete at one point. Let 1 <
p < n Then & = oo for each K € L, if for each positive number t and
compact set K there is a number & > 0 such that:

supE (sup|Tsz|P+5Xs<5> < 0. (1)

x€K sst

In particular this implies strong p-completeness.

Proof. Let ¢ be a Lipschitz map from [0, 1]7 to M with image set K. Take a
compact set K with the followmg property: for any two points of K, there is
a piecewise C' curve lying in K connectlng them.

Let x = o(s) and y = o(z) and o be a piecewise C! curve in K connecting
them. Denote by H, the image set of « and £ its length. By proposition 3.1,
EHx = 00, Thus for any Ty > 0 we have:

15Ty 0!=Ty

pté
Esup [d(Fi(x), F(y))P° S E (f SuptTamFtldS)

< PO lEf <sup|Ta(S)F,|P 5)
t£Ty

x€k t=Ty

< /P sup (E sup[Tth|p+5> .
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Taking infimum over a sequence of such curves which minimizing the distance
between x and y, we get:

E (SUP d(Fz(x),Ft(y))p+5) < d(x, y)"*'sup E (Suplfotl"+5) :
T

1=Th x€K t£Tp

The Lipschitz property of the map ¢ gives

E (Sup d(Ft(U(Q);Ft(J(E))))p+5> < cls—1|"*’sup E (sup|Tth|p+5> :
12T xek t=To

Thus we have a modification £.(a(—)) of F.(6(—)) which is jointly continuous

from [0, Tp] x [0,1]7 — M, according to a generalized Kolmogorov’s criterion

(see e.g. [10]). So for a fixed point xg in M:

sup  sup d(Fy(a(s),w),x0) < 0.
t€[0,Ty] s€[0,11#

On the other hand on {&* < oo}, lim, ~u sup,cx d(Fy(x,w),Xo) = oo almost
surely. So &X has to be infinity.

Finally strong p-completeness follows from the fact that every singular p-
simplex has an extension to a Lipschitz map from the cube [0,1]7 to M (by
squashing one half of the cube to the diagonal). W

Remarks. 1) As a consequence, we get that a SDS is strongly complete if it
is complete at one point and satisfies:

sup E sup|T,F,|"~1*°

xeK 5=t

< o0

for some J > 0 and for each compact subset K of M. On the other hand, any
direct application of a Sobolev type inequality would require that the above
integrability condition holds for a p” power (p > n) of |T,F,.

2) Note condition (11) in the theorem cannot be replaced by sup, ¢ E|T,F,|P
is finite, since the flow x + B, with the complete Riemannian metric (,)* in
example 3 (section 3) satisfies: for p < n,sup,cx E(|TF,[')P < oc.

Flows of diffeomorphisms

For the diffeomorphism property, we only need to look at the “adjoint” system
of (1):

dy; = X(y;) odB; — A(y,)dt. (12)

A strongly complete SDE has a flow of diffeomorphisms if and only its adjoint
equation is also strongly complete. See Kunita [15]. See also Carverhill and
Elworthy [4]. Suppose there is a uniform cover for (X, 4). Then its flow consists
of diffeomorphisms if for each compact set X,
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145 1 n—1+0
sup E sup ([TxFS[”_ o4 (lTF_l( )FS[' ) ) < 0,
x€K s<t s W

since in this case both equation (1) and (12) are strongly complete by the
previous theorem. In this case we also have the Cy-property, i.e. the associated
semigroup preserves Co(M ), the space of continuous functions vanishing at
infinity. See [11].

5 Existence of smooth flows

Let M be a Riemannian manifold with Levi-Civita connection V. There is the
stochastic covariant differential equation

dv, = VX(v,) 0 dB; + VA(v,)dt . (13)

Denote by T, F:(v) its solution starting from ». It is in fact the derivative of
Fy(x) in measure. See [10]. Let xo € M, vy € Ty, M. We shall write x; = Fi(xo),
and v, = T, Fy(vo).

The expectations of the norms of |v,| can be estimated through the following
equation (see e.g. Elworthy [7], or [6]):

m t ) .
0] ? =loo]? + pX_ [ 105 7(V X (v5), v5)d B
i=10
p ! p—2
-+ E.”vsl Hp(xs)(vs, Us)ds (14)
0

on {t < ¢}. Here
H,(0)(1,0) =2(VA)(0),0) + S VXX, ), 0)
i=1

= SUTXTX (), 1) + S|V (w)P (15)
1 1

m 1 .
(=D (VX @)
for all x € M and v € T,M. To simplify notation, let

m ! VX (US) US> i
Of w48 (16)

zP: pf p(x{s?i(lss,vs)ds ' (17)

Here M/ and af depends on the point (xo,10) € TM. We shall omit the su-
perscript p if no confusion is caused. Then Eq. (14) gives:

(P M),+a

[|? = [vo| P~ (18)

as used by Taniguchi [22]. Let |X(x)|2 ST IX(x)), and let |[VX(x)> =
ST IVXi(x)]>. We have:
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Theorem 5.1 Let M be a complete connected Riemannian manifold. Suppose
the SDE (1) is complete at one point. Let p > 0. Assume there is a function
f M — [0,00) such that:

60 J f(Fs<x)>xs<¢(x>ds)

1 sup,c E (e < o, for all t > 0,K compact.

2 VX £ f)
3. Hp(x)(v,v) < 6pf(x)|v)? for all x € M and v € T, M.
Then the system is complete and

t
E (Sup|TxFS|P> < ¢E (espzfo f(Fs(x))ds> '

s<t

In particular the system is strongly d-complete for d < p.

Proof. First we assume that the SDE is complete. Applying Schwartz’s in-
equality to equation (18), we get for each p > O:

1 1
) 3
E <sup|vs|1’> < |vol? (EsupezMS_(MM>S> <Esupe2“5> :
sSt s=t sst

£ (esmms) <E (espz fo’ﬂxs)ds) < o,

Since

o — M M)s . . .
e"s~ "7  is a martingale by Novikov’s criterion [21]. Consequently

E (Sup eZMs—(M,M)s) < 4supE ( eZMs—(M,M)s)

st st

D=

= 4supE (ezMs~4<MM>se3(M,M)s) <4 [E (66<M,M>tﬂ ,

SEt

by Cauchy Schwartz and using the fact that ¢**s—3(M)s s a supermartingale.
Also
a Hp(vs,vs) .
E <Sup62as> =E supepfo w2 <E (eﬁpzfo f(xs)ds>
s=t a<t
giving

3
2t 4
E (sup|vs|p> < 2[vol? [E <e6p fof(mds)] < 00.
st

Thus for some constant ¢, (depending only on p and z),

E (sup|Tsz|p> é C2E (e(ﬁpzj;f(Fs(X))ds)> .

st

Thus for each compact subset X of the manifold,
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5t
supE (sup|TxFS|p> < csupE <e(6p fof(Fs(x))ds)> < 00.
x€K s<t xek

Next assume (1) is complete at one point, we shall show that it is complete
everywhere. Let K € K| be a compact subset of M, and let S¥ be stopping

times as in Theorem 3.1. Then
M), sk
LN —2——L+az/\sj(<
|Tth,\S]1,<(vo)| = |vole
Similar calculations as above yield:

2 (5
sup E(|T:Fx|ygk ) < csupE (e” Jo? sy <
xeK 7 7 x€K J

IA

2 t
csupE <e6p fof (FS(X))ds> < 00.
x€K

Here ¢ is a constant. The completeness follows from Theorem 3.1. The strong
completeness follows from Theorem 4.1. W

Note that the first condition in Theorem 5.1 is a workable condition, since
Jensen’s inequality gives:

Ee(épzf(;fz(xs)xxgdS) < 1jE [erztf(xs)xs<5] ds | (19)
=7l

For example, take f =1 in Theorem 5.1. Let 4¥ = 1 Y7 VX(X?) + 4, and
let R be the curvature tensor on M. Recall that the differential generator & is
given by

2 1) = 33V FER00) + A7)

We next see that the theorem is a direct extension of the global Lipschitz
results for R™:

Corollary 5.2 The SDE (1) is strongly complete if it is complete at one point
and satisfies: {VX| is bounded and

2(VAX(0), ) + SR, 0)XT), 1) < clof?
1

Jfor some constant ¢. In fact under these conditions,

sup E (sup}Tsz|P> < oo, forall p.
xeM s<t

The solution to (1) consists of diffeomorphisms if also the “adjoint” equation
(12} is complete at one point and

2V (=AY (v),v) + f(R(Xi, V)X, ) < clvf?.
1
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Proof. First

10 o mo_

VAX (v) = EZVZX‘(U,X’) + %EVX'(VX’(U)) + VA®W).
1 1
But by definition of the curvature tensor,
(V2X(X,0),0) — (VX (0, X7),0) = (ROX, v)(X"),0) .
So
1.m . .
(VA" (0),0) =(VAE) (), 0) = 52 (RA", 0)(X").0)

i:leXi(VXi(U)), v) .

N —

1m L.
+ EZ(VZX’(X’, v),v) +
1
Thus

Hy(x)(v,v) =2(VA¥ (0),0) + SR, )XY, 0)
1
+ IV + (- 2)$#<VX"(U), ney

Note the last two terms of H), are bounded. Thus the conditions of Theorem 5.1
are satisfied, and the SDE is strongly complete. For the diffeomorphism prop-
erty, note that the ‘adjoint’ equation has

m . .
Hp(x)(v,0) =2{V(=4)(v),v) + > (RX",0)(X"),v)
1
m i 3 m 1 N ’
+ ;IVX’(U)Y +(p - 2)21:W(VX’(U), v)”,

and is thus also strongly complete. B
However for strong 1-completeness, we can do better:
Theorem 5.3 Assume (1) is complete at one point, and Hi(x)(v,v) < c|o|* for
some constant c¢. Then we have strong I-completeness for (1). Furthermore

if the dimension of M = 2, then it is strongly complete.

Proof. Let K € K}, and SJK be the corresponding stopping times as in Theo-
rem 3.1. Then

K
m t/\Sj

[orns | =lool 225 [ Josl (VX' (00, 02)dBy
i=l 0

K
t/\Sj

+ 3 f |Usi"1H1(vas)dS (20)
2 0

from eq. (14) with ¢ replaced by ¢ A SJK , and letting p = 1. On the other hand,
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(MM)MSJK
M, sk~ 2 +“z/\s;<

j
|Tth/\S]’.<(Uo)i = |UO‘6( )

by (18). But (M, M),,sx and a,,g are both bounded, since both |V.X*(x)| and
J J
Hi(x) are bounded on compact sets. So |T;F,, ¢k (v)| is bounded for each j and
J
ve TyM. Thus

tnsk
E [ o] (VX(vy), v5)dBL = 0.
0
Therefore,

K
t/\Sj

E|\ToF s (00)] = [vo] + 5E I \vs| " Hy(vs, vs)ds

0

1 t
< ool + chE|Tsz/\S]1.<(UO)|dS
0
Gronwall’s inequality gives: E|T F ,(v,)] < |vole?. So
J
E(TeFgglige <)) S EITFgs ol S € @1

The strong 1-completeness follows from Theorem 3.1, and the strong complete-

ness for 2-dimensional manifolds follows from Theorem 2.3. M

It is possible to get a slightly different result from Theorem 5.1 using the fact

that N
p L ? H(xs)(vs.vs)
lut'p = |1)O]PeMt e? 0 sl

where

3

H(x)(v,v) =2<VAX(x)(u), o) + (R, 0)(X"), v)

4

LSV @) - 23 (VX (), ) (22)
1

[of?

~M=z L

and the fact [21]
Esupe™ < E s < op
St o
if B2 M M) < o6 So just as before, if |VX| is bounded, then we have

strong completeness if A is bounded above. This allows consequent variations
in the results below.

6 Existence of flows on R"

In this section we shall show some direct consequences of Theorem 5.1. The
usual global Lipschitz condition is improved to allow some growth of the
derivatives of the coefficients (see Theorem 6.2). Consider on R"
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(It6)  dx; = X(x;) dB, + A(x;) dt . 23)
It can be rewritten in Stratonovich form:
dx, = X(x;) 0 dB; + A(x,)dt ,
where 4 =4 — 1 37 DXI(X"). So

H (v,0) = 2{DA(v),v) + [DX()|* + (p — 2)?#(1)}("(0), v)? . (24)

Thus the second derivative of X is not involved. Let g : R* — [0,00) be a C?
function. Then by 1té’s formula, on {¢ < ¢}

@I0t) — pf(¥o)+N— ’N> Ltby (2%)

where N, = | Dg(X(x;)dBy) and

ilnf ([P ) Xilxs DT + (D? ) WX (55), X (%)) ds

N =

=
0
+ Of (Dg)(xs Y A(xs))ds .

Lemma 6.1 Let ¢ be a constant. Let © be a stopping time with © < & on
{& < o0}. Then for some constant k

Eelc8tent)) < pelglp)+hn) ,

provided that

%Z|Dg(X’)|2 + EZng(X’,XI) + Dg(A) is bounded above .
1 1

Proof. Replacing t by ¢ A7 in (25), and g by cg, then taking expectations on
both sides of the inequality above, we get the required inequality.

Theorem 6.2 The SDE (23) on R* with C? coefficients is strongly complete
if its coefficients have linear growth (in an extended sense), i.e.

X)) < e+ [xf)E
xAX) < 1+ ),
and the derivatives of the coefficients have sub-logarithmic growth, i.e.
IVX)P < efl +1a(1 + )] (26)
(VA@)(®),0) £ [l +In(1 + |x*)]|f? 27)

for all x and v € R". Here c is a constant. In fact under these conditions we
have:
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Eixt|2p =< Cl,p(l + |xo|2)P et

Jor some constant c1, and c,, depending only on p and sup . E
sup, <, | T.Fs|? is finite for all p and compact sets K.

Proof. Let f(x) = [1+In(1 + [x*)],g(x) = In(1 + |x|?). Then

2(x, A(x))

D f(x)(4(x)) = Dg(x)(A(x)) = 1+ P

2

and , . )
2X (), X'(x)) 4 X'(x))

N
So by the previous lemma (applied to the function g),

D? f(x)(X(x), X (x)) =

Elxiar* £ (1+ |xo*)ef' — 1

for some constant k; and stopping times I' with 7 < & Thus the system is
complete by a standard argument. Applying the same lemma to c¢f, we have:

Eec[1+1n(1+|x,|2)] < e(1+ |x0|2)cekt
for some constant k(k may depend on c). So

2 (! 2
supE(eﬁp fo c[1+In{1+|x] )]ds) _

142
sup~ [eS7 (1 + |x|*)e¥ds < oo .
xek xckly

The strong completeness follows from Theorem 5.1, using (24) and the as-
sumptions on VX and VA. B

For related estimates on E|x;|?, see [14]. Note that there is a stochastically

complete SDE on R? with [VX(x)| £ |x| but which is not strongly complete:
0

let A =0, and X(x, y) = (g _2> See Kunita [16].

2
A different choice of the function f in Theorem 5.1 leads to an improve-
ment of a theorem of Taniguchi [22]:

Corollary 6.3 The SDE (23) on R" is strongly complete if for some ¢ = 0:
)] < e+ )3
(x, Ax)) < c(1+ x|~
IDX'(0)* < (1 + x*y
(VA (), 0) < o1+ [x)[of .
Proof. Clearly the stochastic differential equation is complete. Take g(x) =

e(1 + |x|*)* in the lemma for ¢ > O(e = O gives the usual globally Lipschitz
continuous condition). Then
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Dg(x)(A(x)) = 2ce(1 + ')~ (5, 4(x)) ,

D g(x) (X' (x), X (x)) =2ce(1 + [x[ ) (X (x), X' (x))
+4ce(e — 1)1+ XY~ 2 x, X (x))* .

So lemma 6.1 applies to get Ee®9%) < ¢®900)+2% for some constant k and the
result follows from theorem 5.1. W

This theorem improves a theorem of Taniguchi since: (a) We only need
growth conditions on the normal parts of 4 and V4, and (b) we do not assume
¢ > 1 asin [22].

7 Existence of flows on manifolds with a pole

A similar argument on the existence of flow (c.f. theorem 6.2) to that on
R* works for general manifolds to allow the coefficients to have unbounded
derivatives. We first assume that M is equipped with a Riemannian metric such
that there is a pole P in M, i.e. the distance function #(—): M — R from P
is smooth. Recall that 4% = 1 31 VX'(X') + 4.

Theorem 7.1 Let M be a complete Riemannian manifold with a pole. Assume
the sectional curvature is bounded from below by —L*(r(—)). Here L is a
nondecreasing function bigger or equal to 1. Then the SDE (1.1) is complete
and

E[’”(x.t)]p =[1+ r(xo)]pek0[1+P2]t

for some constant kg, if the following holds for some constant c:

2 c[l+7(x)] .
1. {X(x)| é L(r(x))coth(r(x)L(r(x)))’

2. dr(4X(x)) £ c[1+7r(x)]
It is strongly complete and sup,  x E sup, ., | TFs|? < oo for all p and compact
sets K, if we also have:

3 VX@)P £ e[t + In(1 + r(x));

4 2VAX (), 0) + LTROC,0)(X),0) < ef1 +In(1 + r())]Jo]2

Proof. First we have:
r(x;) =r(xp) + jdr(X(xS)st) + %ﬁftvzr()(i(xs),)(i(xs))ds
0 10
+ ftdr(AX(xs))ds.
0

But by Hessian comparison theorem in [13] (p.19 and example 2.25 on p.34.
The results there is for constant L, but the proof depends only on the behaviour
of the manifold around the geodesic from p to x),

Vzr(x) < L(r(x)) coth (r(x)L(r(x))).
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Let T,(x) be the first exit time of F,(x) from the geodesic ball B( p,n), centered
at p and radius n. Then

m ATy

Er(xinr,) =r(xo) + %;E f V(X (%), X (x5 ))ds
0

tNTy
+E [ dr(4%(x;))ds
0

k t
<r(x0) + —21- JExs<z,(1+ r(xs))ds .
0
Here k; is a constant. Thus
k
Er(xiar,) S l:r(xo) + _g] Shitl2

So |
P{Tn < t} = ;E(r(xl/\Tn)XTn<t)

k
= L {r(xo) + —11] M -0,
n 2

as n goes to infinity. Thus there is no explosion. Now
[1 4 7(x))” =[1 + r(xo))? + p ft[l + 7(x)]7 " dr(X (x;)dBy)
+ KL 11+ e L s
+ 5213 b[ [+ r(x) 1P V(X (), X () )d's

+ pf [1 4 r(x) )P dr(4% (x5))ds .
0

- C dr(X(x,)dBy)
r(X (x,)dB,
M, = ;,rp—l——i——r(xr ,
and let
1: [dr(X'(x; )] V(X (x), X (x5))
bi=3%] (p(”‘ Do TP Tt rte) )ds

f’d’”(AX(xs))

o L4 r(x)
We have:

[1+r(x)]? = [1 + r(xo)]P £ )e" .
Here &(M;) = MMM By b; is bounded from the assumptions. So
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E[L+r(x)]? < [1+r(r)} ol -2

for some constant kg. Thus

2 [t t
sup E(e"” s ellHR(147(Fs(x))1ds lsup JE (eﬁ el +in(l +r(Fs(x)))]) s
xeK t)CEKO

I\

A

leGCPZtSu p ( chzs
p[E ([1+ r(Fy(x))] ds < oo
¢ x€K0

So Theorem 5.1 applies to the function f(x) = c[1 + In(1 4+ r(x))] to get the
strong completeness. M

Remarks.
(i) From the above calculations we also get, for each p > 0:

1
P{T, <1} S —[1+ ()Pl 7T

(i1) Note that if the sectional curvatures are nonpositive, then V2r(x) > 0 and
s0 V%r(x) £ Ar(x). If the Ricci curvature has lower bound —L%(#(—)), where
L is as before. Then [13]

Ar(=) = (n = DL(r(=)) coth (*L(r(-)). (28)

In this case the theorem holds without further assumptions on the sectional
curvatures.
In general, let g : M — R be a C? function, then

t t m i
800 —800) 1. [eSdg(X (5, )dB,) + 5 [ eSS Idg(X'(x)) s
0 0 1

t

+ [ef (dg(AXm)) + %ﬁwdg)(X"(xs),X"(xs))) ds .

0

By Gronwall’s inequality Ee?™) < ¢90)e® if dg(X") is bounded for each i
and Y1 Vdg(X\,X") + dg(4”*) is bounded above. Using g(x) = (1 + (x))?, a
similar proof to that of Corollary 6.3 gives:

Proposition 7.2 Let M be a complete Riemannian manifold with a pole. As-
sume its sectional curvature is bounded from below by —L*(r(—)). Here L is a
nondecreasing function bigger or equal to 1. Then the SDE (1.1) is complete
if for some & > 0:

[4r(x)]* : 2 :
1 |X(x)|2 = L(r(x))c co&rl );r(x)L(r(x)))’ |VX(x)| < o1+ ()%

2. dr(4%(x)) £ [l +r(x)]*%
It is strongly complete, if also
3. Hp(x)(v,0) £ o[l + (#(x)[v]>, for some p > 0.

Note that this relaxes the conditions on the derivatives, compared to theorem 7.1
but imposes more stringent bounds on the coefficients.
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8 Strong completeness of nondegenerate equations

In this section we shall assume that the SDS considered is_ a Brownian motion
with drift Z, i.e. X*X = Id, and Z =:4% = 1 "7 VX(X") + 4.
Recall that R is the curvature tensor and Ric is the Ricci curvature. Then

SS (RO, B)(X), 0) = —Rie(w,0)
]
giving
H,(x)(v,v) =2(VZ(v), ), — Ricy(v,v) + Zm:|VXi(v)|)26
1

(p 2)?#%’@ 0?2 (29)

Theorem 8.1 Let M be a complete Riemannian manifold. Assume |VX| is
bounded and JRic(v,v) — (VZ(v),v) = —c|v]? for some constant c. Then the
Brownian motion with drift Z is strongly complete if complete.

Proof. This follows from theorem 5.1 by taking f =1. H

In particular suppose the drift is VA for a smooth function 4. Then we have
strong completeness if [VX| is bounded and if 1 Ric-Hess(h) is bounded from
below, since a h-Brownian motion is complete if % Ric-Hess(h) is bounded
from below. See [1].

Let p be a point in M. Let »(x) denote the Riemannian distance between
p and x. The results in the last section hold for h-Brownian motions without
the assumption that there is a pole for the manifold. Let ¢ be a constant.

Theorem 8.2 Let M be a complete Riemannian manifold. Assume the Ricci
curvature is bounded from below by —c(1+r*(x)). Here c is a constant.
Suppose dr(Z(x)) < c[l + r(x)] outside the cut locus cut(p) of p, then the
Brownian motion with drift Z is complete. Furthermore let p > 1, then
E[r()]? < [1+r(x)]P0+7Y for some constant k. It is strongly com-
plete and

supE <sup|Tsz|p> < 00

xekK s=t

for each t > 0 and compact set K, if the following also holds:

1). [VX(x)P? < o[l + In(1 + r(x))],

2). Ricy(v,v) — 2{VZ(v),v)x = —c[1 + In(1 + r(x))]|v|>.
Proof- The proof of theorem 7.1 works here, noticing the following two points:
A. The Ito formula for [1 + r(x;)]? (in the proof of Theorem 7.1) holds with
a correction term L7:
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[1+r(x)]?” =[1 + r(x0)]” + Pft[l + r(x:)]P 7 dr(X (x5)dBy)
0

+ g(pz;l)f?f (1 + ()72 [dr(X (x,))Pds
10

i gif[l ()] A s
10

4 pJT PGP dr (A () )ds — LE
0

where L7 = 0 and Ar and dr are defined to be zero on cut(p). See [5].
B. When x does not belong to the cut-locus C(p) of p, there is the fol-
lowing estimate from [13] (p.26 and (2.27) on p.35):

|[4r(x)| £ (n — 1)y/cL(r(x)) coth <r(x)«/cL(r(x))> ,

Note also 37 VX(X!(x), X'(x)) = Ar(x). However the cut-locus C(p) has mea-
sure zero, and so the Brownian motion spends zero amount of time on the
cut-locus by Fubini’s theorem, since it has a density with respect to dx for
dx the Riemannian volume measure. So the proof of Theorem 7.1 follows
through. W

Note that this method could also applied to the case of the Ricci curvature
is bounded below by —L?(r(~—)), where L is a nondecreasing function greater
or equal to 1, just as in theorem 7.1.

Gradient Brownian systems

Let f:M — R™ be an isometric embedding. Let X( - )}(e) = V{f( - ),e).
Such systems are called gradient Brownian systems. Let v, be the space of
normal vectors to M at x. There is the second fundamental form:

o IyM x TM — v,

and the shape operator: Ay :TM X vy — TuM related by (o(v1,v2),w) =
(A,(v1,w),12). Let {e;} be an orthonormal basis for R™. If Y(x):R"™ — v,
is the orthogonal projection, then [10] [6]

VX'(v) = A(v, Y (x)e;) .

Let f1,... fn be an on.b. for T,M. Consider o (v, - ) as a linear map from
T:M to v,. Denote by |o(v, - )|gs the corresponding Hilbert Schmidt norm,
and | - |y, the norm of a vector in v,. Accordingly we have:

SIVEI)E = 3 (A0, YC)e), £ = 3 ol ). Y5Den?

i=1j=1 i=1j=1

- z|< IR = o, - s s
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and

VX (), 0)2 = [0, )2 .

1

This gives
H ,(v,0) = — Ric(v,v) + 2(VZ(0),v) + |o(v, * fs

r-2)

TR

loce(w, )2, (30)

Further, Gauss’s theorem: Ric(v,v) = {a(v,v), trace o) — |o(v, - )I%LS gives

Hp(v,v) = — ((v, v), trace o) + 2|ox(v, - )|§[5

1

(P~ Dl 0l +2VZ(),0)x (31)

_|_

Thus the completeness and strongly completeness of a gradient Brownian mo-
tion rely only on bounds on the second fundamental form and on the drift:

Corollary 8.3 Let M be a closed immersed submanifold of R™ with its sec-

ond fundamental form a bounded by c[l + In(1 +r(x))]%. Then a gradient
Brownian motion on M with drift Z is strongly complete if

dr(Z) < o[l +7r(x)],
and
(VZ(v),0)s < e[l +In(1+ 7)ol -
It has a flow of diffeomorphisms if also |Z(x)| £ c[1+r(x)], and |VZ(x)| <
e[l + In(1 + r(x))].

Proof. The strong completeness is clear from theorem 8.2. The diffeomorphism
property comes from the fact that for gradient Brownian systems [7],

m . .
YVXIX)=0.
i
So the ‘adjoint” Eq. (12) to (1) is also a gradient Brownian system (with drift

-Z). n
Let Z =0, we get the following useful corollary:

Corollary 8.4 Ler M be a complete Riemannian manifold isometrically im-
meresed in R™ with its second fundamental form bounded by c[1 + In(1 +
r(x))]%. Then the gradient Brownian motion on it has a flow of diffeomor-
phisms.

See also Baxendale [2] for a discussion of flows on manifolds with second
fundamental form bounded and globally Lipschitz.



508 X.-M. Li

According to Theorem 5.3, a SDS is strongly 1-complete if it is complete
and if H1(x)}(v,v) < c|v|*. But for gradient Brownian systems, we can do better.

Let &(M,) = M — ml’ZMJ, where M, is as defined before theorem 5.1 and

let f(x)= SUP,j—1 Hi(x)(v,v). Then we have:

Proposition 8.5 Let M be a closed immersed submanifold of R". Then a
stochastically complete gradient Brownian system is strongly I-complete if

1T
sup £ (ez bt (FS("))’“) < 00
xek

Jor all compact set K and bounded stopping times T.

Proof. We shall use the notations of theorem 5.3. Let

B, =B, — [[¥(x) (ocxs ([Z—| |—Z—|>> ds
and let ¥, and 7, be the solutions to the stochastic differential equation
dx; = X (x;) o dB; + A(x,)dt (32)
and the stochastic covariant equation:
dv, = VX(v,) 0 dB, + VA(v,)dt

respectively. For x € M, choose an onb. {e,...,en} for R™, such that
{X(x)(e:)}] is an o.nb. for T,M and X(x)(e;) = 0 for j > n. Then it is clear
that X(Y*(v)) = 0 for v € v,. So Eq. (32) is the same as our original stochastic
differential equation (1), and thus X, has the same distribution as x, and has
no explosion. On the other hand, by formula (18):

1
insk
Elvgk|xsx < = lvo|E | & (Mmsf)e S sk <t

1
a . K
= ool (a@(me Xsf«)

by the optional stopping theorem. But by the Girsanov-Cameron—-Martin for-
mula ([10], [21]),

1 tnsk -
4 a5k L i ey s, Us
E <é"(Mt)e " ng<t> _ Eet Jo HI(XS)({isl’fﬁsl)dSXSK<t _
J J
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e

follows. W

Thus lim; , sup,cx E|T:F, gk sk <, < 00, and the strong 1-completeness
J J

9 Application to differentiation of semigroups

Assume the derivative of the solution flow of equation (1) has first moment:
E\T Fsye<sy] < 00. We may define a semigroup (formally) of linear operators
0P; on bounded measurable 1-forms as follows: for v € TyM and ¢ a 1-form

(0P)(v) = EG(TFr(v) i< x) - (33)

It is in fact an L? semigroup under suitable conditions on the derivative flow
TF;. On the other hand, dP{d f) is clearly the formal derivative of P,f, which
can be checked to be true if the SDS concerned is strongly 1-complete and if
TF, satisfy an integrability condition (see below). By virtue of the introduction
of strong 1-completeness we can improve a theorem of Elworthy [10]. The as-
sumption that the SDS is strongly 1-complete is, on the other hand, a natural as-
sumption: first dP;f = (6P;)(d f) for f € BC! implies completeness (take f =
1), and in fact dP,f = (6P, Wd f) for f € C3° and E|Tsz|x,<f(x) < oo implies
completeness [17]. Here BC! is the space of bounded functions with bounded
continuous first derivatives. And also strong 1-completeness follows from com-
pleteness if for a complete Riemannian metric sup, .y E sup, <, |T:F;| < oo for
all compact sets K (Theorem 3.1). For applications of results in this section,
see [17], and [12].

Theorem 9.1 Assume strong I1-completeness. Suppose the map r — E|Ty)Fy|
is continuous for r small, for all smooth curves o :[0,£] — M. If f is BC!,
then P.f is C' and

d(Pf)(x) = oP(d f)(x) .

Proof. Let x € M,v € T,M. Take a geodesic curve o : [0,£] — M starting from
x with velocity v such that the image set is contained in a compact neighbour-
hood K of x. By the strong 1-completeness, F;(a(s)) is a.s. differentiable with
respect to 5. So for almostly all cw:

I, = ) Ly, o, o

By the strong 1l-completeness we know I, F;(¢(r)) is continuous in » for
almost all @. Thus:

13 13
Elim [d f (o F5(6(r), ))dr. = Elim [d f(Ta)Fi(6(r), ))dr
5§ 0 §— 0

= Edf(TF(v)) .
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On the other hand, lims_g 1 [ E|To(Fi|dr = E|TFy| if the map r — E|TpFy|
is continuous. But |df(TonFi(6(r)))| £ |df|oo|TspryFel, so lims g EL =
Elimg_,o I giving Ed f(T.F(v)) =d(P,f)(v). A

Let o(0) = xo, the required continuity of the map 1 — E|TsF;| can be as-
sured by one of the following conditions: (1) There is a constant § > 0 such
that:

sup E| T F|"* < o0,
x€K

for a compact neighbourhood K of x¢. (2) E sup,cx |T:F:| < oo for a compact
set K containing xg.

Corollary 9.2 Let M be a complete Riemannian manifold. Suppose SDS (1)
is complete and satisfies:

His(v,v) < kv .

Then dP:f = 0P(df) if both [ and df are bounded. Here H is as defined
in section 5.

Proof. First the system is strongly 1-complete by the boundedness of H;. On
(144
the other hand, formula (18) in section 5 gives: E|T F;['*’ < e (12+_)’.
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